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Why Population Parameters?

» Example 2: perimetry

N
N\

hill of vision
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Example 2: perimetry

individual hills of vision:

right eye
age: 30 - 40

differential luminance sensitivity [dBs]

-30° -20° -10° O0° 10° 20° 30°

horizontal eccentricity
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1. RCR Model
» Example: individual regression lines
Y i =a;+Db: X: +g”
Er_ldividual cat explanator \m
1=1 1=1,..., varlable Eij™ N(O,o )

» Individual curves: — i=1
—_— =2
= &




IMST Rainer Schwabe

1. RCR Model

» Example: individual regression lines

i Zai+bix\u{5ij *
explanatory
f variable ] Eij~ N (O, 02)

population parametersj

iIndividual replication
1=1,...,n i

» Individual parameters:

o ede )
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Random Coefficient Model

» Individual curves are given by a common

linear model
-
Yij :ai‘l- f (Xij) bi‘l'gij
gijN N(O,UZ)
N d dent
Inaepenaen
/ P

> individual parameters: (a;,b;) ~ N((x, ), 0°D)

Epopulation parameters/
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Individual Observation Vector

/Y\

11 1
Yi=| ¢ |= i(

» Individual design matrix
( )
1 f(x,)'
Fi:

\1 f(ximi )T/
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Individual Covariance Matrix

Cov(Y )= o’V i

where
. T
Vi=I,+F;DF,
example: d 0
random intercept D :( “ j
O O

Vi=lp+d, 1, 1
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Estimation of Population Parameters
M

(Z LRV ) > FRV'RE
> individual “estimates” independent of D
o =(F V. 'R ) TRV, —%F) 'FY,

> covariance matrix [ depends on D, in general |

. Z— Y1
COV(@) — 02 (Zinzl FITVI_lFI )
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2. Design Issues

» all individuals under the same regime:
uniform desigra

FI = Fl’ VI Evl

» estimation: mean of individual estimates

- .
0= _Zinzl'gi

N

» does not require the knowledge of D (wLS=0LS)
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Covariance in Uniform Designs

2

Cov(d) = % (FV,*F, )"

_ %2 ((FlT Fl)_l + D)

=
covariance in the model without random effects:

Yij:lLl‘Ff(Xij)Tﬂ‘ngj (D:O)
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Optimal Uniform Designs

» How to choose X,,..., X?

» quality measured in terms of the
standardised covariance:

(FTF) " +D

Uniform designs are optimal !

[ weighted generalised designs i Schmelter (2004)
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Linear Criteria

» minimize \[A, IMSE, Cj

trace( L ((FF.) "+ D) L)

constant !

- trace( L(FlT F )_1 L' )+rtrace(LDLTj

> result Luoma (2000), Liski et al. (2002)

(X,s..., X0n) optimal in reduced model
—
(X;,..., Xy ) optimal in mixed model
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D- and G-criteria

> minimize

det ((FlT )+ D)

> resp.

/[D-Criterionj

- det((FlT Fl)_l) +det(D)

/[G—criterionj

sup (f oo (FTR) ™+ D )f0)

<suplf (0" (FF
X

) (x)) T Suxp(f (X)" Df (x))

» optimal designs may differ !
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3. Random Intercept

» parallel individual curves

J

Yii=ai+f(x;)" B+ej;

» example: parallel lines

Yij =2+ X+

d

0

0O O
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Three Models

> no Individual effect
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Uniform Design

Info,, (/) = Infoy (5) = Info, (/)

» G- and D-optimal designs

do not depend on d = dﬂ

d
resp. on the intra individual correlation Y =m
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4. Random Slope

» common intercept

Y ij - ﬂ"'bixij'l'gij
O O
D=
» standard interval | %
0<X;;<1 ]

I —
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Uniform Design

> G- and D-optimal designs
depend on the variance ratio d = dﬁ

m =10 10 1
8 -
optimal frequency ~ 6- — D-optimal
M, in design point0 | — G-optimal
2 -
— - O T T T ———— d
My =M= 1Mo o 2 4 6 8 10 A
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Uniform Design

» G- and D-optimal designs

. o _ d
depend on the “intra individual correlation” ¥ “Tid
m =10 10 -
8 -
optimal frequency ~ 6- — D-optimal
— G-optimal

M, in design point O 4-

2.

m,=m-m 0 ' ' ' '
1 0 00 02 04 06 08 10 7
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5. Several Treatments

» Individuals nested in 2 groups k=12

» linear regression,
common intercept
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Random Intercept

» linear regression, 2 groups, common intercept

klj _akl_l_'gkxklj_l_gklj D-opt = D zopt

\d—)oo

Yii = H B Xl 1Y kij =4kt Pk € ki

D-opt = Dﬂ-opt D-opt # Dﬂ-opt



Rainer Schwabe

IMST
Uniform Designs are Optimal
(in the setting of generalised designs)
Schmelter (2005)
» D-optimal designs depend on d = dﬂ resp. y
m =10 10 -
-
optimal frequency 6 - — D-optimal
M, in design point0 _/‘"
’-
0 1 1 1 15 1T 7°r..1

S

my=Mm-Mmy O 02 04 06 08 1
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Epilogue: Messages

» random intercept

Standard designs are suitable !

» random slope

Don‘t do D- or G-optimality !
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