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detect the influence of “education” on 
brain growth (apical spines / µm)

repeated measures

social

isolated

Example 1: neural science

octodon degus

Prologue: Why Population Parameters?

But:

Each individual has its own mean!



Rainer SchwabeIMST

Why Population Parameters?

Example 2: perimetry

retina

hill of vision

determine normal values for the visual 
field (visual ability in decibel luminescence)

medical diagnostics

But:

Each individual has its own curve!
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Example 2:  perimetry

individual hills of vision:

age: 30 - 40

horizontal eccentricity
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1. RCR Model

ijijiiij xbaY ε++=

Example: individual regression lines

explanatory
variable

individual
i=1,...,n

replication
j=1,...,mi ),(~ 20 σε Nij

error

individual curves: i = 1
i = 2
i = 3
i = 4
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1. RCR Model
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individual parameters:

ijijiiij xbaY ε++=

Example: individual regression lines

explanatory
variable

individual
i=1,...,n

replication
j=1,...,mi ),(~ 20 σε Nij

error

population parameters
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Random Coefficient Model

individual curves are given by a common
linear model

ijiijiij bxfaY ε++= T)(
),(~ 20 σε Nij

)),,((~),( DNba ii
2σβµindividual parameters:

independent

population parameters
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Individual Observation Vector
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Individual Covariance Matrix

ii VY 2σ=)Cov(
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example:
random intercept
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Estimation of Population Parameters

( ) ∑∑ =
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n
i iiii

n
i iii FVFFVF
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1T1

1
1T θθ ˆˆ

general
least squares

( ) iiiiiii YVFFVF 1T11T −−−=θ̂

individual “estimates” independent of D

( ) iiii YFFF T1T −
=

( ) 1

1
1T2 −

=
−∑=

n
i iii FVFσθ )ˆCov(

covariance matrix depends on D, in general



Rainer SchwabeIMST

2. Design Issues
all individuals under the same regime: 

mmi ≡

jij xx ≡ ,1FFi ≡ 1VVi ≡

uniform design

estimation: mean of individual estimates

∑ ==
n
i in 1

1 θθ ˆˆ

does  not require the knowledge of D (WLS=OLS)
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Covariance in Uniform Designs 
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ijijij xfY εβµ ++= T)(
covariance in the model without random effects:

0)=D(
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Optimal Uniform Designs

mxx ,...,1How to choose                  ?

( ) DFF +
−1

1
T

1

quality  measured in terms of the 
standardised covariance:

Schmelter (2004)

Uniform designs are optimal !
weighted generalised designs
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Linear Criteria

( )( ) ( )TT
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−trace

minimize

constant !

A, IMSE, c

),...,( mxx1

),...,( mxx1

optimal in reduced model

optimal in mixed model
⇒

result Luoma (2000), Liski et al. (2002)
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D- and G-criteria
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optimal designs may differ !
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3. Random Intercept
parallel individual curves
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example: parallel lines
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no individual effect

ijijij xfY εβµ ++= T)(

Three Models

random intercept

ijijiij xfaY εβ ++= T)(

fixed individual intercept

ijijiij xfY εβµ ++= T)(

no block effects

random block effects

fixed block effects
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Uniform Design

)(Info)(Info ββ 0=∞ )(Info βd=

G- and D-optimal designs

do not depend on d = dµ

resp. on the intra individual correlation
d

d
+

=
1

γ
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4. Random Slope
common intercept

ijijiij xbY εµ ++=
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Uniform Design

G- and D-optimal designs
depend on the variance ratio d = dβ

optimal frequency
m0 in design point 0
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0

2

4

6

8

10

dβ

D-optimal

G-optimal

m = 10

m1 = m - m0
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Uniform Design

G- and D-optimal designs
depend on the “intra individual correlation”

d
d
+

=
1

γ

D-optimal

G-optimal

m = 10

m1 = m - m0

optimal frequency
m0 in design point 0

0.0 0.2 0.4 0.6 0.8 1.0
0
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5. Several Treatments
21,=kindividuals nested in 2 groups

kijkijkikikij xbaY ε++= kni ,...,1=

k = 1

k = 2

linear regression, 
common intercept
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Random Intercept
linear regression, 2 groups, common intercept 

kijkijkkikij xaY εβ ++= D-opt = Dβ-opt

∞→d0→d

kijkijkkij xY εβµ ++= kijkijikikij xY εβµ ++=

D-opt = Dβ-opt D-opt ≠ Dβ-opt
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(in the setting of generalised designs)
Uniform Designs are Optimal

Schmelter (2005)

γ

D-optimaloptimal frequency
m0 in design point 0

m = 10

m1 = m - m0
0

2
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10

0 0.2 0.4 0.6 0.8 1

D-optimal designs depend on d = dµ resp. γ
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Epilogue: Messages

random intercept

Standard designs are suitable !

random slope

Don‘t do D- or G-optimality !
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