TIME SERIES COURSE-WORK 3
SOLUTIONS TO THE THEORY QUESTIONS

Question 1
An MA(2) model is

Xi =24+ 60121+ 6275, where, Z; ~WN(0,0?).

To derive the ACVF and then the ACF of the MA(2) we calculate cov(Xy, Xy4,) for all
6T =0,4+1,42, ...
cov(Xy, Xiyr) =cov(Zy + 0121 + 022y 2, Zyyr + 01 Zyyr 1 + 022417 2)
=E[(Zi+01Zi1+ 022 2)(Ziyr + 01 Zi 71+ 022117 2)]

as E(Z;) = 0 for all ¢. This gives

cov(X, Xoyr) =E[Z1 Ziyr + 012 2171 + 0224 2y 7o
+ 01241 Zir + 03241 Zpyr 1 + 010971 1 Ztir
+ 027197147 + 010571 2711 r 1+ 03721 2711 r o)
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Hence, as Z; are uncorrelated random variables with var(Z;) = o=, we obtain

(1+602+63)0% for 7=0
(01 + 9192)02 for 7=+1
Oy02 for 7+£2
0 for |7]>2

v(r) =

Dividing each of these expressions by (0) we obtain the autocorrelation function p(7)

1 for 7=0

Wian®)  for =1
p(T) = 0y - ; 19

ot for T

0 for |7 >2

Question 2
First note that E(Z;) = 0 for all ¢ and so E(X;) = 0 for all ¢£. Then the autocovariance is

1 q q
cov(Xe, Xer) = 7 qp BD_ 2o D_ Zrer—j)
q k=0 =0
For 7 = 0 we obtain )
o
0)=——(¢g+1)o?=—
10) = Crgpla e’ = g

as Z; are uncorrelated and there are exactly ¢ + 1 products Z;Z; (with same indexes) and
their expectation is E(ZJQ) = o2. Similarly, there will be ¢ + 1 — 7 pairs Z;Z; for T =
1,2, ...,q and none for 7 > ¢. Hence

1
’Y(T) N (q + 1)2(q + 1— 7_)0—2 forT = 1727 -y g

Hence

(¢+1)? o2 q+1

latl-m)o® gtl _ gtlor g0 19 q
p(t) = o
0 for 7> q.



Question 3

Additive model X; = m; + s¢ + Y;

We assume that s; = s;_12 and m; = B9 + S1t. Then

Vi X =Xi — Xi_12
=my +s¢ + Yy — (my—12 + st—12 + Yi-12)
=m¢ —my—12 + Vi2Yy
=B + fit — (Bo + B1(t — 12)) + V12Y;
=120 + V12Y;.

To check stationarity we check if the expectation and variance are constant and the covari-
ances do not depend on t.

E(V12X}:) = 1203, constant.

cov(Vi2 Xy, V1o Xy r) =cov(ViaYy, ViaYiyr)
=cov(Y; — Y12, Yi1r — Yipr12)
=cov(Ys, Yiyr) — cov(Yi12,Yiqr) — cov(Yy, Yipr—12) + cov(Yi_12, Yiir—12)
=29y (1) — W (7 +12) — v (7 — 12).

This does not depend on ¢, hence the differenced series is stationary.
Multiplicative model X; = mys; + Y;

Here we have

Vie Xy =myse + Y — (my—1251—12 + Yi—12)
=(B0 + Bit)st — (Bo + Pi(t — 12))si—12 + V12Y2
=12815i—12 + V12Y;

It gives
E(V12X}) = 12615 12.

This still depends on ¢, it is not a constant. However, as s; = s;_12 = s;—24, we should
eliminate the seasonality effect from V12 X, by applying the same operator again, that is by
V12(V12X}), as follows

Vi, = V12(V12Xy) =12818i-12 + V12V — (12815-24 + V12Yi_12)
=Y; —2Y; 12 + Yy 24.

Then E(VZ,X;) = 0 and cov(V3,X;), V3, X4, ) is a constant, what can be easily shown,
similarly as in the previous part. Hence V12(V12X;) = V2, X, is a stationary process.

Question 4

See lecture notes, Chapter 4.6.



