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MAS224, Actuarial Mathematics: Solutions to Problem Sheet 4.

QA \("5 /) 1*. Calculations for the table use:

1

_/‘

o g1, 000 and dpi5 = lappdor & == 0, 152, 3.4,
o dpy =1l —lzy1forz=0,1,2,3,4.
© ge =1—p,forz=0,1,2,3,4.

o ey = (lgs1 + - +11)/ly and &, = e, + 0.5 for z = 0,1, 2, 3. Note that a beetle age 4 can’t
survive a whole further year so e, = 0 and ¢, = 0.5.

T

T Iy dy  ps G Sy
0| 1000 100 0.9 0.1 1.949
1 900 450 0.5 05 1.111
2 450 360 0.2 0.8 0.72
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9 81 0.1 09 0.6
9 9 0 1 0.5
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A e ° =5 =50 =001
Al < O 2= l";f 450-9 {0.98]
- o - _ 90-9 0—”‘
Al S an= 202 S
o K (1) takes values 0,1,2,3 since a beetle aged 1 is dead by age 5 (and so can at most live 3
complete further years). Now P(K (1) = k) = xp1 — k1101 = ;L_H_l_lﬂﬁ’ ‘o
A\ %V* \}Z’Wa%‘\” ) P(K(1) =0) = ! Et % — 0.5,
o K (05 P(K(1) =1) = brla = 360 _ g4,
AL foc po®. P(K(1)=2) = st = 3 — 009,

«Q ER ) *-/ (a) P(man aged 60 dies during the next five years) is just sggo = ‘s9=los — 78924268490 _() 1399 _~

Al e
ALE
Al <

A<

60

. (b) P(man aged 40 dies by age 65) is just 95q49 = Af’ioiﬁﬁ = 937%%755’490 Ongﬂﬁgg‘l/

- (c) P(man aged 20 survives to age 50 but dies before age 60) is just gpp10g20 = lso—tso —
9008578924
9008578924 10,1159 |~

_+(d) The expected number of deaths of men within 1 year of retirement at age 65 out of 100,000
newborns is just dgs _L‘@l v
Alternatively the probability that a newborn dies between 65 and 66 is S(65) — S(66) =
(l6s —les)/lo = dg5/100,000. The number dying has binomial distribution with n parameter
100,000 and this probability as p parameter. So expected number is 100, 000dg5 /100,000
which is same result as above.
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—————— (e) The expected number alive at age 30 out of 100,000 newborns is just I3y, so the expected

number dead by age 30 is just 100,000 — I3g. So if it is out of 1,000 you just scale by
1,000/100,000 = 0.01 giving 0.01(100,000 — 95265) —\47 35[
Alternatively, the number of men who die by age 30 out of 1,000 newborns has binomial

distribution with parameters 1,000 and 30qgp. So the expected number is just 1,00030q0 =

lo—lzg _ 1,000(100,000—95265)
1,000%7k0 = e = 47.35

A &~ (f) The number of men who will survive to age 65 out of 1,000 who are aged 50 now has

binomial distribution parameters 1000 and 1550, so the expected number is just 100015p50 =

10004 = LXFR%0) ={760. 28211/
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3. 8(z) =1—Z for0 <z <6,
(2) pp = St _ 36=@Hl)® g 1 — 108(z) = 100(36 — 22) and dy = Iy — lpy.

S(z) 36—22
Also e, = 31; (lg+1+ .. +i5) forz =0, ..., 4

Year Pz 9z ly dy Ex
0 35/36 | 1/36 | 3,600 | 100 | 12500/3600=3.4722
| 32/35 | 3/35 | 3,500 | 300 | 9000/3500=2.5714
Ao vmandts 2 27/32 | 5/32 | 3,200 | 500 | 5800/3200=1.8125
k2 3 20/27 | 7/27 | 2700 | 700 | 3100/2700=1.1481

Yese 4 11720 | 9/20 | 2000 | 900 | 1100/2000=0.55
5 0 1| 1100 | 1100 | 0

(b p(z) = S = gy for 0 < z < 6.
(c) For0 <z < 6,

Mo

B 36_123:'_ Je7(36 — (z + t)2)dt
(+t)3 t=6—x

36 -z [36t"" :cs ]i:{)
_ 36(6—2)—(1/3)(63—a?)
- 36—z2
_ (6=2)(108—(x2+62+36))
= 3(36—22)

_ 12—6z—z2

= T3(6+7)

_ (6-z)(12+x)

- 3(6+x)

1 o= loyi + lpaa + ...
e = Zzﬁr = =il ?”
el T

L OOE 1 - lpa1 + oo +lops + ..o
l+epp=1+ logtar = — [lpp1 + E :lw+r+1 P - x Ml ¢ -+
CAN=ETRTY % San
_,__.....—1———7

M ( %5 SOT% & (1 ® eHl)\ Dz(l + egy1). The result that e, < (1 + ey41) then immediately
il ~ follows's smce D = s Qe i/ ze =] 4
M C)cﬂ" a‘ . £ ) o

P \ Thus ey = 1 + €r+1 when Pz = 1,1.e. if alllfe aged T l‘i Certam to survive the next year J

R —— d
@5‘ For the survival function we havefe(m) = p fo wladu
\ {'\J“W

M (%) If ,u,( z) = 2/(50 — x) then — [ p(u)du = 21n(oO - 3:) — 21In(50) for 0 < z < 50. Hence

- 1"0 ‘”) for0 <z < SOJ Smce s(x) is a decreasing function of z, and s(z) tends to 0 as
A< @ LU?}'VAD Hend&; t0 50, s(z) = 0 for z = 50 and beyond.
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Fsle) = (D%—Ex) for 0 < z < 50 then &'(z) = —5% (“"%6”),

sx+t)=——



and e ot
, 200 —z — ¢
A2 & Cucept f 45 K Fopaly = 22 == 0_<,t<5o—m.\
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fr) (t) vanishes for ¢ > 50 — z because no individual lives beyond 50 years.

We have two formulae to choose from for the evaluation of &, = E(T'(x)):

F\T(m’&v&« t?v}lﬁ ’('df_ \-_é;:?_-/:;;o ;ff:_r(m)_(t)dt\or \é;_:ngm)/ow S(CL' + t)dt \

The second one involves fewer calculations. Note that there is a cut off in the integral at ¢ = 30,
as s(20 +t) = 0 for ¢t > 30.

o

—Lfgo (20+t)dt——lmf30(30—t)2dt— =10
20 =500 o ° ~ 302 Jo T @02z 3

—~———

o Thus\gzo = IOAi.e. the complete expectation of further life at age 20 is 10 years.




