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MAS224, Actuarial Mathematics: Solutions to Problem Sheet 6.

(a) The expected present value in pounds is 50, 0004 5], which is equal to

Npog) 4 241887.55
50,000 (1 —d—="2] =50,000 (1 — — x ———— | =8,819.08 (2d.p.).
’ ( 28] ! ( 104~ 11295.726) ’ (2dp)

The cost of assurance is £8,819.08.
(b) EITHER: Annual payments of £P in advance for life — have a whole-life annuity-due. Its

expected present value in pounds is P é[gg). Equating this to the cost of the life assurance, obtain
an equation for P:

8.819.08 = Pii oy = 28
81008 = Py, dpg =7 -
Hence 8.819.08  8.819.08
P= SR = pitgsss — 418 Qap).
Doy 11295.726

£411.84 to be paid annually in advance for life.

OR: Use the formula P = ﬁ — d obtained in lectures. Need to multiply 50,000.
28

1 1 4
11295.726

Have a whole-life immediate annuity of £P per year. Its cost in pounds is Pajgo). By equating this
to 50,000, obtain the annual payment P = 50, 000/ ag-

EITHER: ajgp) = Ngggl Nigoj+1 = 32968.419, Djg) = 2815.3028.

Note that we use Nigoj 41 and not Ngyj.

. N
OR: ajg0) = dfg0) — 1 = peor — 1, Njgo) = 35783.721, Djgo) = 2815.3028
50,000 50000 50000
P=——= = =4,269.70 (2d.p.)
aj6o] Nis0]+1 Neo) _
Dieo) Dieo)

John Doe will receive £4,269.70 annually.
(a) Z = v™dgy if and only if K (x) = m + k (k + 1 payments to be made, the first one is in m
years’ time when the policyholder is age x + m)

(b) E(Z) = 3250 2 P(Z = z;). We can ignore zero value of Z as it gives no contribution to the
expected value. It follows from part (a) that

o0

E(Z) = Z Umdm (m4+kPz — m+k+1Pz)
k=0
0o o0
= Z Umdm (mtkPz) — Z Umdm (m+kt1Pz) -
k=0 k=0
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By making use of the we use the relation gy = g + v* obtained in lectures,

ZU ak+1| (m+kPz) ZU (quka) m+kPz = ZU ak| (m+kPz) +ZU m+kPz
k=0 k=0

Changing the variable of summation from k to k' = k + 1,

o0
Z Umdm (m—l—k—&—le) = Z Umd]?/‘ (m—i—k’p:p) .
k=0 E=1
Therefore
[e.e] o0 o
Z) = Z Umda (m—l—k;px) + Z vm+km+kpm - Z Umd]?q (m-i—k:’px) :
k=0 k= k=1
oo [e.e]
Since g = 0, we have ];)vmda (m+kPz) = kz_:l vmdm (m+kpz). Therefore the first and third
sums cancel each other, and
B S R
k=0 k=0 z k=0 Ve k=0 z @
(@ Z1 = v and pdf. of T(w) is fy(z)(t) = — 2.
A =E(Z) = E@"™)= / v frie (8) dt
! / Tt "z +t)dt
= —— v's (x
s(z) Jo
1 . k1
= — / v's'(x +t)dt [partitioning the interval of integration]
s(x) (=5 /k

1 & /!
= —72/ v (x + k +7)dr [substituting T = t — k].
0

(b) Linear interpolation: s(z + k +t) ~ (1 — t)s(x + k) + ts(x + k + 1). Taking the derivative
with respect to ¢, we obtain s’ (x + k +t) = s(x + k + 1) — s(x + k). Therefore

Sy > k) — k+1 1
—Z/ v”ks'(x—i-k—i—t) dt =~ Z slwtk) —slwtk+ )’uk/ vt dt.
_0/0 0

k=0 s(@)
Since S{f&f ) — Pz and S(xtk;r D _ k-+1Pz> We conclude that
A 1 & ! t+k o/ ! t - k
x:—iz/U‘F s(x+k—|—t)dt%</vdt)zv (kpx_k+1p:p)-
s(z) = Jo 0 o
If § is the force of mortality then v = e~ and

1 1 1—v 4w
/O Y d 0 © d (5 (5

. 00
- i
Ay = g Z Uk-H (k’pz - k+1pm) .

Therefore,

It was shown in lectures that A, = E(Z2) = >.72, V" (1pe — k41Pe). Therefore A, %Az.



