3. Hausdorff Spaces and Compact Spaces

3.1 Hausdorff Spaces

Definition A topological space X is Hausdorff if for any z,y € X with x # y there
exist open sets U containing x and V containing y such that UV = 0.

(3.1a) Proposition Every metric space is Hausdorff, in particular R" is Hausdorff (for
n>1).

Proof Let (X,d) be a metric space and let z,y € X with « # y. Let r = d(z,y). Let
U= B(x;r/2) and V = B(y;r/2). Then z € U, y € V. We claim U [V = (. If not there
exists z € U (V. But then d(z, z) < r/2 and d(z,y) < r/2 so we get

r=d(z,y) <d(z,z)+d(z,y) <r/2+7r/2
i.e. r <r, a contradiction. Hence UV = ) and X is Hausdorff.

Reamrk In a Hausdorff space X the subset {z} is closed, for every x € X. To see this
let W = Cx({z}). For y € W there exist open set Uy, V, such that x € Uy, y € V,, and
Uy Vy =0. Thus V, CW and W =,y Vj is open. So Cx (W) = {z} is closed.

Exercise 1 Suppose (X, 7) is Hausdorff and X is finite. Then 7 is the discrete topology.

Proof Let x € X. Then {z} is closed. If Z = {z1,22,...,2,} is any subset of X then
Z = {z1} U{z2} U{xn} is closed. So all subsets are closed and hence all subsets are open
and X has the discrete topology.
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Exercise 2 Let X be an infinite set and let 7 be the cofinite topology on X. Then
(X, T) is not Hausdorff.

Lets suppose it is and derive a contradiction. Pick z,y € X with x # y. Then there
exists open sets U,V such that x € U,y € V and UV = . Since X has the cofinite
topology and U,V are nonempty, Cx(U) and Cx (V) are finite. But then X = Cx () =
Cx(UNV)=Cx(U)UCx(V) is finite - contradiction.

(3.1b) Let X be a Hausdorff space and let Z C X. Then Z (regarded as a topological
space via the subspace topology) is Hausdorff.

Proof Let xz,y € Z. Since X is Hausdorff there exist open sets U,V in X such that
xeU,yeVand UNV = 0. But then U* = U(Z and V* = V[ Z are open in (the

subspace topology on) Z, moreover x € U*, y € V* also

v =u(z(\v(2z=UV)[)Z=0.

Hence Z is Hausdorfl.

(3.1c) Proposition Suppose that X,Y are topological spaces that X is homeomorphic
toY and Y is Hausdorff. Then X is Hausdorff.

Proof Let f: X — Y be a homeomorphism. Let z1,zo € X with x7 # x5. Then
f(x1), f(x2) € Y and f(x1) # f(x2) (as f is a homeomorphism, in particular it is a 1 — 1-
map). By the Hausdorff condition there exist open sets Vi, V5 of Y such that f(z,) € Vi,
f(x2) € Vo and Vi Vo = 0. But now z1 € f~1Vy, 25 € f~ Vo and f~1Vi(f~ 1V =
fL(ViN V) = f~1(0) = 0. Hence X is Hausdorff.

Definition  Suppose P is a property which a topological space may or may not have
(e.g. the property of being Hausdorff). We say that P is a topological property if whenever
X, Y are homeomorphic topological spaces and Y has the property P then X also has the
property P.

So we may re-cast (3.1c) as:

(3.1c)’ Hausdorffness is a topological property.
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3.2 Compact Spaces

How can we tell whether [0, 1] is homeomorphic to R? Find a topological property which
[0, 1] has but R does not have.

Definition Let X be a topological space. An open cover of X is a collection of open
sets {U; |i € I} such that X = J,.; U;.
A subcover of an open cover {U; |i € I} is an open cover of the form {U;|j € J}, where

J is a subset of 1.

Examples 1. Let X = R and let U,, = (—n,+n), for n = 1,2,.... Then {U, |n € N}
is an open cover of R, i.e. R =J,_, U,. This is so because, for » € R we can choose a
positive integer m greater than |r| and then r € (—m,+m) = Uy, so r € Uy, C U, —, Us,.
Hence |J,—, U, contains every real number, i.e. J _, U, = R.

A subcover of this open cover is {U,, |n € J} where J is the set of even positive integers.

Example 2 Let X = R. Let U; = (—00,0), Uz = (0,00), Us = (—1,1), Uy = (—4,4),
Us = (—5,5) and U,, = (—n,n), for n > 4. Then {U,, |n € N} is an open cover of R and
{U1,Us, Us} is a subcover.

Notice that in both Examples above X is given an open cover consisting of infinitely
many sets. In Example 2 there is a finite subcover (a subcover consisting of finitely many

sets) and in Example 1 there is not.

Example 3 Let X = [0,1] (with the subspace topology induced from R). Let U; =
0,1/4) and U,, = (1/n,1], for n = 2,3,4,.... Then U; = [0,1]((—1/4,1/4) is open in the
subspace topology and so is U,, = [0,1](\(1/n,2), for n > 2. Note that {U,, |n=1,2,...}

is an open cover and {Uy,Us} is a subcover.

Definition A topological space X is compact if every open cover of X has a finite

subcover, i.e. if whenever X = J,.; Ui, for a collection of open sets {U; |i € I} then we

i€l
also have X = J, .y Ui, for some finite subset F' of I.

(3.2a) Proposition Let X be a finite topological space. Then X is compact.
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Proof Let X = {x1,22,...,2,}. Let {U;|i € I} be an open cover of X. Then z; €
X = UieI U, so that x; € U;, for some ¢; € I. Similarly, x5 € U;, for some i3 € I, ...,
xn € U;, , for some i, € 1.

Let F' = {iy,i2,...,in}. Then x, € U; C |J;cp Ui, for each r. Hence every z in X

belongs to | J;c; Us and so X = J;cp Ui, i.e. {U;|i € F'} is a finite subcover of {U; |i € I}.

When is a subspace of a topological space compact?

(3.2b) Lemma Let X be a topological space and let Z be a subspace. Then Z is compact
if and only if for every collection {U; |i € I} of open sets of X such that Z C |J,.; U; there

is a finite subset F' of I such that Z C J;cp Us.

iel

Proof (=) Suppose Z is compact (regarding Z as a topological space with the subspace
topology). Let {U;|i € I} be a collection of open sets of X with Z C J,c; U;. Then we

z=z(zcz\UJuv)= 2z U

iU icl
On the other hand | J,.; Z(\U; C Z so we have Z = |J,c; Z(\U;. Writing V; = Z(U;

we thus have that all V; are open in Z (in the subspace topology) and Z = J,c; Vi. By

have

i€l

compactness we therefore have Z = Uz‘e r Vi for some finite subset F' of I. Now V; C U; so

Z:U‘/ZCUUz

ieF iel

we get

and Z C J,cp Ui, as required.

(<) Now suppose that Z has the property that whenever Z C |J. ., U;, for open sets U;

icl
in X, there exists a finite subset F' of I such that Z C J,c U;. We will show that Z is
compact. Let {V;|i € I} be an open cover of Z. Thus each V; is open in the subspace
topology, so have the form V; = Z [\ U; for some open set U; in X. Now we have Z =
U,er Vi € U, Ui. By the assumed property we therefore have Z C | J, . U; for some finite
subset I of I. Hence we have Z = Z(\(U,cp Us) = Uicr Ui) = Uicr ZNUi = Ujep Vi
Thus {V;|i € F} is a finite subcover of {U;|i € I} and we have shown that every open

cover of Z has a finite subcover. Hence Z is compact.

Is a subspace of a compact space compact 7 The answer is generally no! We shall see
that [0, 1] is compact, but on the other hand (0,1) is not compact (e.g. (0,1) = J,—, Uy
where U,, = (1/n, 1) but {U, |n = 2,3,...} has no finite subcover).

37



However:

(3.2c) Let X be a compact topological space and let Z be a closed subset. Then Z is a

compact topological space.

Proof We will use (3.2b) Lemma. So let {U; |i € I} be a collection of open sets in X
such that Z C |J;c; U;. Let I* = I'J{a}, where a is not in I and set U, = Cx(Z). Then
we claim that {U; |7 € I*} is an open cover of X. Well

x=zJex(2) c|Ju v = | Ui
i€l 1el*

and certainly (J;c;. Ui C X so that X = (J,c;. U;. But X is compact so that X =

Uicp- Ui, for some finite subset F* of I*.
Now I* = I'|J{a} so that

Fr=r (1= EF (D UE (D).

We set F' = F* (I so that F* = F or F* = F'|J{a}. Thus

X = U = (U Ui)UUa :(U Ui)UOX(Z)'

1el*

Hence
Z=Z[\X = (U zu)lJz(cx(2)
=-UzNw

(as ZNCx(Z) = 0). So we have Z C |J,cp Ui, for a finite subset I of I. Hence Z is
compact, by (3.2b).

What about the converse? If X is a topological space and Z C X is such that Z is
compact (with respect to the subspace topology) then is Z closed? No! For example take
X to be a set with two elements « and 3, so X = {«a, 8}. Regard X as a topological space
with the indiscrete topology. Then Z = {a} is compact (by (3.2a)) but it is not closed.

However:

(3.2d) Suppose X is a Hausdorff topological space and that Z C X is a compact sub-

space. Then Z is closed.
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Proof We will show that C'x(Z) is open. By (2.2e) it is enough to prove that for each
y € Cx(Z) there exists an open set W, containing y with W, C Cx(Z).

For each x € X there are open sets U,,V, in X such that x € U,, y € V, and
Us Ve = 0.

Since x € U, for each x € Z we have

zc | Us.
r€EZ

By the compactness of Z and (3.2a) Lemma we have Z C (Uy, U, U --JUs, ) for a
finitely many z1,x2,...,2, € Z. Let Wy, =V, (Ve () Vi, . Then W, is an open set
(since it is the intersection of finitely many open sets) containing y (since each V, contains
y). Suppose z € Z(\W,,. Then z € Z C Uy, | Uy, UUs,, so that z € U, for some i. Also
z € W, CV,, sothat z € Uy, (| Va, = 0, a contradiction. Hence there are no elements in
W,NZ,ie. Wy(NZ =10 and so W, C Cx(Z).

To summarize : for each y € Cx(Z) we have produced an open set W, such that
y e W, C Cx(Z). By (2.2f) Lemma, Cx(Z) is open, i.e. Z is closed.

We now start looking in earnest for compact subsets of R™. The previous result tells
us that any compact Z C R"™ must be closed. The next result says that Z cannot be too

big.

Definition  Let Z be a subset of a metric space X, with metric d. We say that 7 is
bounded if there exists a positive real number N such that d(z,z’) < N for all z,2" € Z.

e.g. in R the subset {0, 41, £2,...} is not bounded, but [0, 1] is.

(3.2e) Proposition Let Z be a subset of a metric space X. If Z is compact (in the
subspace topology) then Z is bounded.

Proof Let z5 € Z. We claim that
X = |J B(zoin).
n=1

By definition each B(zo;n) C X so that RHS € LHS. Now let x € X. Then d(z, z0) = k,
say, where k > 0. Pick a positive integer n > k. Then we have = € B(zp;n) and hence
x € LHS. Hence RHS C LHS and so LHS = RHS, i.e. the claim is true.
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Now suppose Z is compact. Then Z C |, B(z0;n) and so, by (3.2b) Lemma, we
have Z |J B(zo;n1) U B(z0;n2) U - - - U B(20; 1), for finitely many open balls
B(zo;n1), B(z0;n2), ..., B(z0;n). Let m = max{nj,na,...,n,}. Then we have Z C

B(zg;m). Now for 21,29 € Z we have
d(zl, 2’2) S d(Zl, Zo) + d(Zo, ZQ) S m+m = 2m.
Hence Z is bounded.

(3.2f) Corollary Suppose that Z is a compact subset of R™. Then there exists some
K > 0 such that for all t = (t1,ts,...,t,) € Z we have |t;| < K, for 1 <i <n.

Proof Regard R™ as a metric space with the metric
d(z,y) = max{|z; —y;| ;i =1,2,...,n}

for x = (x1,...,2n), ¥y = (Y1,.-.,yn) (see Example 3 of Section 2.1). By the above
Proposition there exists an N such that d(z,y) < N for all z,y € Z. Fix s € Z. Then

form each ¢t € Z we have
d(0,t) < d(0,s) +d(s,t) <d(0,s)+ N.

Thus we have d(0,t) < K, where K = d(0,s) + N. For t = (t1,...,t,) € Z we have
d(0,t) = max{|t1], [t2],. .., |tn|} so that |t;| < K for all i and the proof is complete.

(3.2g) [0,1] is compact.

Proof We must show that whenever [0, 1] C |J,.; Ui, for a collection of open set {U; | i €
I} of R then there is a finite subset F' of I such that [0,1] C (J,cp Ui (see (3.2b)). We do
this by “creeping along” from the left. We let S be the set of all = € (0, 1] such that there
exists some finite subset F;, say, of I such that [0,z] C (J;cp, Ui. Thus S is the set of x
such that [0, x] can be covered by finitely many of the sets Us.

Step 1 S is not empty.

Proof Since 0 € [0, 1] we have 0 € U; for some j € I and so (—r,r) C U; for some r > 0.
Let s = min{r,1}. Then 0 < s/2 <1 and [0,s/2] C (—r,r) C U;. Hence [0, s/2] is covered
by finitely many U;’s (one in fact) and so s/2 € S.
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Let a be the least upper bound of the set S.
Step 2 «a€S.
Proof Note a < 1. Assume for a contradiction that o ¢ S. Thus every element of
S is less than a. Now a € Uj for some j so that (o — r,ac + 1) C U; for some r > 0.
Since a — r is not an upper bound for S so we have a — r < 3 < « for some (§ € S.
There exists a finite subset F', say, of I such that [0, 3] C |J,. U; and moreover we have
8,0] C (o —r,a+r) C U;. Thus we have

[07 Oé] = [075]U[67O‘] - U Uz

1€

where F* = F'|J{j}. But this shows that § € S, a contradiction.

Step 8 Conclusion o = 1.

Proof Suppose not, so that @ < 1. Now a € U; for some j € I and so (o —7r,a+71) C U;
for some > 0. Put s = min{r,1 — a}. Then [a,a + s/2] C U; so that [0, + s/2] C
U;j UU;cp Us which implies that « 4 s/2 € S, contradiction the fact that « is the least
upper bound.

Thus o = 1 and [0,1] can be covered by finitely many of the sets U;. Hence [0,1] is

compact.

(3.2h) Let X,Y be topological spaces with X compact and let f : X — Y a continuous
map. Then f(X) = Im(f) is compact.

Proof Let Z = Im(f). Let {V;|i € I} be a collection of open sets in Y such that
Z C Uie[ Vi. Then X = UZ.E] U;, where U; = f~'V;, for i € I. Now X is compact so there
is a finite subset I of I such that X = J,. U;. We claim that we have have

f(x)c v
ieF
Let y € f(X) then we can write y = f(z) for some z € X. Since X = (J,cp

x € U; = f~1V, for some i € F and hence y = f(x) € V;. Thus every y € f(X) belongs to
Uier Vi, ie. f(X) C U, Vie Thus, by (3.2b), f(X) is compact.

U; we have

(3.2i) Corollary  Compactness is a topological property.

(3.2j) Proposition For a < b, the closed interval [a, b] is compact.
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Proof Define f : [0,1] — [a,b] by f(x) = a4+ x(b — a). Then f is a homeomorphism
(with inverse g : [a,b] — [0, 1] given by g(z) = (x —a)/(b — a)).

(3.2k) R is not homeomorphic to [0, 1].

Proof [0,1]is compact but Ris not (e.g. the open cover {U, |n € N}, with U,, = (—n,n),

has no finite subcover).

Remark (3.21) If S is a subset of R which is bounded above then the least upper
bound of S belongs to the closure S. Similarly, if S is bounded below then the greatest
lower bound belongs to S.

We see this as follows. Let o be the least upper bound. If o € S then certainly o € S.
So assume « ¢ S. For a positive integer n, the number a — 1/n is not an upper bound so
there exists z,, € S with @ — 1/n < x,, < a. Then a = limz,, and so lies is S, by (2.3d),
and (2.3b).

Similar remarks apply to the greatest lower bound.

(3.2m) Proposition Let f: [a,b] — R be a continuous function (where a < b). Then f
is bounded and attains its bounds, i.e. there exists xg,z1 € [a,b] such that f(xg) < f(z)
and f(xz) < f(zy) for all x € [a,b].

Proof Put Z = Im(f). Then Z is compact, by (3.2h). Hence Z is closed and bounded
by (3.2d) and (3.2f). Let § be the least upper bound of Z. Then § € Z by (3.21) and
Z = Z so that 8 € Z. Hence there exists z; € [a,b] such that f(z;) = 8. So we have
y < f(z1) for all y € Im(f), i.e. f(z) < f(z1) for all x € [a, b].

Similarly there exists xg € [a, b] such that f(zg) < f(z) for all z € [a, b].

3.3 Product Spaces

Suppose X and Y are topological spaces. We consider the set of points X x Y =
{(z,y) |z € X,y € Y}. We would like to regard X x Y as a topological space. But what
should be its open sets? The obvious “try” is to say that a subset of X x Y is open if (and
only if) it has the form U x V| where U is open in X and V is open in Y. Unfortunately

this doesn’t quite work. The problem is that a union of sets of this form is not generally a
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set of this form. For example take X =Y = R. Then (0,1) x (0,5)J(0,5) x (4,5) is not
a set of the form U x V.

But the remedy is quite straight forward. For topological space X,Y we shall take for the
topology all possible unions of sets of the form U x V', with U open in X and V open in Y.
There is some checking to be to see that this really works, which we do in (3.3a), (3.3b)

below.

Definition  Let (X,S) and (Y,7) be topological spaces. Define V to be the set of
subsets of the form (J,.; Us x V;, where I is a set and for each i € I, U; is an open set in

X and V; is an open set in Y.

(3.3a) A subset W belongs to V if and only if for each w € W there exist open sets
UCXandV CY withweUxV CW.

Proof Suppose that W has the stated property. For each w € W let U, be open in
X and V,, be open in Y such that w € Uy, x Vi, € W. Then |, ey Uw X Voo € W and
UweW U, xV,, contains w for each w € W. Hence W = UweW Uy x V. Putting I =W
we have W = .., U; x V; so that W € V.

Conversely suppose W = UiEI U, xV;. If we W then w € U; x V; for some ¢ so we
have w e U x V. C W, where U =U;, V =V;.

i€l

Remark If XY are sets U;,U; C X and V3, Vo C Y then (Uy x V1)U x V2) =
(U1 NUz2) x (Vi Va).

Proof Exercise.

(3.3b) (X xY,V) is a topological space.
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Proof (i) By (3.3a) we have () € V (there is nothing to check). Also for W = X x Y and
any w € W taking U = X,V =Y weget we U xV CW sothat W =X xY isin V.
(ii) Suppose that Wy, Wy € V. We claim Wy (W € V. Put W = Wy (| W,. Let w € W.
Then by (3.3a) there exist open sets Uy in X, V4 in Y such that w € Uy x V3 € W7, and
(also by (3.3a)) there exist open sets Us in X, V5 in Y such that w € Uy x Vo C Wa.
Hence w € (Uy x V1) (U x Vo) C Wy (Wa, ie. w e (U [(\Uz2) x (V1) V2) C W. Putting
U=U; Uz and V=V (Vo we have w € U x V. C W. Hence W = Wy (W5 is in V.
(iii) Now suppose that {W;|i € I} is a collection of sets in V. We claim that W = (J,.; Wi
isin V. Let w € W. Then w € Wj for some j € I. By (3.3a) there are open sets U in
X and Vin Y such that w e U xV C W;. Thusw e U xV C W (as W; C W) so W
belongs to V, by (3.3a).

We have now verified the three conditions for V to be a topology.

Definition = We call V the product topology on X x Y and, as usual, call an element of

the topology V an open set.
Example If X and Y are discrete then X x Y is discrete.
Example If X and Y are indiscrete then X x Y is indiscrete.

Example We can now give R? = R x R the product topology. Is this different from the

natural topology defined by the metric d(p, ¢) = /(1 — 22)% + (y1 — y2)2, for p = (21, y1),
q=(72,y2) 7

Suppose W is open in the product topology and let w = (zg,y9) € W. Then we
have (zg,y0) € U x V, for some U,V open. Since U is open and xy € U there exists
some €; > 0 such that x € U whenever |r — xg| < €1, and, since V' is open, there exists
some € > 0 such that y € V whenever |y — yo| < €. Putting ¢ = min{er,ea}, we

get x € U, y € V whenever |z — x¢| < ¢, |y —yo| < €. Now if z = (z,y) € By(w;e) then

V(z —20)% + (y — y0)? < € which implies |z —zo| < e and |y —yo| < eandsoz € U,y € V.
Hence we get By(w;e) C U x V.C W. Thus for any w € W there exists € > 0 such that
Bg(w;e) € W. Hence W open in the product topology implies W open in the natural
topology on R2.

Now suppose W is open in the natural topology and let w = (zg,y0) € W. Then
there exists € > 0 such that Bg(w;e) C W. Let U = {z € R : |z — 29| < €¢/2} and
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V={yeR:|ly—uyo <e¢/2}. fw = (2',y') € U XV then

dw,w') = /(x —20)% + (Y — 90)2 < /E2/A + /4 = % <e.

Hence w’' € By(w;e). Hence w' € U x V' C By(w;e) C W. We have shown that for each
w € W there exist open sets U,V in R such that w’ € U x V. C W. Hence W is open in
the product topology.

We have shown that a subset W of R? is open in the product topology if and only it

is open in the natural topology on R%. Hence these topologies coincide.

Example More generally, suppose that (Xi,d;1), (X2,d2) are metric spaces. The X;
and X have natural topological space structures given by the metrics d; and ds.

Let X = X; x X5. Then we can define the “product metric” d on X by d(z,t) =
max dy (z1,y1), d2(x2, y2), for z = (x1,22), t = (y1,92) in X = X7 X Xo. We claim that the
topology given on X by the metric d is actually the product topology.

Let W be open in the product topology and let w = (x1,22) € X. Then we have
w € UxV C W for some open sets U and V' of X; and X5. Thus we have By, (x1;71) C U
and By, (x9;r2) C V for some 71,75 > 0. Let s = minry,r2. Then we have Bg(w;s) C
By, (z1;71) X Bg,(x2;12) CU x V. C W. Hence W is open in the metric topology on X.

Conversely suppose W is open in the metric topology on X. Let w = (z1,29) € W.
Then we have Bi(w;s) C W for some s > 0. Moreover, we have By, (z1;s) X Bg,(x2;s) C
By(w;s) C W and hence w € U x V € W, for U = By, (z1;5), V = Bg,(x2;s). Hence W
is open in the product topology.

Example A special case of the above is that the natural topology on R? = R x R is
the product topology and more generally the natural topology on R” = R®™! x R is the
product topology.

There is an amusing characterization of Hausdorff spaces in terms of the product topol-

ogy.

(3.3c) Let X be a topological space. Define the diagonal A = {(x,z)|x € X}, a subset
of X x X. The space X is Hausdorff if and only if A is a closed set in X x X.

Proof (=) Assume X is Hausdorff and prove A closed. We have to show
J = Cxxx(A) ={(z1,22) |21 # 22} is open.
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So let w = (z1,x2) € J. Then x1 # x2 so there exist open sets U,V in X such that
x1 €U, 20 € Vand UV = 0. We claim that U x V C J. If not there exists some
element (¢t,t) € U x V (with ¢ € X) but then ¢t € UV, and since U [V = () this is
impossible. So U x V' C J. We have shown that for each w € J there exists open sets U, V'
such that w € U x V C J. Hence J is open (by the definition of the product topology on
X x X) and so A is closed.

(<) We assume A is closed and prove X is Hausdorff. Thus J = Cx«x(A) is open. Let
x1,x9 € X with 21 # x2. Then (z1,22) € J and J is open so there exist open sets U,V
such that (z1,22) e UxV C J. Nowz; € U, 29 € Vand UNV =0 (forif t e UNV
then (t,t) € U x V € J and J is the set of all elements (a,b) € X x X such that a # b so

this is impossible).

There is another, more important relationship between the product construction and

the Hausdorff property.
(3.3d) Proposition X x Y is Hausdorff if and only if both X and Y are Hausdorff.

Proof (=) Weassume X xY is Hausdorff and prove X and Y are Hausdorff. Suppose
that x, 2’ € X with  # 2’. Choose y € Y. Then there are open set W, W' in X x Y such
that (x,y) € W, (¢/,y) € W and W (W’ = (. Since W is open there exist open sets U
in X and V in Y such that (z,y) € U x V . C W, and similarly there exist open sets U’ in
X and V' in Y such that (z/,y) € U x V! € W'. We have

UxV)\U' xV)cW((\W =0

so that (UNU') x (VAV') =0. Now if t € U\ U’ then (t,y) € (UNU’) x (VV’') so
there are is no such element ¢, i.e. U U’ = 0. Thus for z,z € X with z # 2’ we have
produced open sets U, U’ such that z € U, 2’ € U’ and U (U’ = (). Hence X is Hausdorff.
Similarly Y is Hausdorff.

(<) Now suppose X and Y are Hausdorff. Let w = (z,y),w’ = (2/,y') € X x Y with
w # w'. Then x # 2’ or y # y'. We assume x # 2’. (The other case is similar.) Then
there exist open sets U,U’ in X with z € U, 2/ e U and UNU' = 0. Put W =U x X,
W' =U'xY. Thenw € Wyw € Wand WNOW' = (UxY)U'xY)=UNU")xY = 0.
Hence X x Y is Hausdorff.
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Definition Let X,Y be topological spaces. The map p: X xY — X, p(x,y) = =, is
called the canonical projection onto X and the map q : X XY — Y is called the canonical

projection onto Y .
When is amap f: Z — X x Y continuous ?

(3.3e) Proposition Let X,Y be topological spaces.
(i) The projection mapsp: X xY — X and q: X XY — Y are continuous.
(ii) Amap f: Z — X XY (where Z is a topological space) is continuous if and only if the

mapspo f:Z — X and qo f: Z — Y are continuous.

Proof (i) Let U be an open set in X. Then p~'U = {(z,y) | p(z,y) € U} = {(x,y) |z €

U} =U xY isopen in X x Y. Hence p is continuous. Similarly ¢ is continuous.

(ii) (=) Iff:Z— X xY is continuous then po f : Z — X is a composite of continuous

maps and hence continuous. Similarly g o f is continuous.

(<) Suppose that pof:Z — X and go f: Z — Y are continuous. We must prove that

ier Ui X Vi,

for open sets U; in X and V; in Y. We need to show that f~'W is open in Z. We have
W= Yo x i) = £ x Vi)

i€l iel

f is continuous. So let W be an open set in X x Y. Then we can write W = [ J

so if each f~1(U; x V;) is open then f~'W will be a union of open sets, hence open. Thus
it suffices to prove that for U open in X and V open in Y the set f~}(U x V) is open in
Z.

Now we have
U V)={z€Z|f(z) eUxV}
={z€Z|pf(z) €U and q¢f(z) € V'}
= (po /)7'U((go )"
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an intersection of two open sets and hence open.

Example Consider a function f : R — R2, f(t) = (fi(t), f2(t)) for functions fi, fo :
R — R. Then f; =po f, fo = qo f so f is continuous if and only if both f; and f5 are
continuous.

For example f(t) = (t* — t,t3) is continuous since fi(t) = t? — t and fo(t) = t® are

continuous.

(3.3f) For topological spaces X,Y the map ¢ : X xY — Y x X, ¢(x,y) = (y,z) is a

homeomorphism.

Proof We have the canonical projections p: X xY — X, q: X xY — Y. We also have
the canonical projections p' : Y x X - Y, ¢ :Y x X — X.

Now p’ o ¢(x,y) = p'(y,z) = y = q(y) so that p’ o ¢ = ¢. In particular p’ o ¢ is
continuous. Similarly ¢’ o ¢ is continuous. Hence ¢ is continuous by (3.3d).

Let 9 : Y x X — X x Y be the map given by ¢(y,z) = (z,y). Then po ¢ = ¢ and
q o1 = p’ are continuous and hence 1 is continuous, again by (3.3d).

Thus ¢ is a bijection (its inverse is %), it is continuous and has continuous inverse

(namely ). Hence ¢ is a homeomorphism.

We want to show that if X and Y are compact then X xY is compact. It is convenient

to use the idea of a basis in the proof.

Definition Let X be a topological space with topology 7. A basis B is a subset of 7
(i.e. B is a collection of open sets) such that every open set U € 7 is a union of open
sets in B, i.e. for any U € 7 there exists an indexing set I and a collection of open sets
{Ui|i € I} in B such that U = | J,.; Us.

Example The natural topology on R has as a basis the set of open intervals, i.e. B =
{(a,b)|a < b} is a basis. In general in a metric space X the sets of the form B(x;r), with
x € X and r > 0 form a basis for the topology defined by the metric.

For a discrete space X the one-element sets {z} form a basis, i.e. B = {{z}|z € X}

is a basis since, for any U in X we have U = |J, o {2}

The set of open sets B = {U x V' |U is open in X and V is open in Y} forms a basis
(by the definition of the product topology as the sets of which are unions of sets of this

form).
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Definition If (X,7) is a topological space and B C 7 is a basis then the sets U € B

are called the basic open sets.

(3.3g) Lemma Let X be a topological space with topology 7 and basis B. Then X is

compact if and only if every open cover of X by basic open sets has a finite subcover.

Proof (=) Clear.
(<) Suppose every open cover of X by basic open sets has a finite subcover. We must

show that X is compact. So let X = (J..;U; be any open cover. For each z € X we

el
have z € U; for some ¢ € I, call this iy, so z € U; . Now U, is a union of basic open
sets so there exists some basic open set V, with x € V, C U;,. Now X = |J,cx Vi (since
U,ex Ve contains all points of X). Hence {V, |z € X} is an open cover by basic open
sets. Thus, by hypothesis, there exists some finite subset /' of X such that X = (J, . p Va,
ie. X =V, U---UVs, where F ={z1,...,2,}. But V, C U;, so that, putting j, = i,,,

we have V,, C Uj,_, for 1 <r < n. Hence

X=v, UV Ui, Ui,
Hence
X:UJ&U"'UU‘n

and {Uj,,...,U,,} is a finite subcover of {U; |i € I'}. Hence X is compact.
We are now ready for the big one.
(3.3h) Theorem X x Y is compact if and only if both X and Y are compact.

Proof (=)If X xY is compact then X =p(X xY) and Y = ¢(X xY) are compact by
(3.2h).

(«<=) We assume X and Y are compact. We must show that X x Y is compact. Let B be
the set of subsets of X x Y of the form U x V with U open in X and V open in Y. By

(3.3g), to show X x Y is compact, it suffices to prove that whenever

Xxy=JUuixV (1)
el

then we have X xY = J,cp U; x V; for some finite subset I of I.
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So let’s suppose (1) holds. For x € X we set I, ={i € I|x € U;}. Then

y=|JW (2).

iel,
The argument for this is as follows. If y € Y then (z,y) € X x Y so (z,y) € U; x V; for
some ¢ € I. Then z € U; so 1 € I, and y € V; so that y € V; for some ¢ € I,. Hence

v € U 7, Vi and since y was any element of Y we must have Y = V.

iel,
Since Y is compact there is a finite subset F). of I, such that

Y = .U V; (3).

We define U(x) =)

hence open. Also, z € U; so for each i € F, so that x € U(z). Hence we have

ier, Ui- Then U(z) is an intersection of finitely many open sets and

X=JU@) (4).

rzeX

Since X is compact we have

X =U(1) | JU(2) |- U (@n) (5)

for finitely many elements x1, xo, ..., x, of X. We now clain that
XxY=JUxV (6).
ieF

where FF = F,, |JF,,J - -UF., - a finite set, showing X X Y to be compact.

So let’s prove this claim. Let (z,y) € X xY. Then by (5) we have = € U(z,) for some
1 <r <n. Now by (3) we have y € V;, for some ig € F,_, and since U(z,) = nieFf,T U, we
also have = € U;,. Hence (z,y) € U;, x V;, and ig € F,, C F so that (z,y) € U,cp Ui X Vi,

as required.
Phew, that was complicated.

Let X,Y be topological space and let X’ € X and Y’ C Y be subspaces. Then X’
(resp. Y') is a topological space with the induced topology. So we may form the product
space X’ x Y. But we may also regard X’ x Y’ as a topological space via the subspace

topology induced from X x Y. Are these topologies on X’ x Y’ the same ? Yes!
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(3.3i) Proposition In the above situation, the product topology on X' x Y’ and the
subspace topology on X' x Y’ (given by viewing X' x Y’ as a subspace of the product

space X x Y') coincide.

Proof Let U’ be open in X’ and V'’ be open in Y’. Thus we have U’ = U () X’ and
V' =V Y’ for some open set U in X and open set V in Y. Thus

U'xV' =UMNX)x (VY)=UxV)[ (X' xY)

which is an open set in the subspace topology on X’ x Y’ (since U x V is open in X x Y').
Hence any set of the form U’ x V’ (with U’ open in the subspace topology on X’ and V’
open in the subsapce topology on Y”). Any open set in the product topology on X’ x Y’
is a union of set of this from, hence any subset of X’ x Y’ which is open in the product
topology on X’ x Y’ is a union of sets which are open in the subspace topology and hence
open in the subspace topology.

Conversey suppose that W’ is open in the subspace topology on X’ x Y’. Then we
have W/ = (X’ x Y)W, where W is open in X x Y. Now W is a union of sets of the
form U x V, with U open in X and V open in Y. Hence W’ is a union of sets of the form
(X' xY")YN(U x V). However this is (X' x U)(Y'V)=U'x V', where U' = X' U,
V' = Y'(V. Now U’ is open in the subspace topology on X’ and V' is open in the
subspace topology on Y’ so that U’ x V' is open in the product topology on X’ x Y”’. Thus
W' is a union of sets which are open in the product topology on X’ x Y’ and hence W' is
open in the product topology.

We have shown that a subset of X’ x Y’ is open in the product topology if and only
if it is open in the subspace topology (induced from the product topology on X x Y), as

required.

Example Let a,b,¢,d € Rwitha<band c<dandlet Z={(z,y)|a<x<bc<y<
d}. This is the subset [a,b] X [¢,d] of R x R. The subspace topology on Z, as a subspace
of R x R = R?, is the same as the product topology on Z. Note, by (3.2j) and (3.3h),

[a, b] X [c,d] is compact.

(3.3j) Let X,Y be topological spaces and let K C X be closed and let L C'Y be closed.
Then K x L is a closed subset of X x Y.
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Proof We have
Cxxy(KxL)={(v,y) e XxY|zg Kory¢L}
(Cx(K) x V)| J(X x Cy (L))

a union of two open sets and hence open in X x Y. Hence K x L is closed.

Definition A topological space X is said to be locally compact if for each x € X there
exists an open set U and a closed set K with x € U C K and K compact.

Example R islocally compact. For x € Rtake U = (r— 1,2+ 1) and K = [z — 1,2+ 1].
Exercise Show that local compactness is a topological property.
(3.3k) Proposition If X,Y are locally compact spaces then X x Y is locally compact.

Proof Letw = (z,y) € X xY. Since X is locally compact there exists U open K closed
and compact with x € U C K. Since Y is locally compact there exists V' open and L
closed and compact with y € V' C L. Thus we have

w=(z,y) eUxV CK XL

moreover U x V is open K x L is closed, by (3.3j), and K x L is compact, by (3.3h) and
(3.39).

We want to show that R” is locally compact, which will imply the Heine-Borel Theo-

rem. But first a general lemma on metric spaces.

(3.31) Lemma Let (X,d), (X',d") be metric spaces and let ¢ : X — X' be a map
such that d'(¢(x1), ¢(x2)) = d(x1,x2) for all x1,x9 € X. Then ¢ is continuous. If ¢ is a

bijection then ¢ is a homeomorphism.

Proof ¢ is continuous by (2.1d). Suppose ¢ is a bijection with inverse ¢). Then we have
d((xh), ¥(zh)) = d'(o(Y(x)), p((xh)) = d' (2], 25) so that ¢ is continuous by the first

part of the Lemma (with the roles of d and d’ reversed). Thus ¢ is a continuous bijection

with continuous inverse. Hence ¢ is a homeomorphism.

Exercise  Let (X1,d;) and (X2,ds) be metric spaces. Let X = X7 x X5 and define
d: X x X — Rby d((z1,22), (y1,92)) = max{di(z1,91),d2(x2,y2)}, for (z1,22) € X,
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(y1,y2) € X. Show that d is a metric and that the topology defined by d is the product
topology on X; X Xs.

(3.3m) Proposition For n > 1 the product space R*~! x R is homeomorphic to R™,

regarded as a topological space with the natural topology.

Proof (Note we have already done the case n = 2, see the Example following (3.3b).)
An element of R"™! x R is an element (w,z) with w € R*™!, 2 € R. The natural
topology on R™~! is the topology defined by any one of the metrics on R”~! considered in

Section 2.1 (see (2.1c)). The most convenient for our purposes is
di(w,w") = max{|zy — 2i],..., |Tn_1 — 2z, _4|}

for w = (z1,...,2p-1), W = (z1,...,2,,_4). The topology on R is determined by the
metric do(z,2') = |v — 2|. By the above exercise the product topology on R"~! x R is the

same as the topology determined by the metric

d((w,z), (w',2")) = max{d; (w,w’), ds(z,2")}

= max{max{|z; — )| : 1 <i<n-—1}, |z —2'|}.

The natural topology on R" is defined by the metric d’, where
d((x1,.-. xn), (@], ..., 2))) = max{|z; — 2} : 1 <i < n}.

We define ¢ : R»™! x R — R" by ¢((z1,...,2Zn_1),2) = (21,-..,Tn_1,7). Then, for
w=((x1,...,7n-1,2),2= (Y1, -, Yn-1),y) € R"! x R we have

d(dp(w),d(2)) =d (z1, - Tn_1,2), Y1,y Yn_1,Y))

= max{max{|r; —y;|: 1 <i<n—1} |z —y|}
=d(w, z).

Hence d'(¢(w), ¢(z)) = d(w,z). Hence ¢ is continuous, by (3.31). Clearly ¢ is a

bijection and hence, by (3.31), ¢ is a homeomorphism.
(3.3n) Proposition R™ is locally compact.

Proof We argue by induction on n. The space R is locally compact (see the example

after the definition of local compactness). Assume now that n > 1 and that R"~1 is locally

53



compact. Then R™ is homeomorphic to R*~! x R, by (3.3k). Hence by induction, R™ is

locally compact for all n > 1.

(3.30) Proposition For any N > 0 the set L = {(x1,...,2y) : |z;| < N for all i} is a

compact space.

Proof Let d be the metric d((x1,...,2zy), (Y1,.-.,yn)) = max{|z; —y;| : 1 < i < n}.
This defines the natural topology on R™. Since R" is locally compact there exists an open
set U containing 0 = (0,0,...,0) and a closed set Z with 0 € U C Z and Z compact.
Since U is open we have B(0;r) C U for some r > 0. Let £ = {y € R"|d(0;y) < r/2}.
Then E is closed and £ C B(0;7) C U C Z so that E C Z. Now Z is compact and E is a
closed subset of Z so F is compact, by (3.2c).

We define ¢ : R — R™ by ¢((z1,...,2n)) = (r/%xl, e %:}:n) This is a continuous
map with continuous inverse ¥((x1,...,2y)) = (%ml,...,%xn). So ¢ is a homeo-
morhism. The restriction of ¢ to E gives a homeomorphism E — L (with inverse the
restriction of ¢ to L). Hence E is homeomorphic to L and since E is compact, L is too,

as required.

(3.3p) Heine-Borel Theorem A subset Z of R" is compact if and only if Z is closed
and bounded.

Proof (=) Done already, see (3.2d) and (3.2f).
(<) Suppose Z is closed and bounded. Then Z is a subset of

K ={(x1,...,2,) : |z;] < N}

for some N > 0. But K is compact by (3.30) and so Z is a closed subset of a compact

space and hence compact, by (3.2c).

(3.3q) Corollary Let K be a closed, bounded subset of R™ and let f : K — R be a

continuous function. Then f is bounded and attains its bounds.

Proof See the proof of (3.2m).
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