MAS210 Graph Theory Exercises 4 Solutions

Q1 Consider the following network N.

U1 1 V2 2 U3
] 3 6 7
2 S 2 % y
N = Vg 6 on 3 V8
3 2 1 4 2
V9 5 V11 2 U10

An implementation of Dijkstra’s algorithm starting at vy produces the fol-
lowing tree Ty at the end of the fourth iteration: V(Ty) = {v1,v2,v3,v6}
and E(Ty) = {viva, vous, v1vg}. It also gives the vertex labels shown in the
following table.

V1 V2 U3 V4 Us V6 U7 Ug V9 V10 V11
T x2 w4 [v2,4] [22,7) w3 [22,3] [24,7] [23,5] [r1,00] [x3,4]

List the edge(s) of N which could be added to Ty in the next iteration and,
for each such edge, give a table showing the new vertex labels.

Next edge to be added is vovy. New vertex labels are:

vl vz V3 g vs  Us U7  Ug Vg V1o un
Ty Ty x4 [v2,4] [w5,4] w3 x5 [v5,6] [23,5] [21,00] [23,4]

Q2 Show that Dijkstra’s algorithm for constructing a shortest path spanning
tree rooted at a verter vy in a network may not work if the network is allowed

to have edges with negative weights by assigning suitable weights to the edges
in the following network.

U1

V4 V2

U3



Assign edge weights as below.
U1

V4 U2

v3

Then Dijkstra’s algorithm produces the spanning tree T with E(T') = {vqv4, v1v2, v2v3 }.
The path in T from v1 to v is P = vive which has length 2. However the
shortest path in IV from vy to ve is P = v1v4v3v9, which has length 1.

Q3 Consider the following acyclic directed network N.

U1 1 V2 3 U3

(a) Construct an acyclic labeling of the vertices of N.

(b) Use your acyclic labeling to find a spanning out-arborescence of N rooted
at v which contains longest directed paths from vy to every vertex of N.

(¢) Use your acyclic labeling to find a spanning out-arborescence of N rooted
at v which contains shortest directed paths from vy to every vertex of N.



(a) Acyclic labelling is shown below.

T =7v1 1 T2=vV2 3 T3 =13

(b) Spanning longest path out-arborescence rooted at v; is
I T2 T3
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(c) Spanning shortest path out-arborescence rooted at vy is

X1 1 xo xs3
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Q4 Let N be an acyclic directed network and v be a vertex of N such that
N contains a directed path from v to every vertex of N. Let T; be an out-
arborescence rooted at v produced in the i’th iteration of Mordvek’s algorithm
for finding longest paths applied to N.

(a) Prove that the unique path in T; from v to each vertex x of T; is a longest
path in N from v to x.

(b) Does your proof assume that N has positive edge weights?

(a) Proof Let longn(x1,x;) denote the length of a longest directed path in
N from z; to z;, for all 1 < i < n. We need to show that distr, (x1,z) =
longn (z1,x) for all x € V(T;). We use induction on i.

Base Case i = 1. Since T} is an out arborescence with one vertex 1 = v
and no edges, we have distr, (v,x1) = 0 = longn (v, z1).

Induction Hypothesis Supposei > 2 and that distr, | (x1,z) = longn (21, )
for each vertex x of T;_1.

Inductive Step We have T; = T;,_; + z; + zjz; where z; € V(Tj—1),
xzjr; € A(N), and x; is chosen such that disty, (v, z;) + w(z;z;) is as
large as possible. Since distr,(z1,2) = dist, ,(x1,z) = longn(x1,x) for all
x € V(T;-1), it suffices to show that distr,(z1,x;) = longn(z1,x;). We have

longn(x1,x;) > disty, | (x125) + w(zjz;), (1)

since there is a directed path in NV from z; to x; of length distr, | (z1,2;)+
w(xjx;). On the other hand, if P = zjujug ... u,z; is a longest directed
path in N from x1 to x;, then, since u,x; € A(N) and z1,z9,...,z, is an



acyclic labelling of N, we must have u, = x; for some 1 < k <4 — 1. Let
P’ = ziujuy ... uy. Then

longn (z1,2;) = w(P) = w(P') +w(apz;) < longn (w1, vx) + w(wke;)
= distr,_,(z1,xr) + w(rpx;),

(2)

by the induction hypothesis, since x € V(T;_1). In the i’th step in Morédvek’s
algorithm we chose the vertex z; so that disty, | (z1,x;) + w(z;x;) was as
large as possible. Thus

disty, | (x1,25) +w(xjx;) > disty, | (z1,25) + w(Te;). (3)
Combining (1), (2) and (3), we obtain

longn (x1,2;) > distr, | (x125) + w(zjz;) distr, , (z1,xk) + w(rgx;)

>
> longn(x1, ;).
Hence equality must hold throughout, and in particular

longn (1, x;) = disty, | (z125) + w(zjz;) = distr, (z124).

(b) The above proof does not assume that arc weights are positive.



