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MAS224, Actuarial Mathematics: Solutions to Problem Sheet 5.

The assumption of the uniform distribution of deaths within each year of life implies that [, ; =
(1 —t)ly + tlyyq forinteger z and 0 < ¢ < 1 (a result obtained in Lecture 15).

Then

l 1—t lz"!‘tlz 1
o ypg =it = Uttt g g g y(p,),
N lot1 . lot1
© 1=tPett = 0 T U lottlors — 1—t(e—log1)

Dividing numerator and denominator by I, gives 1 _¢pz+t = #@).

(a) Want 1q18 Use formula ;q, = t(q,) obtained in lectures.

°  1qs= (H)(q18) = (3)(0.00112) = 0.00028.

(b) Want 1D50- Use formula ;p, = 1 — ¢ + t(p,,) obtained in Problem 1.

o 1m0 =1—(3)+ (3)pso = 0.5+ 0.5 x (0.99272) = 0.99636 = 0.9964 (t0 4 5.f)
Alternatively, 1pso = 1 — 1450 = 1 — (3)(g50) = 1 — (3)(0.00728) = 0.99636.

(c) Want , 11 1 G60- Use linear interpolation [, = (1 — t)l, + tl;41 in the usual way.
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= 2 0.002498 (to 4 s.f.
(12)(78924) (todsL)

(e) From [y = 100,000 newborns, the expected number who die within 9 months (either way)
of their 21st birthday would be ;1d,,1, so just scale this by 1000/100000 = 0.01. Use linear
2 4

interpolation I, = (1 — t)l; + tl,4; in the usual way.

0.01 x 1%d20i = 0'01(l20i - 121%)

3 1 1 3
= 0.01 <<4l20 + 4121> — <4l21 + 4l22>>

~ 001 (i(zzo _ z22)>

.03(96293 —
_ 0.03(%6 93 96065) _ |

Alternatively use result that number dying has binomial distribution with parameters 1000 and

Io1—1l, 3

201(1140 SO the expected number dying is 1000(20;‘1;%) = 1000204170214 which gives the same
41~2 4172

result as above.



3% n, = Al, and N(z) = Al,(0.5 + e,), where N(z) is the expected number aged at least z in the
population.

(i) N(0) is the expected population size. Therefore 5,000 = N(0) = Alg(0.5 + ¢,). Hence

A= m = 0.00072896924 (The value of A given can just be to 4 significant

digits, but you should use more digits for calculations in (ii) and (iii))

(i) The expected number of births each year is just the expected number of newborns ng.

ng = Alp = 0.00072896924 x 100,000 = 72.8969

(iii) The expected number in the population who are aged under 60 is just N(0) — N(60) =
5000 — Alg (0.5 + €g).

N(0) — N(60) = 5000 — 0.00072896924 x 78924(0.5 + 15.06) = 4, 104.7842

4%, (a)
lpgj+34  leo  30039.787
= = = —(.8857

PR T g lpg  33917.341

(b)
Uesj+1 — lies)+5  lesj+1 —lro  26459.331 — 23622.102
= = = =0.1072
o1+ o311 ligsh1 26459.331

(c)

lesl+o = lss+10 _ lra —lys _ 19623.545 — 18507.942
l[65] l[65} 26718.225

9|IQ[65] = = 004175

(d) The expected number who die within a year of retirement is just 100 X 37/1¢j23)

loo — ls1 100 x (30039.787 — 29606.239)
lps 33990.921

100 X 37/19[23 = 100 =1.2786

(e) The probability that he only makes the first four payments is just the probability that his further

lifetime is greater than 3 months but less than 4 months. So we want to find 1 L 4[30]- We use
4112

linear interpolation in the usual way.

lgopt — U30)41/3
%' 12 l[30}

((%)1[30} + (%)l[3o}+1) - ((%)l[so] + (%)l[so}ﬂ)

I30)

(15)030) — (F5) 13041
130)

33829.764 — 33813.958
= =0. 4
12 x 33829.764 00000359




5. To calculate the table we need to use:

L1 = leve ey ln
Plj+r 09X pgyr 0.9
l[x] _ l[x}Jrl _ l[:r}Jrl _ lx—i—l _ le
Plz] 0.7xp;, 09x%x07xp, 0.63

Hence

o lig3) = lg3/0.63 = 73,084/0.63 = 116, 006.3492
o liga) = l64/0.63 = 70856/0.63 = 112,469.8413
o ligs] = l65/0.63 = 68490/0.63 = 108, 714.2857
o lig314+1 = l64/0.9 = 70856/0.9 = 78, 728.8889
o lea+1 = le5/0.9 = 68490/0.9 = 76, 100

o ligs)+1 = le6/0.9 = 65991/0.9 = 73,323.3333

So the mini version of the table with entries the select mortality functions I[,), [, 1 and [;4o for
x = 63, 64,65 based on ELT12 is

[%] Ua] Iejr1 | lot2 | T+2
63 | 116,006.3492 | 78,728.8889 | 68,490 | 65
64 | 112,469.8413 76,100 | 65,991 | 66
65 | 108,714.2857 | 73,323.3333 | 63,366 | 67

The expressions for é[x] and %[I] 41 1n this example become:

° 1 1 o 1
E[x] = 5 + @ l[x]+1 + lx+]_ €1 — 5
1 063 [zt o 1
2 T, <0.9 tlat (ex“ 2))
1 lp41 o 1
= B + L (0.7 + 0.63 (ezH — 2))
1 o 1
o 1 ll’-‘rl o 1 1 o 1
= — ——= )1 ==+40.9 - =
T 2 g (en=3) =5 +09 (- 3)
Therefore
(03[63} = 0.540.96951(0.7 + 0.63(12.54 — 0.5)) = 8.5326

ez = 0.5+0.9(12.54 — 0.5) = 11.336

Mo

6 = 0.5-+0.96661(0.7+0.63(11.95 — 0.5)) = 8.1493.



