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Concentration
1.0

05
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e Similar functions for different individuals
e Every individual has its own individual parameters

e Vectors of individual parameters are realizations of
random vectors

— Mixed Effects Models
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Mixed Effects Models

Two-stage-model:
e 1. stage (intra-individual variation):

Yi' = U(ﬂhxij) + €ij» ]: 17"" mj, €jj ~ N(O’Uz)

2. stage (inter-individual variation):
Bi= 0+ b,', i = 1,..., N, b; ~ Np(O,JZD)

 b; and ¢; are assumed to be independent.

Variance parameters o2 and D assumed to be known.

Aim: Estimation of 5.
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Individual observation vector:
Yi = n(Bi&) + e

Example 1

- m; - number of observations,
- & = (X1, ..., Xim,) - experimental settings,
- 77(6/7 gl) = (77(5/7 Xi )7 X n(/giv Xim,'))T-

Design matrix:

on(Bi, &i
FB::(U(B §i)

os).
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Review

« Optimal designs for estimating 3 — cov(/3)?

e For Y; with density fy.(y;) and

1(B; yi) == log(fy,(yi)) :

Maximization of the Fisher information

al(B; Y)) dl(B; Y))

My = E(=g5

o Often applied: Linearization.

95T

).
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For n nonlinear in 5;:

Example 2

e Linearization of the model (1):

Example 3

capi Yi = n(Bi.&) +ei
~ 1(Bo,&i) + Fao(B — Bo) + F(8i — B) + ei

with a guess 3y of 3 (or ;).
e Distribution assumptions yield:
Y; ~ N(n(Bo, &) + Fao (B — Bo), 0% Va,)
with Vi, := Im, + Fp, DFBTO

— Linear mixed effects model.
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For n nonlinear in 5;:

Example 2

e Linearization of the model (2):

Example 3

Example 1 \/I — 77(/8[7 EI) + €
n(B,&i) + Fs(Bi — B) + ¢

with the true g.
e Distribution assumptions yield:
Y; ~ N(n(8,&), 0% V)
with Vg == Im, + FﬁDFﬁT

— Heteroscedastic nonlinear normal model.
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Assumption: new model is true.
e Linear Mixed Information [Retout et. al (2001)]:
1

— = My 5(6) = —5FL V' Fig

e Nonlinear heteroscedastic Information
[Retout et. al (2003)]:

1

o2

_ 1
= Map(¢) = —F4 Vy ' Fs+ 55

where S > 0, with

S,k:n[v—1%v—1%

ﬁ aﬁ] ﬁ aBkL j7k:17”'7p’
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Example 1

)/I' = eXp(B,‘)‘i‘G,‘, /B/N N(Bad)a € ~ N(0,1)Y|e|d

__ exp(2h)
Mg = 1+ dexp(25)

o _ exp(2/) 202 exp(403)
26 7 Txdexp(28) ' (1+dexp(28))2

and

Example 3
Example 1

My 5/ Map
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Design

Experiment settings ¢; for individuals: x; € X
&= (X,'1 Xim;) cxm,

Alternative: Approximate individual designs - not here!
Population design ¢:

wj: weight of indivdual design ¢; in the population.

Population design = approximate design on X
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Individual information: 9M13(&;)

k
\ Population information: 9tz.p0p(¢) = > wiMs(&))
e i=1

Population design ¢* D-optimal if and only if:

Tr Mp,pop(C*) ' M(€) < p, VE € X™

Efficiency:

0et(Ms,p0p(<)) )l |

o)= (det(zmﬁ;pop(c*))
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Example 2
Example 3 £3] / S\
Example 1 ¢ /
1
o 5 1 W 2
Time

° Y, = ’r](/@,’,Xi) exp(e,-), with €j ~ N(O, 02)

o 0(Bi, %) = g [XP(— 52X;) — exp(—B1 )],

o Bik = Brexp(bi) with by ~ N(0,02dy), k = 1,2,3,
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My g-Information:

~ ((0.10) (4.18) (24.00) -
e ( 033 033 o033 ) 0(C2)=086
M 5-Information:

TS (%:;?) (g:ég) (204'3010)) 8(¢1) =0.55
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Remember:
,) Y, =n(B,&) + €, Bi ~ N(B,02D), ¢j ~ N(0,0%I,)
pomaten . log-Likelihood function:

Example 3

(B y;) = log(fy,(y:)), with

i) = /R L expl— 551, 5 vl a5, and

p Cq
BBy == (vi—n(Bi)) (Vi — n(Bir &)
+(8i = B)TD(B; - B).
We search:

Ol(B3; Yi) 0U(B; Yi)

mﬁzE( BE] 6[37 )-
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Information Approximatio

Alternative representation:
e With E i(ﬁ,‘) = E(IB,‘Y, = y,')Z

oung.y) 1 -
U _ 07 E(8) - ).

e For Vary,(8;) = Var(Bi|Yi = y;) follows:

1 41
Mg = ?D "Var(Ey,(8))D 1?

_ 1p_ lD‘1E(V6x’fy,(5i))D

a2 o2

— Approximation of conditional moments.

n

41
o2
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Remark

More general inter-individual model:
Differentiable function g : RP* — RP:

8i = g(B) + by, with 8 € RP', b; ~ Ny(0, 02D)

With the (p x py)-Jacobi-matrix G(;3) follows:

My = G(B)' 5D Var(Ey,(5))D~" —5G(8)
= G(B)T(;zD‘1 - 0120—15( Vary,(ﬁ,-))o—1;2)e(5)T
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Information Approximation

Approximation of conditional moments:
e Quadrature rules

e Simulations
— dependence on experimental settings?

— computational intensive.

e Laplace approximation
— accuracy?
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Information Approximation

Laplace approximation:
e Problem in nonlinear mixed models:

E(Ev,(8)Ev,(8)")
 Approximation of Ey,(5;) given y;:

ﬁl ex ﬁl /32}/1) BI .
Ey (i) = I brexel- l(ﬁ Za )9 it
J exp(—= £ )dB

1B, B:y1) = (i—n(Bi &) (vi — n(Bi. &))
+(Bi— B) D (Bi - B).

e Laplace approximation of both integrals.
[Tierney and Kadane (1986)]
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Laplace approximation:
e |dea: Approximation of
onon Fulyi) = / qexp(—(ﬂ'zfzy'))dﬁ"

Example 3

Example 1

where (3, 8; y;) is minimial.
» Second order Taylor expansion around 37 with

B; = argmin{i(B;, B; yi)}

BieRP
— Linear part vanishes — normal density.

U ,",ﬁ;y/'))
202 )

fv.(vi) exp(

e Dependence of 3/ on y;.
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e For approximating

Example 1

Example 2 ¢ Y,l,B, (yl)¢ﬁ, (BI)
Information f/31| Yi:y:' -
Approximation fy, (,V:)

Example 3

Example 1

e Apply similar approximation to the numerator
= Bilviey, F N(BF,02MSY), with

M * — 1w| .
Bi ’ 2 6/8/85,-7- BI*IB; :
e Problems:

e Dependence of 5} on y;

« Dependence of M;." on y;
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Information Approximation

e Alternative: Just approximation of n(5;, §):

n(Bi, &) = n(Bi, &) + F, (81 — Bi)-

in 1(3;, 8; yi) with some f3; € RP.

e Same approximation to numerator yields

:>BI'|Y,':}// xR N(M(yi7éi76)70—2

._ =N —1
M = FIF;+D
,u(yiwéivﬁ) = M (FT(

« Appropriate choice of 3;?

-1 .
MB,- ), with

n(Bi, &)) +

FﬁiBi) + D_1ﬁ).
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o For 3; = 8 minimizing 1(8;, 8; yi):
o = Bilv—y B N(BT. 0" M),

Example 3

Example 1

Problem: Dependence on y;.
e For ;= f:

= Bilvi—y, R N@B + M5 F] (v — n(8,€)), o2M5 ).
e For B,’ = 5,’2

= BI‘|Y/'=yi Ea N(}L(yj,ﬁ,‘,ﬂ),UZMEI‘I)'
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Information Approximation
Fisher information approximations in 3; = 3:

e With Vj := I, + F5DF]:

e Conditional variance:

Mg

&

1

o2

1

o2

_ 1 1
— D' — = D E(Vary,(5))D 1;

o2

ng;FB = My

o Conditional expectation:

Mg

Q

a2
’

o4

! D "Var(Ey,(5))D

41
2

Fi V5 Var(Y)V; ' Fs = Mg .
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Information Approximation
Fisher information approximation in j3; = §::
e With Vg, = Iy, + ngDFg;Z

e Conditional variance:

T o7y
9ﬁ4,ﬁ/ = ?F@Vﬁl_ Fﬂi'

— consider here My 5 := LE(FIV; " Fp).
Some other possible approximations:

e Nonlinear heteroscedastic normal model:
1

1
L Ny Sy 1
e Quasi-Information:

Ms 5 = FBT’ aVar(Y) "Fsal
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Summary: With Vs, = I, + Fs, DF]:
K\f;)rr‘ne;tion‘ m 1 F-,—V_1F
roximation = —_
e YT e e e
- YFEIVi'F 4 ls
Map = 2rsVs ety
My = lFTV_1Var(Y,-)V_1F5
' o4 BB B
1 _
Mo = —5E(FSV;'Fa)

M55 = FgQLVar(Y,-)—1F5,QL
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Example 3:

15

Concentration
10

05

00

e Log-Concentration:

Y = —Bai— xiexp(B1i — Bai) + € i =1, ...

d - €y N(07(72)a &= (Xi) € [tmina tmax]a
- Bi= (B4, B2i)" ~ N(B,0°D),
- 5 = (ﬁ1,ﬁ2)7—, D= diag(d1 R dz).



Mixed Effects
Models

T. Mielke Example 3

- My 4: Red
o - My 5: Blue
° - M 5: Yellow
- - Ms 5: Green

0.0012

-
8
gl
S
g g
S =
T = &
= 84 =
= o =
5 3
g g |
.
=
g |
<
3 8 |
84 g
= =
0 ] 10 15 20 ] 5 10 15 20
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Information matrices My 3(3) or Ms 3(/3):

For every pair of experimental settings x1, X2 € [{min, tmax]
with

a(xq, X2) == 0 + cov(Y(xy), Y(x2)) = 0,
the population design
= (x1) (x2)
05 05

is D-optimal in the case of one allowed observation per
individual.
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How to see this:

Example 3

e Equivalence theorem for D-optimality: ¢ optimal

9c(&) = Tr mﬁ;pop(g*)qmﬁ(ﬁ) <p, V¢ e xm

ab

o With general nonsingular M(¢) = <b c) and ¢ = x:

—-b

Gc0x) 1= Fa) (S, ) PO — 2ac— EA)Vix) < 0

e 2 support points, weight: w = 0.5.

- (52 )

e For

= gc(x) =

a(xq,%2)

V(xi)V(xe

7 (X = x2) (X — x1).
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M4 g-Information:

1.13) (11.98
o= (( 0.5) ( o )>,51(g1):1.oooo
M, g-Information:

0.96) (6.00
BN <(0‘47) (0'53)>, 51(C2) = 0.9895
M3 g-Information:

1.70) (24.00
T es <( o5 os )>’ 1(ca) = 09754
Ms g-Information:

- (5= <(od.953) ( ;:2‘”), 51(Cs) = 0.9949
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Example: Observations as

Yi = exp(Bi)+ei, Bi~ N(B,d), ¢~ N(0,1)yield

Exanpe 1 _ exp(243)
Mg = 1+ dexp(28)’
ot _ exp(23) 2d? exp(403)
28 =

1+ dexp(28) (14 dexp(23))?’

Mgy — exp(23)(exp(26 + d)(exp(d) — 1) +1) _

(1+ dexp(28))?

exp(25 + d)
exp(28 + d)(exp(d) — 1)+ 1°
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Yi =exp(fj) + €3 B ~ N(=2,d = 1£;); i ~ N(0,1)

Information

» Red: Simulated Fisher information; Blue: 214 3
e 9y 5:solid, My 5: dashed, N3 5: dot-dash, M5 g: dotted
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Yi = exp(B) + €i; Bi ~ N(=1,d = 75,); ¢ ~ N(0,1)

8

Information

005

0.00
L

Red: Simulated Fisher information; Blue: 94 5
94 5 solid, Mo 5: dashed, M3 5: dot-dash, Ms g: dotted
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W Yi = exp(B;) + €i; Bi ~ N(0,d = 125); i ~ N(0, 1)

Information

» Red: Simulated Fisher information; Blue: 214 3
e 9y 5:solid, My 5: dashed, N3 5: dot-dash, M5 g: dotted
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Yi =exp(fj) + €5 B ~ N(1,d = £5); € ~ N(0, 1)
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Example 3

Example 1

Information

» Red: Simulated Fisher information; Blue: 214 3
e 9y 5:solid, My 5: dashed, N3 5: dot-dash, M5 g: dotted
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Yi = exp(fj) + €3 i ~ N(2,d = £;); €; ~ N(0, 1)

Example 3

Example 1 g

Information

» Red: Simulated Fisher information; Blue: 214 3
e 9y 5:solid, My 5: dashed, N3 5: dot-dash, M5 g: dotted
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Remember:

Var(5) = E(Vary,(8)) + Var(Ev,(5))

1 1
== My = 5D Var(Ey(8))D7"
1 D1 1 D 1E(V: D—11
= 3 ~ 2 (Vary,(8)) o

Some explanation:
ed—o00 =Mg—0.
e d — 0 = Nonlinear regression

’
My — —FIF
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e Conclusions:

- Motivation of model approximation

Example 3

Example 1

- Different information — different design

- Big influence of inter-individual variance on the
accuracy of approximations

e Outlook:

- More insight needed on:
- appropriateness of the approximations
- approximation in g; or 3/

- Inclusion of variance parameters.
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Thank you for your attention!

Further informations needed (Mg 3,...)?
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