MAS210 Graph Theory Exercises 5

Hand in to BLUE BOX on the GROUND FLOOR of math sci building be-
fore 4:30pm on Friday 23/2/07.

Q1 Consider the following gmph G.

4 B

A

Find a mazximum matching in G and a minimum cover of G. Justify the
facts that your matching is marimum and your cover is minimum.
Maximum matching: M7 = {vyvs, v2v3, v5v6, Vov10}. (Solution not unique.)
Justification. Consider the graph G — vy obtained by deleting the vertex
v10 and all incident edges from G. Then G — v1g has three components each
of which is a triangle. Thus, if M is any matching in G, then M can contain
at most 3 edges which are not incident to v1g. Since M can have at most
one edge which is incident to vig, we have |M| < 4 = |M;|. Thus M is a
maximum matching in G. (Solution not unique.)

Minimum cover: Uy = {v1, vg, V2, V3, V5, V6, V10}- (Solution not unique.)
Justification. Let U be any cover of G. We need at least two vertices of U
in each triangle of G — vy to cover all the edges of the triangle. We need
at least one more vertex in U to cover the edges incident with vig. Thus
|U| > 7 =|U1|. Thus Uy is a minimum cover of G. (Solution not unique.)

Q2 The complete graph K, is the graph with n vertices in which each vertex
1s joined to every other vertex by an edge. The complete bipartite graph
Ko is the graph with vertices partitioned into two sets X,Y where | X| =m,
|Y'| = n, and in which each vertex of X is joined to every vertex of Y by an
edge.



(a) Draw K4, K5, K33, and K3 4.
(b) Determine match(K,,), cov(Ky), match(Ky, ), and cov(Ky, ) for all
integers 1 < m < n. Justify your answers.

(a)

K4 K5

(b) match(K,) = |n/2].

Justification. Let V(K,,) = {vi,v2,...,v,}. Let M be a maximum match-
ing in K,. Since the edges in M have no common end vertices we have
2|M| < n. Thus match(K,) = |M| < [n/2|. If n is even, say n = 2¢, then
My = {vive,v3v4, ..., V94109 } is a matching in G of size [n/2| =t. If nis
odd, say n = 2t + 1, then My = {viva,v304,...,v2_109} is a matching in
G of size |n/2| =t. Thus match(K,) = [n/2].

cov(K,) =n—1.

Justification. Let U be a minimum cover of K,. If |[U| < n — 2 then we
may choose v;,v; € V(K,) — U, and U will not cover the edge v;vj. Thus
covK,, = |U| > n—1. Since U; = {v1,v2,...,v,-1} is a cover of G of size
n — 1, we have cov(K,) =n — 1.

match(Kp,n) = m = cov(Kp, ).

Justification. Let V(K,,,) = X UY where X = {xj,29,...,2,} and
Y = A{y1,92,...,yn}. Then M = {x1y1,22Y2,...,TmYm} 1S a matching in
Kppn and X = {z1,22,...,2} is a cover of K, . Since |M| =m = |X|,
Corollary 5.1.7 from the notes implies that M is a maximum matching of
Ky, and X is a minimum cover of K, 5.



Q3 (a) Write down the iterative step in Dijkstra’s algorithm.

(b) Prove that the time taken by the (i + 1)’th iteration of Dijkstra’s algo-
rithm applied to a network N is O(|V(N)| + dn(zit1)), assuming that all
elementary arithmetic operations can be performed in constant time no mat-
ter how large the numbers involved are.

(¢) Deduce that, under the same assumption, the total time taken when Di-
jkstra’s algorithm is run on N is O(|V(N)|? + |(E(N)|). Hence deduce that
Digkstra’s algorithm is strongly polynomial.

(a) [Iterative Step] Suppose we have constructed a tree T; with V(T;) =
{z1,29,...,2;} for some i > 1 and have labelled all vertices y € V(NN) —
V(T;) with a label label;(y) = [z, hi(y)].

o If V(T;) # V(N) then choose a vertex y € V(N) — V(T;) such that
label;(y) = [#,h;(y)] and h;(g) is as small as possible. Put z; 41 = ¢
and T;11 := T; + zj41 + &w;41. For each vertex y € V(N) — V(T;41)
put

[it1, hi(xip1) + w(zipy)] if y is adjacent to z;41 and
label; 1 (y) = hi(xit1) + w(zit1y) < hi(y),
label;(y) otherwise.

o If V(T;) = V(N) then STOP. Put T'=T; and output 7.

(b) In the (i+ 1)’th iteration we first grow the tree T;. This involves looking
at the labels on all vertices in V(N) — V(T;) and choosing the vertex ¢ such
that h;(y) is as small as possible. Since |V(N) — V(T;)| < [V(N)|, and
since elementary arithmetic operations take constant time, the time taken
will be O(|[V(N)]). We then update the labels. This involves looking at all
edges incident to x;41, calculating the sum of two numbers and comparing
a previous vertex label to this sum, so the time taken will be O(dy (x;+1).
Hence the total time taken in the (i+1)’th iteration is O(|V (N)|+dn(zit1)-

(c) Since the number of iterations is |V (IV)|, the total time taken by the
algorithm is
[V(N)|-1
O IVINP+ > dv(i) | =0 (VNP +|BEW)),
=0

since SV diy (2140) = 2/ B(V).
Since |[V(N)|? + |E(N)| is a polynomial in |V (N)| and |E(N)], the algo-
rithm is strongly polynomial.



