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Similar functions for different individuals
Every individual has its own individual parameters
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Vectors of individual parameters are realizations of
random vectors

— Mixed Effects Models
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Two-stage-model:
e 1. stage (intra-individual variation):

Y,'j = U(Xy,ﬂ;) + €ifs j: 1,...,m;, Ejj ~ N(O, 02)
= f(xj)7Bi + ¢, in linear cases

e 2. stage (inter-individual variation):
ﬁ,’ = ﬁ -+ b,', i = 1,..., n, b,' ~ Np(O,UZD)

e b; and ¢; are assumed to be independent.
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Estimation

For linear regression functions:
e Yi~ Np(FiB,02V;), where

- m; - number of observations for individual /,
- Fi=(f(xn), ..., f(x,-m,))T - design matrix of individual ,
- Vii=ln + F,-DF,T.

e Y =Ff3+ Gb+ e, where
Y= (YY),

n
- F=(F,..FDT,

- G:=diag((Fi, ..., Fn)) and
- V:=diag(Vy, ..., Vp).

It follows Y ~ N o, (F8,02V).
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e For linear regression functions:
- B=(FTV='F)_'"FTV~'Y is the ML-Estimator
- Cov(B) = ®(FTV-1F)" = o2~

¢ Information:
n n
M= Mg =y _ F V7 'F
=1 =1

e For nonlinear regression functions:

- Use of 2-stage procedures
- Maximum likelihoood estimation
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Design-Problem

o Experimental settings ¢; for individual i: x; € X with my;
observations:

Ki
o Xi1 Xik,- o )
= <m,~1 m,-k,.> ’ /Z:1 Mig; = m;.
e Population design ¢:
§ k
¢ = <w1 wk) ’ jZ—1 wj =1,

¢ Individual design, w;: weight of indivdual design ¢; in
the population.
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Design-Problem

Choose design, such that:
Cov(B) = a?(FTV'F)~1 = o2m(¢) ™"

is minimal. — Optimality-criteria
o c-optimality,
o A-optimality,
e D-optimality,
How to determine the optimal design?
— Use of equivalence theorems
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Assume:
e Y, =bj1 + bpx; = f(X,‘)Tb,', i=1,...,n, with
Examples ° bi ~ Nz(ﬂ’ D), D = d[ag(d1 , d2) and X € [—1 s 1]

« vector of regression functions is given by
fxi) = (1,x)7, xi € [-1,1]
e variance function:

o?(x;) := f(x) " DF(x;).
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Equivalence theorem in this situation:
e e A design (* is D-optimal for estimating g € RP if and
only if
T *)—1f
ge+(x) = Fo) M) H(x) < pforall x € X.

o3(x)

* go+(x)=p, for x € ¢*.
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Linear Regression

Geometric Interpretation:
e Transformation t(x) =
e Designlocus T = {(t1(x), z(x)); x € [-1,1]}

xo(1)fa(x)

a(1)/o(x)
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203 and fy(x) =

xo(1)/s(x)
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Linear Regression
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foorelele B optimal design:
e For di > db: (x+,—x- is D-optimal, where x* = 1.
e For dj < db: (x+ _x~ is D-optimal, where x* = \/d;/d>.

Examples
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Quadratic Regression

Assume:

Y,'j = bj1 + b,’gX,’j + b,'3X,-12- + €jj with

2 observations per individual,

b; ~ N3(3,0%Dy), k = 1,2,3 where Dy = diag(d;, 0,0),
D, = diag(0, d»,0) or D3 = diag(0,0, d3),

X =[-1,1]and

ej ~ N(0,02).
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e 2 observations per individual in points x;, y; € X.
= Ming(&) = F7 VTR, with
Examples

1 x5 x?
Fi = Fuy)= ! ’) and
/ (leyl) <1 yl ylz
Vi = Vigyy =k + FiDF.
¢ Invariance considerations yield:

k a0 b
Mpop(¢) = > wiMing(§) = |0 ¢ 0.
i=1 b 0 d
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Multivariate equivalence theorem:
Examples

e The design ¢* is D-optimal,
e The design ¢* minimizes mgavxTr (M(C*)~TM(€)),

* maxTr (M(C")'M(E)) = p.

For our case:
o 9o (%,¥) = Tr Fixy)Moop(C™) T Rl 1y Vi) < 3
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1. For D = Dy = diag(d;,0,0) with ag, € (—1,1) and

Wd, € (0, 1):
() ) ()
Examples C(’; = ( —1 Qyq, —Qq, ) s
wa,

A

W

A
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wiasmee  OPtimal designs are of the structure:
2. For D = D, = diag(0, d», 0) with ag, € [0, 1) and

Wd, S (0, 1):

1 Qq,
Examples C(";2 — -1 —Qg,

1 —wq, W,

W
;
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3. For D = D3 = diag(0,0, d3):

a () ©)




Opt_ima_l
Mot Quadratic Regression

Models
Tobias Mielke

Optimal designs are of the structure:

4. For D = diag(d;, do, d3) the design can be constructed
Examples numerically:

e Determine a regular initial design (p.

e Calculate the maxima £* := (x*, y*) of the sensitivity
function g¢, (X, y).

e Determine the matrix
M(Ck) == wM(Ck—1) + (1 — w)M(£*) and maximize its
determinant with respect to w. Set
Ck = wlk—1 + (1 —w)&™.

e When no (x, y) € X2 exists with g, (x, y) > 3 then the
design ¢k is D-optimal.
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e Estimation of population parameters
Examples

— Reliable in linear models.
— Reliable in nonlinear models?
e Construction of D-optimal population designs using the
equivalence theorem
— Design-structure depends on the variance in the

parameter vector.
— Generalization for nonlinear models?
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