MAS224, Actuarial Mathematics: Solutionsto Problem Sheet 9.

1. The Leslie matrix has by, by and by in the first row, i.e. 1, 4 and 0. It haspy and p; (i.e. 5 and 3)
just below the main diagonal. So
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S(O) = 1, S(l) =po = % and 3(2) =po Xp1= %

The expected number of female offspring produced during the lifetime of a single female beetle
isjust 22_,b,S(z) = S(0) +45(1) = 3. Sincethisis not equa to 1, there is no solution with
ng(t) = ng.

Either: The Euler solution has n,.(t) = Aln,, with n, = C'S(x)/\* for any positive C, where A

is the unique positive solution to 32 _, bﬁ;i(:f) =1.

Thelast condition isjust A> = X 4 2 which hasroots —1 and 2. Hence A = 2. Therefore the Euler
solution has n,.(t) = 2!n, where ng = C, ny = C/4 and ny = C/24 for any positive C.

Or: The Euler solution has n(t) = A'n where ) is the unique positive eigenvalue of M and n isa
right eigenvector of M corresponding to A. (Note that the eigenvector is unique up to a multiple
and the multiple must make the vector non-negative and non-zero.)

Now
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Hence the eigenvalues are —1, 0, 2. So the Euler solution has A = 2. Theright eigenvector hasto
sﬁlsfy —ng +4n1 = 0, (1/2)n0 —2n7 =0and (1/3)711 —2n9 = 0. Henceng = 24B,n1 = 6B
and ny = B for any positive B. Thisis the same solution obtained using the previous method if
welet B = C'/24.

Last part
900 4500 6300
If n(0) = | 900 | thenn(l) = Mn(0) = 450 and son(2) = Mn(1) = | 2250
900 300 150
15300
andthenn(3) = Mn(2) = | 3150
750

(Thisis an example where doing a few iterations does not enable you to see the long term behav-
iour.)

2. The Leslie matrix has by, by and b, in the first row, i.e. 0, 2 and 0. It has py and p; (i.e. 3 and 1)
just below the main diagonal. So
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(I) S(O) =1, S(l) =P = 1/2 and 5(2) = pop1 = 1/8 Also by = by = 0 and b; = 2. Hence
S22 _obeS(z) = 1.



0=|M— M| =-X\+2)\ = -\ —1)(\ + 1). Therefore the eigenvalues are 0, —1 and 1 and
so0 1 isthe only real positive eigenvalue of M.

The Euler solution can be found either by finding the right eigenvector directly (it is unique up to
amultiple), or by using the result that the eigenvector is amultiple of

5(0) 1
S | =1 3
5(2) 5

Hence the Euler solution has ny(t) = C, ni(t) = C/2 and na(t) = C/8 for al ¢ and any positive
constant C.

1 00 0 2 0
([i(YM>=| 0 1 0 |andsoM®=| 3 0 0 | Therefore M® =M asrequired.
200 0 7 0
100 200 100
If n(0) = 100 |thenn(l)=Mn(0)=| 50 |andson(2)=Mn(l)= | 100
100 25 12.5
Since M? = M, n(3) = = Mn(0) = n(1) and son(4) = Mn(3) = Mn(1) = n(2).

Hence it is easily seen that the populatlon structure oscillates between two values for ¢ > 1 with
n(2t +1) =n(1) andn(2t + 2) = n(2) foral ¢t > 1.

This gives an example when n(¢) does not tend to the Euler solution.

. Theequationis> >, A,H) = 1where S(x) =po X p1 X ... X Pp_1.
(i) S(z) = e~ %% and b, = e~**. Hence the equation for \ isjust
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andso \ =1+ e (@t0),
Since A > 1, the population is growing for any values of « and 6.
(i) S(z) = e % and by = 0 and b, = « for 2 = 1,2, .... Hence the equation for \ isjust
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Hence ¢? A2 — A — o = 0. Since the root we require is positive, A = 1=V 1H4ac’.

2ef
The population will be growing if A > 1. We can find a condition for this to occur in two ways:
Either: From the equation for A, as in lectures, the positive solution will be greater than 1 if
2 0 beS(x) > 1, 0. if 2%, e > 1,06 if T 8@ > 1. This occurs precisely when
a>el —1.

Or: Find the condition using the value of X calculated earlier. So the condition for A > 1 isthat
1+V1+4ae? >2e% e 14+ 4aef > (27 —1)2 =4e% —4e? +1,iea>e —1.

So the population is growing if o > ¢/ — 1.



