MAS224, Actuarial Mathematics: Solutions to Problem Sheet 4.

1*. Calculations for the table use:
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lp = 1,000 and I, = lyp; forx =0,1,2, 3, 4.
dy =1y —lpy1 forx =0,1,2,3, 4.
Qr=1—p,forx=0,1,2,3,4.

er = (lg41 + ... +14) /1, and gx ~ e, + 0.5 forz = 0, 1,2, 3. Note that a beetle age 4 can’t
survive a whole further year so e, = 0 and ¢, = 0.5.
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lx dx Px qz €y
1000 100 0.9 0.1 1.949
900 450 05 05 1.111
450 360 0.2 0.8 0.72
% 81 0.1 09 0.6

9 9 0 1 0.5

AW~ Oy
AW~ Ol8

Ly
3P1 = = 95 = 0.01

_lo—la _ 450—9 __
242 = I = “is0 — 0.98
_ lz3—=ls _ _
2N = T = 900 =0.09

K (1) takes values 0,1,2,3 since a beetle aged 1 is dead by age 5 (and so can at most live 3
complete further years). Now P(K (1) = k) = yxp1 — g+1P1 = o1 —letz

Iy
PU(1) =0) = b = # < 05,

l1

, SO

_ 360 _
PK(1)=1)= 1 = 500 = 04,
_ —ly _ 81 _
P(K(1)=2)= 1 = 550 = 0.09,
_ —ls _ 9 _
P(K(1)=3)= = 550 = 0.01
(a) P(man aged 60 dies during the next five years) is just 5gs0 = IGOZ;JZGE’ = 7892%955490 =0.1322
(b) P(man aged 40 dies by age 65) is just 25q40 = lao 40%5 = 937%%755490 = 0.2698
(c) P(man aged 20 survives to age 50 but dies before age 60) is just 3g/10q20 = 1501;0160 =
9008578924 _ () 1159
96293

(d) The expected number of deaths of men within 1 year of retirement at age 65 out of 100,000
newborns is just dg; = 2499
Alternatively the probability that a newborn dies between 65 and 66 is S(65) — S(66) =
(lg5 —les) /lo = dg5/100,000. The number dying has binomial distribution with n parameter
100,000 and this probability as p parameter. So expected number is 100, 000dg5 /100, 000
which is same result as above.

(e) The expected number alive at age 30 out of 100,000 newborns is just l39, so the expected
number dead by age 30 is just 100,000 — I3g. So if it is out of 1,000 you just scale by
1,000/100,000 = 0.01 giving 0.01(100, 000 — 95265) = 47.35
Alternatively, the number of men who die by age 30 out of 1,000 newborns has binomial

distribution with parameters 1,000 and 3pqg. So the expected number is just 1,00030q0 =

lo—l3¢9 __ 1,000(100,000—95265) _
1,000%7k0 = e = 47.35

(f) The number of men who will survive to age 65 out of 1,000 who are aged 50 now has
binomial distribution parameters 1000 and 15ps50, so the expected number is just 100015p50 =

lgs __ 1000(68490)
10004 = 10086590 — 760.2820
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3. 8(z) =1— 5 for0 <z <6.

(a) pp = 2D — 30-@HD? 0 1= 10S(x) = 100(36 — 22) and dy = Iy — lpy1.

S(x) 36—a2

Also e, = i (lgg1 + ... +15) forxz =0, ..., 4.
Year | ps Ia le | dy | e
0 35/36 | 1/36 | 3,600 | 100 | 12500/3600=3.4722
1 32/35 | 3/35 | 3,500 | 300 | 9000/3500=2.5714
2 27/32 | 5/32 | 3,200 | 500 | 5800/3200=1.8125
3 20/27 | 7/27 | 2700 | 700 | 3100/2700=1.1481
4 11/20 | 9/20 | 2000 | 900 | 1100/2000=0.55
5 0 1| 1100 | 1100 | O

(b) () = =55} = 5225 for 0 < < 6.
(c)For0 < x <6,

e L [977(36 — (x4 t)?)dt

T T 36—a2
_ 1 (a+)3]"=077
— 36—a? {3& -3 L:O
_ 36(6—x)—(1/3)(6~a?)
- 36—22
_ (6—x)(108—(x2+62436))
- 3(36—z2)
_ 72—6z—z>
- 3(6+x)
_ (6—z)(12+x)
3(6+x)
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1 & > o1 + oo+ logs + .o
l Z lpt1ar = l <lz+1 + Z lw+r+1> _ lagl x+l2 z+3
T+l . z+1 r—1 41

1+ex+1:1+

Soe, = l””l:l (1 4+ ept1) = pa(l + egy1). The result that e, < (1 + e;41) then immediately
follows since p, < 1.

Thus e, = 1+ e;4+1 when p, = 1, i.e. if a life aged x is certain to survive the next year.

5%. For the survival function we have s(x) = e~ Jo mwdu.
If p(z) = 2/(50 — z) then — [§ p(u)du = 2In(50 — z) — 21In(50) for 0 < = < 50. Hence
s(z) = (5%6’”)2 for 0 < x < 50. Since s(z) is a decreasing function of z, and s(x) tends to 0 as
x tends to 50, s(z) = 0 for z = 50 and beyond.

The p.d.f. of T'(z) is given by the formula

2
If 5(z) = (5%69‘3) for 0 < z < 50 then s'(z) = — 2 (5()56:0),

, 2 <50—37—t
== 7
s'(x+1t) 50

0<t<50
50 )’ - ’

2



and 2(50 — & — 1)
fr@(t) = TGB0—2)?

IT@) (t) vanishes for ¢ > 50 — x because no individual lives beyond 50 years.

0<t<50—=x.

We have two formulae to choose from for the evaluation of e, = E(T(z)):

o o o 1 o0
ex—/o tfre)(t)dt  or ex—s(gj)/0 s(x + t)dt

The second one involves fewer calculations. Note that there is a cut off in the integral at ¢ = 30,
as s(20 +¢) = 0 for ¢ > 30.

o

1 30 30 1 3
= —/ s(20 4 t)dt = / (30 — t)%dt = (30) = 10.
0 0

€20 = ((20) (30)2

Thus %20 = 10, i.e. the complete expectation of further life at age 20 is 10 years.



