AN EXPLICIT REFINED GAN-GROSS-PRASAD IDENTITY FOR
FOURIER-JACOBI PERIODS OF DEGREE 2 SIEGEL CUSP FORMS
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ABSTRACT. We compute the local integrals appearing in the refined Gan—Gross—Prasad conjecture
for Fourier—Jacobi periods of Sp, in new ramified cases and use this to formulate an explicit con-
jectural identity relating Petersson norms of degree 2 Siegel cusp forms and associated half-integral
weight forms. We note consequences of our identity for the growth of Petersson norms, the size of

Fourier coefficients, and non-vanishing of central L-values.

CONTENTS

1. Introduction

1.1.  Main results

1.2.  The refined Gan—Gross—Prasad conjectures for Fourier—Jacobi periods
1.3.  Computing local integrals

1.4. The global identity and some consequences

1.5.  Declaration on the use of Al

1.6.  Acknowledgments

2. Local calculations

2.1. Notation

2.2.  The metaplectic group and the Jacobi group

2.3. The local Fourier-Jacobi integral and the main local theorem
2.4. Initial reductions

2.5.  Further reductions

2.6. The key simplification

2.7. Preparation for calculation of the core integral

2.8. Calculation of Iy (n)

2.9. Calculation of I 7(n)

2.10. Calculation of I 7 (n)

2.11. Local L-factors and summary of calculations

3. Global results

3.1.  Global notations

3.2, Theta series

3.3. Siegel modular forms and representations

3.4. Half-integral weight forms and their adelizations

3.5. Newforms and orthogonal Hecke bases of SZ_; (To(4m))
3.6. Classical interpretation of Fourier—Jacobi perii)ds

3.7.  Archimedean calculations

3.8.  Main results

3.9. Upper bounds on Petersson inner products and Fourier coefficients
3.10. Non-vanishing

References

Date: September 21, 2026.

00 CO GO CO O Ut W N N



2 BIPLAB PAUL, AMEYA PITALE, ABHISHEK SAHA, AND RALF SCHMIDT

1. INTRODUCTION

1.1. Main results. Let F be a Siegel cusp form® of degree 2 and even weight k for the group
Sp4(Z). Then F has a Fourier expansion

F(Z) = Z a(F, S)627ritr(SZ)7
S
where the Fourier coefficients a(F, S) are indexed by matrices S of the form

(1) S = [b72 béﬂ, a,b,c €7, a >0, disc(S) := b* — 4ac < 0.

For each m > 0, we can construct a half-integral weight cusp form given by

2) Fnl(2) = ia(n)ezmm, where a(m)= Y. a (F ["If D

r
n=1 0<r<2m—1 2

r?=—n (mod 4m)

It is known that f,, € Sk_% (To(4m)) (see [12, Theorem 5.6]). The half-integral weight forms f,,

are of particular interest for studying F', since their Fourier coefficients, as is evident from (2), are
closely related to those of F. Indeed, in the papers [30, 31, 19], the forms f,, were used to prove
new results about sign-changes and non-vanishing of fundamental Fourier coefficients of F'. It is
therefore natural to ask about the relationship between the Petersson norms of f,,, and F.

If F is a Hecke eigenform and a Saito—Kurokawa lift, and m = 1, then Kohnen—Skoruppa [22]
(see also [8]) established the identity?

(3) (fu,f1) _ 24"
<F7 F> F(k)L(%¢7TO)’
where mp is the automorphic representation of GLy(A) that lifts to the Saito-Kurokawa lift F.

Analogous formulas in this Saito-Kurokawa case for UZ?{:’;L) can likely be derived from (3) for

3

all squarefree m, using existing expressions (e.g., [12, Theorem 6.2]) for the m-th Fourier—Jacobi
coefficient in terms of the first.

However, if F' is not a Saito—Kurokawa lift, we are not aware of any previous results on the ratio
% for any m. A key result of this paper is an exact conjectural formula for this ratio in terms

of a sum of L-values when m is odd and squarefree.

Theorem 1.1 (See Corollary 3.8). Let F' be a Hecke eigenform in Si(Spy(Z)) and assume that k
is even and F is not a Saito-Kurokawa lift. Assume the truth of the refined Gan—Gross—Prasad
(GGP) conjecture for Fourier—Jacobi periods on Sp, (Conjecture 1 below). Then for each odd
squarefree integer m, we have

<fm7fm> Ak ts L(1/2,7TF X 7Tf)
4 = . )
) (F,F) _ 3(2k—3)T Z 2 L(L, mp, AQ)L(L, 7wy, Ad) ' ImC
C’\m FeByYy L (0)
Above, By;Y,(C) is an orthogonal Hecke basis of the space of holomorphic newforms on the upper
half-plane of weight 2k — 2 for T'o(C), g is the automorphic representation of GSp,(A) associated
to F, my is the automorphic representation of GLa(A) associated to f, L(s,mp X 7f) denotes the

IFor definitions and background on Siegel cusp forms, see [20] or [27].
2We denote the completed L-functions by A(s, -) and reserve L(s, -) for the finite part of the L-function. L-functions
in this paper are normalized so that the global functional equation for the completed L-function relates s — 1 — s.
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degree 10 L-function attached to the tensor product of the degree-five standard parameter of mp and
the degree-two parameter of w¢, and the quantity v, ¢ is given by

—1/2 | 1290 5-1/2 | a1/2\9
2(«x +a + 2
| (ap p )" (Bp B'’”) 11

(p+1)(L+ 6~ /2) (1 + 8, 'p=1/2) poP 1

&
if the local Atkin—Lehner eigenvalue for f equals 1 at all primes dividing C and ., c = 0 otherwise.
Here, for each prime not dividing C, oy, a;l, Bp, Bp_l are the Satake parameters of mr at p, and 6y,
5;1 are the Satake parameters of w¢ at p.

Remark 1.2. We note that L(1,7r, Ad) is not zero by Theorem 5.2.1 of [28].

Remark 1.3. We can regard (4) as a generalization of (3). In the case of Saito—Kurokawa lifts,
L(s,mp,Ad) has a pole at s = 1, and an analog of (4) for m = 1 would reduce to a single nonzero
term corresponding to the unique f (which lifts to F') for which L(s,mp X 7f) also has a pole at
s =1/2. Simplifying the resulting expression gives us (3) up to a constant.

Theorem 1.1 implies an essentially optimal upper bound for (f,,, fn,) under GRH.

Corollary 1.4. Let F,m be as in Theorem 1.1. Assume the refined GGP conjecture for Fourier—
Jacobi periods on Sp, and also assume the Generalized Riemann Hypothesis (GRH) for the L-
functions appearing in Theorem 1.1. Then

<fm’ fm> LFe me.

Proof. Under GRH, we can bound each 7 ﬁgfﬂ(ﬂﬂ) xq) bY ke m*. The cardinality of ByeY,(C)

is <} m and each factor rys,, ¢ is bounded by m~17¢. The proof now follows from (4). Note that
the dependencies on k are absorbed by those on F. O

The above results have applications to upper bounds on Fourier coefficients of F' and to the
non-vanishing of central L-values, see Section 1.4.

1.2. The refined Gan—Gross—Prasad conjectures for Fourier—Jacobi periods. We now
explain how Theorem 1.1 fits into the framework of the refined GGP conjectures for Fourier—Jacobi
periods on symplectic groups formulated by Xue in [39]. Let G denote the algebraic group Spy,
and let H be the Heisenberg group:

1 M
1

We consider SLy as a subgroup of G via

a b
(5) SLQB[‘;Z]M[Cld ]GSp4.
1

Let éig denote the metaplectic double cover of SLg. Define J := SLo - H C Sp, and J = §I:2 x H.
Let A denote the ring of adeles of Q. We fix the standard additive character ¢ = [[, ¥, :
Q\A — C*, characterized by

(6) Yoo (z) = 27T, cond(vp) =Zp (p < 00).
We equip A with the Haar measure that is self-dual with respect to 1. Concretely, this is the

product of the local self-dual Haar measures: Lebesgue measure dz., on R, and, for every prime p,
the Haar measure dz;, on Q, normalized by volg,(Z;) = 1.
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For each m € Q*, let ¢/ be the non-trivial additive character Q\A defined by ¥ (z) := ¢(ma),
and let wym denote the Schrodinger—Weil representation of J J(A) = SLQ(A) x H(A) realized on the
Schwartz space S(A). For ¢ € S(A) and r € J(A), we define the theta function

Oym (r, @) := Y _ (wym (r)9) (z).
z€eQ
Let (m,Vy) be an irreducible, cuspidal, automorphic representation of G(A) and (¢, V,) be an
irreducible cuspidal genuine automorphic representation of SL, (A). For W eV, AeV,, ¢ € S(A),
and m € Q*, define the global Fourier—Jacobi period

(7) FTym(U, A, ¢) = / / U(ng)A(g)Oym (ng, ¢) dn dg.
SLa(Q\SLa (4) JH(@)\H(4)

Above, we fix the measure dg to be the global Tamagawa measure and we normalize the Haar
measure on H(Q)\ H(A) so that the total volume is 1. Fix local Haar measures dn, on H(Q,) (resp.
dg, on SL2(Q,)) so that the subgroups H(Z,) and SL2(Z,) have volume one at all finite primes
p. At the archimedean place, we choose the measure on H(R) to be the usual Lebesgue measure.
Note that dn =[], dn,. We normalize the Haar measure dgc on SLa(R) by dg. = Yy 2drdydkse,
[ 1z

where goo = [1 1] [91/2 2 ] koo is the Iwasawa decomposition, and dk is the measure on SO(2)

so that it has volume 1. Define the constant Cg by dg = Cq [, dgo.

By the tensor product theorem, 7 = ®'m, with irreducible, admissible representations 7, of
G(Qy), and 0 = ®’0,, with irreducible, admissible representations o, of SLa(Q,). Assume that ¥
corresponds to a pure tensor @W¥,,, and that A corresponds to a pure tensor ®A,. Assume further
that ¢ = ®¢, with local Schwartz functions ¢, € S(Q,). For each place v, fix a G(Q,)-invariant

Hermitian inner product on the space of 7, and an é\f;g(@v)—invariant Hermitian inner product on
oy. For each place v, let us define the local integral

oy (Vo Ay, du31by") = / / <Wv(n9)qjvaqjv><‘7v(9)AvaAv><ww£”(ng)¢va¢v> dndg.
SL2(Qv) Y H(Qu

Define the normalized local integrals

-1
av(\IlvaAqusv;w:;n) L?ﬁ?(%vﬂ-v X Uv)
(W, W) (A, A (o ) (C”(2)<”(4)L(1,m,Ad)LW(l,av,Ad)

aff (o, Ay, go; 9y) =

Above, Lym (-) denotes the local L-functions defined using the Langlands parameters of the repre-
sentations m, and o,, which in the case of o, also depend on the character " (see Section 11 of
[13]).

By work of Xue [39] we have off (Uy, Ay, Dp; 0)") = 1 for almost all places v. Inspired by work of
Ichino-Tkeda [17], Xue [39, 40] conjectured the following.

Conjecture 1 (see (1.2) of [40]). Assume that m and o are tempered, and generic almost every-
where. Then

|.Fj¢m(\I’,A,¢)‘2 . A¢m(1/2 T X O’
® Twm e 2 @ R DAL 0, A

x Ha (T, A, o 0).

Here the positive integer (8 is 1 if w is of general type (so that its lift to GL5(A) is cuspidal) and 2
if ™ is endoscopic. The function £(s) above is the completed Riemann zeta function.

Remark 1.5. Suppose that the global Waldspurger lifting of o to PGLa(A) with respect to ™
exists, and let my = Waldym (o) denote this lift. Then we have Lym(s,m x o) = L(s,m x m), and
Lym(s,0,Ad) = L(s,m, Ad).
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Remark 1.6. In the setup in [39, 40], the local Haar measures on H(Q,) are taken to be self-
dual with respect to ). In contrast, above, we chose the coordinate measures to be self-dual with
respect to the standard character v,,. This does not affect Conjecture 1. Indeed, changing 1, to ¥)"

multiplies the self-dual measure on H(Q,) ~ Q3 by ]m|3/2, whose global product is one, and so the
right side of (8) is unchanged.

1.3. Computing local integrals. We now briefly describe our main local result. Fix the following
purely local data, where for convenience we have dropped all subscripts.

i) A non-archimedean local field F' of characteristic zero, with ring of integers o, maximal
ideal p, uniformizer w, and residue field of odd cardinality gq. Let v be the normalized
valuation on F, so that v(w) = 1. We fix an additive character ¢ of F' with conductor o,
and normalize measures as in Section 2.

ii) An element m € F*, and the character ¢ (x) = ¢)(mx). Put

0=10,  ¢"(x)=(ma).
iii) An irreducible, unramified, tempered representation 7 of GSp,(F) with trivial central char-
acter3, together with a spherical vector vg. Then 7 is of the form 1 X x2 x xo with unitary
characters xg, x1, X2 satisfying X%XIXQ = 1. Let

9) a = x1(w), B = x2(@).

iv) An irreducible, genuine, unitary, tempered representation o of SLo(F'), which we assume is
not an even Weil representation. Let ¢/ = m™! - ¢ be the twist defined in Section 2.

v) The Heisenberg group H(F') and the Schrédinger—Weil representation wym of SLo(F) x
H(F), realized on S(F).

Let T°(m) C SLz(0) be the subgroup whose upper-right entry lies in mo, and let x,, be the
quadratic character of F* given by xm(z) = (z,m), where (-,-) is the local Hilbert symbol. We
also use x,, to denote the resulting character of I'°(m) via its action on the top left entry.

Let B,/(m) be an orthogonal basis of the subspace of ¢’ transforming under I'°(m) by xm
(see (20)), and put

aF(mom) = Y a¥ (v, N, "y,
N€EB,,(m)
where the normalized local integral on the right was defined above. The quantity o (7, c;m) is
independent of the choice of the orthogonal basis and of the normalizations of the invariant inner
products.

When v(m) = 0, the above quantity can be nonzero only when o is unramified, and in that
case Xue proved that o (r,0;m) = 1 [39]. Our main local result is an exact formula for the case
v(m) = 1.

The condition V,/(T'°(m), xm) # 0 implies that o has a T'g(p)-fixed vector. Under the assumptions
above, there are two cases:

i) o ~ 7(x), a metaplectic principal series representation, where x is a unitary, unramified
character of F'*. In this case the relevant fixed subspace has dimension two.

ii) 0 ~ G¢, a metaplectic special representation, with & € 0*. In this case the relevant fixed
subspace has dimension one.

3Although Conjecture 1 involves a representation 7, of Sp,(F"), we may work here with a representation of GSp, (F')
whose restriction to Sp, (F') contains m,: the normalized matrix coefficients and the L-functions occurring in the local
integral are all unchanged; see also the analogous global discussion in Section 3.3.
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Our main local result, Theorem 2.2, gives the following explicit values. If o ~ 7(x) and § = x(w),
then
9 (Oz_l/2 + a1/2)2(5—1/2 + 51/2)2
g+1 (1+38¢gY2) (145 1¢g71/2)
If o ~ ¢ and e, = (w,§) € {£1}, then

o (m,03m) =

o (m,03m) = 92
q+1

The detailed calculations occupy Section 2. We briefly indicate the key steps. A twisting ar-
gument first replaces ¥™ and ¢(™ by v and ¢, at the cost of conjugating the spherical matrix
coefficient of m. The resulting period is then rewritten as an integral over the Jacobi group involv-
ing the K(‘)] (p)-fixed matrix coefficients of ¢ @ wy,-1. In the unramified principal series case there are
two diagonal terms. In the special case, the fixed vector is obtained from the kernel of a standard
intertwining operator on the full induced representation, with its invariant inner product obtained
from the derivative of that operator.

In both cases, the period reduces to essentially the same integral (see (74) and Proposition 2.10),
after introducing a spherical damping factor T to ensure absolute convergence and justify the
required changes of variables. Splitting the central variable according to its valuation shows that
three pieces contribute. We evaluate these pieces in Sections 2.8-2.10 by combining the Cartan
decomposition criterion of [21, Proposition 3.2] with the Macdonald formula for the spherical matrix
coefficient of 7, following the general strategy of [11].4 The resulting expressions are rational in the
Satake parameters and T, and the limit 7" — 1 recovers the original period. After inserting the
local L-factors, they simplify to the formulas above.

1.4. The global identity and some consequences. Returning to Conjecture 1, we set ¥ = Up

to be the adelization of a Hecke eigenform F' € Si(Spy(Z)) (as before, we assume k is even and F

is not a Saito-Kurokawa lift). We interpret the adelic global Fourier-Jacobi period, defined in (7),

classically in terms of Petersson inner products of half-integral weight forms. Precisely, for a Hecke

eigenform h € S;; 1 (Fp(4m)), we choose the global data so that the left-hand side of (8) becomes
2

a multiple of

M )P
(F,F){h,h)
On the other hand, the local result described in the previous subsection, together with archimedean
computations, allows us to write down the right hand side of (8) explicitly.
The Shimura—Waldspurger correspondence, refined by Kohnen, relates h to a Hecke eigenform f
of weight 2k — 2 and level m; precisely, 7y = Wald,(c%) is the Waldspurger lifting of the contra-

gredient of the automorphic representation o generated by the adelization of h. This leads to our

main global theorem (Theorem 3.7), which expresses % exactly in terms of L-values and

local parameters. In the special case that h is a newform of level 4m (so that f is a newform of
weight 2k — 2 and level m), the identity is as follows:

‘(fmvh>|2 _ 4k t5 (1/2 T X ﬂ'f
(10) (h,h)(F,F) ~ 32k —3)T(k) L(1,7p, Ad)L(1, 7/, Ad) Jige

plm

where ¢, = if the local Atkin-Lehner eigenvalue of f at p equals 1 and 7y, = 0 if this

m
eigenvalue equals —1. A similar formula as above holds for oldforms h. By summing over an

4These computations are also formalized in the Lean 4 proof assistant; see Remark 2.17.
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orthogonal Hecke basis of the relevant half-integral weight space and applying Parseval, we deduce
Theorem 1.1.

We noted in Corollary 1.4 above that our results imply strong upper bounds on (f,, fm) un-
der GRH. It turns out that they also imply strong upper bounds on the size of the Fourier co-
efficients a(F,S). For simplicity, assume that S is fundamental, i.e., disc(S) is a fundamental
discriminant. A famously difficult conjecture of Resnikoff and Saldana [29] predicts that

(11) a(F, S)| <. (det §)2 1,
Assuming GRH, it was proved in [19, Theorem C] that
E_1
det S)z72
(12) |a(F, S)| <<F7€ ( (§] )2 2

(log |(det S)[)s—¢

This bound represents the limit of the current technology and assumes GRH; yet it still does not
get us to the bound (11), making it clear how deep that conjecture is.
The best unconditional bound toward (11) is due to Kohnen [23] who proved that |a(F, S)| <F.

(det S )g_%“. This follows from the following bound proved by Kohnen in the same paper:
(13) a(F, )| <p.e (min §)¥/15+<(det §)5~ 2+

where min S is the smallest positive integer represented by S.

Since disc(S) is a fundamental discriminant, S is primitive, and therefore represents infinitely
many primes [18, Theorem 1 (i)]. If S represents 1, then put min,S = 1, and otherwise, let minp, S
denote the smallest odd prime represented by S. Assuming GRH and Conjecture 1, we prove the
following bound:

(14) |a(F, 8)| <pe (ming,S)"/?<(det §)5~1+¢

This result follows from our main global theorem and Waldspurger’s theorem. In fact, we prove
a more precise version of (14) where the implied constant is explicit; see (244). Note that (14) is
stronger than (12) when min,,.S < (det S)'/27 for some § > 0.

Theorem 1.1 also implies (assuming Conjecture 1) a non-vanishing result for certain central L-
values: for each odd squarefree m such that f,, # 0, at least one of the L(1/2,mp x 7¢) on the right
hand side of (4) must be non-zero. There are infinitely many such m; indeed, a positive density
of odd primes have this property (see Remark 3.12). We do not, however, attempt to obtain an
effective bound for the smallest such m.”

The Fourier coefficients of Siegel Hecke cusp forms of degree n > 2 are mysterious objects.
For n = 2, this paper provides one approach to studying their analytic properties, based on the
refined GGP identity for Fourier-Jacobi periods.® Another approach, developed in [11, 10], uses
the refined GGP identity for Bessel periods. However, the Bessel-period approach relies on the
accidental isomorphism PGSp, ~ SOs, so it is special to degree 2. By contrast, the Fourier—
Jacobi framework is available for Sp,,, in every degree. It is thus natural to expect higher-rank
analogues of the conjectural identity studied in this paper; working out their precise formulations
and implications would be an important direction for future work.

A recent paper of Manickam [24] claims to prove that fi # 0. Unfortunately, the argument appears to contain a
gap, as we explain in Remark 3.13.

6While this identity remains conjectural at the time of writing, a proof of the analogous identity for unitary groups
has recently been announced by Boisseau—-Lu—Xue [7].
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2. LOCAL CALCULATIONS

2.1. Notation. Let F' be a non-archimedean local field of characteristic zero and odd residue
characteristic, o the ring of integers of F', and p the maximal ideal of 0. Let @w € o be a fixed
generator of p, and ¢ = #(o0/p) be the cardinality of the residue class field. The normalized
valuation on F' is denoted by v, and the normalized absolute value by |- |. We fix a non-trivial
character 1 of F' with conductor o once and for all. We let (-, ): F* x F* — {£1} denote the
Hilbert symbol. For m € F*, we let x,, be the quadratic character of F'* given by x,(z) = (z,m).

The Haar measure on F' is normalized such that o has volume 1, and the Haar measure on F'*
is normalized such that 0> has volume 1 — ¢~ .

For an ideal m of o, let I'’(m) denote the subgroup of SLy(F) consisting of the elements in SLy (o)
whose top right entry is in m, and let I'g(m) be the subgroup consisting of elements with bottom left
entry in m. If m € o, we sometimes write I'°(m) instead of I'°(mo), and T'g(m) instead of Ty(mo).

Let m € F*, and set ¥ (x) := ¢)(mx). Note that the conductor of )™ is p~*("™). For now, m is
arbitrary, but we will assume later that v(m) = 1.

Throughout Section 2, we use a different matrix realization of the symplectic, Jacobi and Heisen-
berg groups than in the introduction. Precisely, let

GSpu(F) = {9 € GLF): ‘9's =N A e L 7 =[ 1],

Put K = GSpy(0). We let Sp,(F') denote the subgroup of GSp,(F') for which A(g) = 1. We embed
SLa(F) inside Sp,(F) by

1
2ol | et |
We let w be the image of [_1 1], ie.,

(15) w_[lllj.

Define the Heisenberg group

1xy z
(16) H(F )—{[ 1 2%

1

The semidirect product J(F) := SLy(F') x H(F) is called the Jacobi group. We normalize the Haar
measure on SLy(F') so that SLa(0) has volume 1. Then, for any integrable function ¢ on SLa(F),

(17) /SLZ() w(A)dA = 1—q /FX//SLZ(0 [ 2]k) dr dz d”a.

The Haar measure on F' leads to a Haar measure on H(F'). The Jacobi group carries the product
measure.

cxyy,z € F}L
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2.2. The metaplectic group and the Jacobi group. Let §£2(F ) be the metaplectic group. As
a set, it is SLo(F') x {£1}, with multiplication defined by the modified Kubota cocycle, as in [14]
or [37]. For any y € F* and g € SLy(F), define

o r= [ )

This pulls back uniquely to an automorphism g — ¢¥ of éig(F) If (0,V,) is a representation of
SLo(F), and if m € F*, then the twisted representation m - o is the representation of SLo(F') on
the same space V, given by

(19) (m-o)(g) =a(g™).

Smooth and admissible representations are defined as usual, and the twisting operation preserves
these attributes. A representation o of §f42(F ) is called genuine if the element (1,—1) acts by
multiplication by —1. This property is also preserved by twisting.

Since we assume the residual characteristic of F' is odd, the direct product SLa(0) x {£1} is a
subgroup of é\fJg(F); see pages 17-19 of [14]. In particular, I'%(m) x {£1} and T'o(m) x {£1} are
subgroups of éig(F ).

Let (0,V,) be a smooth, genuine representation of éig(F ). If ' is a congruence subgroup
of SLa(0), and if x is a character of ', we denote by V, (T, x) the space of v € V,, for which

(20) o(y,e)v =ex(y)v forall v € I', e € {£1}.

If v(m) > 0, and if we view a character y of F'* that is trivial on 1+ mo as a character of I'g(m)
(or T%(m)) via x([24]) = x(a), then it is easy to see that

(21) VO’(FO(m)’ X) = Vm—l-o(ro(m)7 XXm)'

Let wy, be the Weil representation for the character 1) and the one-dimensional quadratic form
q(z) = 2?%; see page 223 of [37]. Note that wym is the Weil representation for the character ¢ and the
quadratic form g(z) = maz?. The space of wy, is S(F), and the subspaces of even and odd Schwartz
functions are invariant and irreducible. If S(F) is equipped with the inner product (¢,¢') =
Ir o(z)¢' () dx, then w,, becomes a unitary representation. It has an extension, also unitary, to
§I/42(F) x H(F), called the Schridinger—Weil representation; see [6, Section 2.5]. Sometimes it is
more convenient to view wy, as a projective representation of J(F) = SLo(F) x H(F'). For later
use we note that if we define ¢(™ () = ¢(ma) for m € F*, then

lam™ 1ty zm~?! 1 lzy z 1
(22) w¢m<[ ! 1m” Lam ]><¢<m>>=(ww<[ ”

1 1 1

] )$) (m)

1
for ¢ € S(F).

For a character y of F'*, we define the metaplectic induced representation 7(x) as on page 225
of [37]. Note that the definition depends on 1, which we consider fixed and suppress from the
notation. If x? # | -|*1, then 7 () is irreducible, and we call it a principal series representation. If
x=11" 2x¢ for some £ € F*, then 7(y) contains a unique irreducible subrepresentation ¢, called
a special representation. The quotient 7(x)/d¢ is isomorphic to an even Weil representation.

Lemma 2.1. Let (0,V,) be an irreducible, admissible, genuine representation of §f42(F>

i) Assume that V,(SLa(0),1) # 0. Then either o is an even Weil representation, or o = 7(x)
with an unramified character x of F* for which x* # |- |*1. In the latter case

(23) dim V,(SLa(0),1) = 1, dim V,(To(p), 1) = dim V,(T'%(p), 1) = 2.
i) Assume that Vy(SLa(0),1) =0 and V,(T'o(p),1) # 0. Then o = 5¢ with & € 0* and
(24) dim V,(To(p),1) = 1.
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Proof. See [6, Section 5.3]. O
The “Borel subgroup” of the Jacobi group J(F) is
1 1 yz
(25) BJ(F)—{[ aaél ][ 11y]:a€FX,b,y,z€F}.
1 1

For a character n of F*, we let 7/(n) be the principal series representation of J(F) consisting of
smooth functions f: J(F) — C which are compactly supported modulo B”(F) (this is no longer
automatic) with the transformation property

(26) f([l "o = e @i

1

fora e F*, z € Fand g € J(F). If 0 = 7(n) is a principal series representation induced from a
character n of F'*, then it follows from [6, Theorem 5.4.2] that

(27) (1) ©wy-1 =77 (n).
If x is a unitary unramified character of F'*, then one can show with the help of [9, Lemma 2.6.1]
that an invariant Hermitian inner product on the standard space of 77/ () is given by

(25) ar= [ [ e ] duas

1 1
SLa(0) F

The integral (28) is convergent because the f, f/ are compactly supported modulo B”(F). In
general, when 7 is not unitary, the formula (28) does not give an invariant inner product on 77 (n),
even when the latter is unitary.

Recall that if n = | -]V 2X¢, then 7(n) contains the special representation o = &¢ as a subrep-
resentation. In this case it follows from (27) that 77(n) contains a corresponding (irreducible)
subrepresentation 7rg , which we also call a special representation.

One can prove (see [6, Theorem 2.6.2]) that every irreducible, admissible representation of J(F')
with central character ¢~ ! is of the form o ® wy—1 for some irreducible, admissible representation

o of SLy (F). Here, we view both o and w,,-1 as projective representations of J(I); their cocycles
cancel each other out in the tensor product so as to produce a true representation.

2.3. The local Fourier—Jacobi integral and the main local theorem. Let 7 be an irreducible,
unramified, tempered representation of GSp,(F') with trivial central character. Then there exist
unramified, unitary characters xo, x1, x2 of F* such that m = x1 X x2 X xo; see [32]. Let a« = x1(w),
B = x2(w@), v = xo(w). Since the central character of 7 is trivial, a8y? = 1. Then the degree-5
L-factor attached to m is given by
_ _ 1 _ 1 —s—1
L(s,mps) = (1—q )1 —aqg ") 1 —a l¢)(1 - g *)1-87"¢%)) .

Let vp be a (unique up to multiples) spherical (i.e., non-zero K-fixed) vector in 7. Fix an invariant
inner product on the space of m. Let ®g: GSpy(F) — C be the normalized spherical matrix
coefficient, defined by

(m(g)vo, vo)
29 9= o)
for g € GSp4(F'). Let m be a non-zero element of 0. Define

1 ifxzem o,
¢=1o, " (2)=¢(mz)= {

0 otherwise.
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Let (0, V,) be an irreducible, admissible, genuine, unitary, tempered representation of §I:2(F ). Fix
an invariant inner product (-,-) on V,. Let ¢/ = m~!- o be the twisted representation; see (19).
Then (-,-) is also an invariant inner product for ¢’. For A’ in V,» = V,, consider the local quantity

(30) “(”O’A/"ﬁ(m);wm):/% F>/ |, B0(n0) (0 (A N (g} g7 6 i .

Let B,/(m) be an orthogonal basis for V,/(I'%(m), xm); see (20). (If m is a unit, we view x,, as the
trivial character of I'?(m) = SLy(0).) We define

alr.o:m) = (U07 ¢ ¢m)
(31) ( » Y ) AIE; <A’ A'>< (m (m>

Note that a(m, o;m) does not depend on the choice of the orthogonal basis or on the normalization
of the inner products. Define the normalized local factor

L(1,7,Ad)Lym(1,0', Ad)
Lym (3,7 x o)

L(1,m,Ad)Ly(1,0,Ad)
Ly(3,m x o)

o*(m,oim) = (1-q?)(1—q ) a(m, 03m)

(32)
=(1-q¢H1-q"

Here the local L-factors involving a metaplectic representation are defined using its additive-
character-dependent local Langlands parameter (see Section 11 of [13]). What it means is that

(33) Ly(s,0,Ad) = L(s, 7, Ad), Ly(s,mx0)=L(s,mxT),

where 7 is the Waldspurger lift of o (see [37, Section VI.2]). Note that 7 is an irreducible, admissible
representation of GLg(F) with trivial central character depending on the choice of .

In the case v(m) = 0, it is easy to see that o (r,o;m) is non-zero only if o/, and hence o, are
unramified principal series representations, as otherwise V,/(I'°(m), x,n) = 0; see Lemma 2.1. In
this case it was proved by Xue [39] (assuming that ¢ is odd) that o (7, o;m) = 1.

So the natural next question is to compute o (m,o;m) when v(m) = 1. In this case, for
o (m,0;m) to be non-zero, B,/(m) has to be non-empty, i.e., V,/(T%(m), xm) # 0. By (21), this
is equivalent to V;(I'g(m),1) # 0. We assume further that ¢ is not an even Weil representation.
Recall also that o is tempered. Hence by Lemma 2.1, o is of one of the following types:

a(m,o;m).

i) (Unramified principal series representation) o ~ 7(x), where y is a unitary unramified
character of F* and x? # | - |*!. In this case, By/(m) has two elements.
ii) (Special representation) o ~ G¢ with £ € 0*. In this case, B,/(m) is a singleton set.
Our main local result computes the local quantity o (,0;m) in the above two cases. Recall that
we assume that ¢ is odd.

Theorem 2.2. Let v(m) = 1, and let the quantity o (r,0;m) be defined as in (32).

i) Suppose that o ~ 7(x), where x is a unitary unramified character of F*, and put 6 = x(w).

Then
2 (a_1/2 +a1/2)2(5—1/2+51/2)2

g+1  (146¢12)(1+6-1¢71/2)
i) Suppose that o ~ G¢ is a special representation with £ € 0™, and put e, = (w,§) € {£1}.
Then

o (m,0m) =

0, s = 1,
af(m,o5m) ={ 9
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2.4. Initial reductions. Throughout the rest of Section 2 we assume that v(m) = 1. Thus mo =p
and |m| = ¢~!. In this subsection, we reduce a(m,o;m) to a variant where the representations of
the metaplectic and Jacobi groups are simpler, but at the cost of shifting the matrix coefficient of
GSpy. For any t € F* define

(34) e = diag(t,1,t,1) € GSpy(F).
For any h € GSp,(F') define
h m m
(35) O (h) = Bo(e; hen) = W, where vg' = 7(em)vo.
(vg", vg")
By [39, Proposition 2.2.1], the integrals (30) occurring in (31) are absolutely convergent. The

same holds when we replace (®g, 9™, (™)) in the integral by (4", 1, ¢). The next lemma records
a more precise version of this that will be useful later.

Lemma 2.3. Fir a tempered representation o of SAIZQ(F) and vectors Ay, Ay € V,. Then

J/ L/’ B (ng) (o (9) A1, A2)] {ws (ng) s &) dn dg
SLo(F) JH(F)

is absolutely convergent and admits an absolutely integrable majorant independent of the unitary
unramified Satake parameters of .

Proof. Let E¢ be the Harish—Chandra spherical function of GSp,(F'). The spherical integral formula
gives |®7(h)| < Zg(e;, hen) uniformly in 7. Replacing |®7*(ng)| by this bound gives an integrable
function by applying [39, Proposition 2.2.1] to the tempered principal series induced from the trivial
character, and its translated spherical vector. This is the required majorant. ]

Lemma 2.4. Let B,(p) be an orthogonal basis for V,(T'o(p),1). Note that this basis has 2 elements
if o is an unramified principal series representation, and has 1 element if o is special. Then we
have

a(vm’ A: ¢§ 1/1)
(36) a(m,oim) = ¢ o’ A $iY)
Ag%)wmww
where
(37) (W A, ;) = LL / ' (ng)(0(9)A, A (wy(ng), &) dn dg.

Proof. By (21), we may take B, (m) = Bg(p) (31). Now perform the variable transformation

ng — e, nge, in the defining integral (30). Observing (22), we easily obtain the asserted formula.
O

By Lemma 2.4, we are reduced to computing

gy 70D A T 0916 5)
Amom =10 2. Amm/ DT e

Define the subgroup K (p) of K7 by

}:mwxﬂ@.

where @7 is defined in (35). We define K7 = J(o).
looo
(39) ki) =70 | §ES
1

Also define the subgroup K{(p) of J(F) by

(39) K{(p)=JF)n J(F)NenKe,!

[
I
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where e,, was defined in (34). Note that the function ®7" is bi-invariant under the subgroup K (p).
Let II7 be the unitary representation of J(F) defined by
(40) I’ =o® W1
We let (IT7)K3 () denote the subspace of IT7 that is fixed by K{ (p).
Lemma 2.5. Let Byy be an orthogonal basis of (II7)53 ®) . Then

‘m) = 2 m w ;
a(m,0ym) = g L<F>@°(‘7)f§r[ Lt

Proof. Since ¢ is odd and 1 has conductor o, the vector ¢ = 1, is fixed by w,-1(SL2(0)) and by
wy-1(H (0)). Moreover, it spans the line S(F)H(); see [6, Lemma 6.3.2]. It follows that

(HJ)K()](P) = VI @ Co.
Since v(m) = 1, we have I'g(m) = I'g(p). Hence, if B,(p) is the orthogonal basis of the I'y(p)-fixed

subspace of o occurring in Lemma 2.4, then {A®¢: A € B,(p)} is an orthogonal basis of (HJ)KGJ(”).
Now writing j = ng, we have

(' (ng)(A@ ¢),Awd) _(o(g)AA) (wy-1(ng)e, o)
(A@ ¢, A® o) <AA> (d.0)
Using the above and <ww 1(ng)o, ¢> (wy(ng)o, d) we get

m (7)1, f)
/J(F)‘I’ )2 gy Y

f€B
AA
/ / B (ng) (0(9)A. A) (wy(ng)¢, d) . dg.
AeB () SLaF) JH () (A, A) (¢, 0)
By (36), the right-hand side is ¢~ 2a(7, 0;m), as claimed. O

2.5. Further reductions. We now analyze the two cases separately. We first consider the case
that o = 7(x) is an unramified principal series representation with y unitary. Let fy be the
unramified, i.e. K”-invariant, vector in 77(x), normalized by fo(1) = 1. By the considerations
in [6, Section 6.3],

Lox 2] lu 1 (2)x(a)|alP’? fueo
41 a kK 1 — )
(41) fO([ a11][ 1_1u]li) {0 ifudo,
for k € K7. Using (28), it follows that (fy, fo) = 1 and

1u
(42) Wt = [ o ] duas
SLa(0) ©

for g € J(F).

Let w = [ _; '] € SLy(0), identified with the element of K7 defined in (15). Let By (o) denote the
upper triangular subgroup of SLa(0). Let fi be the function in /() supported on B’ (F)K{ (p),
normalized by fi(1) = 1, and let fo be the function supported on B’ (F)wK¢ (p), normalized by
f2(w) = 1. Then

fo=fi+ fa,
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and
(43)
(1o i) =vol(BI@To(p) = . {forfo) =vol(Bi(o)uTo(p)) = 5 {fi. f2) =0.
Put g1 =1 and g2 = w. Generalizing (42), we have, for i € {1,2},
T(VF £y — (e ]
(a4) wssy= [ [r o) duds
Bi1(0)giTo(p) ©
for g € J(F). Define for i = 1,2,
J
®7 (q) = (A () fi, fi)
(45) i(9) TR
and
(46) 103, 9)) = [ 992 (s
J(F)
Therefore, taking By = {f1, fo} in Lemma 2.5, we obtain in this case:
(47) Oz(ﬂ',O‘; m) = q2 (I( E)na CD{) + I( 6na <bg)) ’
and by (44),
m Jy 1 m
(48) [(®g', &7) = vol(B1(0)gil'o(p)) / 25'(9) ( / /fl [ g u} ng) du dﬁ) 9.
J(F) Bi(0)giTo(p) ©

We now treat the case where o is a special representatlon7 ie., o = 0¢ with £ € 0*. The
formula (28) is not an invariant Hermitian inner product on the special representation. To obtain
the correct inner product, first define

(49) s = (O 12, iy =717 ()

Thus 1 =1, /5. For f € 7r and f' € 7/, define the pairing

—350°

(50) Pso(f5 ') /SLQ(O/ <[ } >f’<[1qf11u]m)dudn.

(When sy € iR, this reduces to the invariant inner product on the associated principal series
representation defined earlier.) Let

- J
Asy: Toy — Tog,

be the intertwining operator defined by

o = [ L[] =[]

for Re(sp) > 0 and by meromorphic continuation for all sg. For i = 1,2, let f; 5, € 71';;10 be the two
K()] (p)-fixed vectors with the same support and normalization as above, and write

fi = fiay2, £ = fic1ye
Relative to the bases (fi,—s, f2,—s,) and (fi,s, f2,s0), it is easy to check that the matrix of A, on
the K (p)-fixed vectors is
—2sq 1— 71)

-1 1—q
q 1— q—250

(52> M, =

—1
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In particular,

(5% M=),
and therefore
Al/g(clfl + CQfQ) =0 <= q_lcl +co = 0.

Thus the K¢ (p)-fixed line in the special representation is generated by

(54) fsp:fl_q_1f2-
To define the invariant inner product on the special representation, put
. q—1 d
A1/2 = - ASO .

2loggq diso s0=1/2

The sqalar is chosen only for convenience and has no effect on normalized matrix coefficients. Note
that Ay o f1 = fi’ and Ay o fo = f5/, so that

(55) A1/2fsp :flv*q_lfﬁ/ = fs\{)
We define the invariant Hermitian inner product on the special representation by
(56) (fih) =Py (f7141/2h)7 fih € ker(Ay ) ~ 1.

Remark 2.6. The fact that (56) defines a J(F')-invariant inner product on ker(A; j3) =~ G¢ ® wy—1
follows by a standard limiting argument for complementary series inner products; cf. [15, Chapter
1, formulas (300)—(310)].

For 0 <59 < %, we obtain the following immediately from the support of fi s, and fas,:

Pso(fLso; fl,—so) = VOI(BI(U)F()(p)) = q_::-_]_7
(57) Pso(f2,soa f2,—so) = VOl(Bl(U)UJFO(p)) = q—i-il,

Pso (fl,soa f2,—so) = pso (f2,so> fl,—so) =0.
Consequently, if we define
(58) fSp,So = fl,SO — q71f2750 (= TrSJ(ﬂ 5\1/3750 = f17_50 — q71f27_80 € 7[-{507
then
PSO (fspasm s\f),so) = 6

Putting s¢ = %, we get

(59) <fspafsp> :Pl/Q(fl_q_1f27f1v_q_1f2v) =
Now Lemma 2.5 gives

(60) a(m,o;m) = q2I( o' @;]p),

where

<HJ(9)fspa fsp> _ 7D1/2 (HJ(Q)fSpv fs\l/>)
<fSp7fSp> Pl/z(fsp,fs\f))

For 0 < sp < %, define

B! (g) = LIl = / B (g)B7, (g) dg.
J(F)

(I)J (g) — 50( SJ fSp7807fspso)

o (g) = Dol Iy @:5>:=/ ()8, .. (9) do.
SP»50 Pso (fsp,sm fsp SO) %o J(F) e
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Thus @gp 12 = <I>;7p.
We would like to expand I(®f, <I>;7p7 s,) into diagonal and cross terms using (58), but before doing

so we need to introduce a damping function that makes those auxiliary integrals convergent at
so = 3. For g € GSp,(F) put
maxi; |gij|
ht(g) =log, | ——=—"=— |,
)= o
Do.7(g) = T dy(g), or(9) = ®orlentgen), 0<T <1
Whenever g € GSp4(F) is such that ht(g) is a non-negative integer, we extend the same definition

of ®9.r(g) to all complex T with |T'| < 1, with the convention 0° = 1. In particular, this extension
applies to every g € Sp,(F'), since ht(g) is then a non-negative integer.

(61)

Lemma 2.7. i) Fori,j € {1,2}, the integrals
/ (I)Bn(g)PSo (ﬂ-;{) (g)fi,sov fj,—so) dgv / q)g,LT (Q)PSO (77;]0 (g)fi,sov fj,—so) dg
J(F) J(F)

are absolutely convergent for 0 < so < 1/2 and for 0 < so < 1/2, |T| < 1, respectively. For
each fized so, the latter integral is holomorphic in T on |T| < 1.
ii) If o = w(x) with x unitary and unramified, then, fori=1,2,
i [ @00l (0)dg = [ @ (9)8] (9)dy = 185, 2).
1 J j(F) J(F)
If 0 = 6¢ with § € 0™, then
i [ @00 dg = [ @ (0)8(0)dg = 1(8F,05)
S J(F)
The integrals above involving @ng are absolutely convergent for |T'| < 1 and holomorphic
inT for|T| < 1.
iii) For 0 <|T| < q % 0<sy<1/2andi,je€ {1,2},

1lu
/ / / ng(Q)fi,m([ 1 1 _u} f@g)’ dudk dg < oo.
J(F) JB1(0)g;To(p) Jo

1
The same holds with f; s, replaced by the previously chosen normalized K@I(p)—ﬁmed section
fi € ©(x), where x is unitary and unramified. For fived T in this range, the bounds are
uniform in sg and x, respectively.

Proof. We have the standard spherical estimate
Po(9)| < Ealg) < (1+ A+ B)lq~ 475,
g € Kdiag(w?, w®, w8, o 4K, ABeZ, A>B>0.

where E¢ is the Harish-Chandra spherical function and d > 0 is fixed (and independent of the
unitary unramified Satake parameters of 7). Standard estimates on metaplectic matrix coefficients,
together with (62), bound the absolute integral with kernel ®{'; in i), uniformly for |T'| < ¢, by

(63) Cry (1+n)Ptg 7, 0<t<,
n>0

(62)

where D and C; are some fixed positive constants. This gives i), including holomorphy by local
uniform domination. Part ii) follows from Lemma 2.3 and dominated convergence and holomorphic
parameter integration. For iii), put N = ht(e;'ge,,). The Iwasawa formula (17) shows that the
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volume of the corresponding set is O((1+ N)g*"), while the normalized sections are O(¢?") there,
uniformly in the stated parameters. Since |®g| < 1, the absolute integral is bounded by

C > 1+ N)P(TIgh)Y,
N>0

which converges in the asserted range. O

For |T'| < 1, and a measurable function ¥ on J(F'), define the “damped integral”
105 ) = [ (o) ¥o)dg
J(F)

whenever it converges absolutely.
For 0 <s9 < % and |T'| < 1, define the two auxiliary cross terms

(64) Ca1,50 <®8?T) = /J(F) S:LT(Q)PSO (7T§70 (g)f2,soa fl,—so) dg
and
(65) Crzng (B'7) = /J o TP (0 i o) o

Lemma 2.71) gives absolute convergence of the above integrals. Using (50) and the support of
f1,—so and fa g, the first cross term can be expressed as

1u
(66) Ca1,50(P07) = / q’S?:r(Q)(/ /f2,so<[ b u} mg) du dm) dg.
J(F) B1(0)To(p) Jo 1

Similarly, the second cross term is

lu
(67) C12,5(®0'7) = / ‘1’677T(9)</ /fl,so ({ o u} Hg) du d/a) dg.
J(F) Bi(o)wTo(p) Jo 1

For the diagonal terms, define, for i = 1,2 and 0 < sg < %, analogously to (45),
7)30 (77;]0 (g)fi,sov fi,fso) o 7)50 (77;]0 (g)fi,soa fi,fso)

(68) ], (9) = = :
20 Pso (fi,soa fi,—so) VOI(Bl(O)gZFO(p>)
Their damped integrals for |T'| < 1 are given by
(69) 1@, 0l) = [ Wr(0)0], () do
J(F)

These integrals converge by Lemma 2.71). These are given by the same explicit integral formula as
in (48), with f; replaced by f; s, and @ by Py For 0 < sp < %, expanding fipso = fl.s0 =4 f2.50
and fs\l/),so = f1,-s0 — q_1f2,780’ and using Ps, (fSp,SO’ fs\£>,50) = q_l

, gives
J oy 4 J 1 J
I( 8?T7(I)sp,so) - q—{—i].l( g,LTa(pl,so) + ml( g,LTv(pQ,so)

— Ca1,50(P0!7) — Cr2,50 (P0'7)-

Note that by our notation we have I(®g', CD‘S]p 1/2) = I(®g'r, <I>;]p). Lemma 2.71ii) gives

m J : m J
(71) I( 0> (Dsp) = ljllTlllI((I)O,T7 (I)sp)'

(70)
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Therefore (70) and (60) give

3 2
. _ 1 q m J q m J
) a(m,o;m) = lTlﬁ (q n 11(‘1)0,% ‘1)1,1/2) + r i 11( 0,7 (1’2,1/2)

- (621,1/2(‘1’6%) —+ 612,1/2((1)8?T)))'

The limit is taken on the complete combination. The identification of this limit with an explicit ra-
tional expression, including at exceptional unitary Satake parameters of 7, is proved in Section 2.11.

2.6. The key simplification. The goal of this subsection is to simplify (47) and (72) into more
explicit and computable forms.
For a € F* and z,y,z € F, put

(73 sz =| ] []

Throughout the definitions and the next two lemmas, let n = ng| - |*°, where 7y is a unitary
unramified character of F* and 0 < sy < 3. We allow complex 7" with |T| < 1, and also T = 1
when sp < %, using the convention in (61) at T = 0. We will refer to this as the “stated ranges”
for n and T'. For an integer R >0, define

@) e === [ [ ] @l u@eartoe e ) e dydzaa

Lemma 2.8. For every fized integer R > 0, the integral (74) is absolutely convergent in the stated
ranges. For fized n, the function T — Jr r(n) is holomorphic on |T'| < 1, and, when so < %,

Ii = .
Tlgll Jr.r(n) = J1,r(N)

Moreover, for |T| < q_3 the integral

(75) o [ L] @i earaten . ) de dy dzata

18 absolutely convergent, including when sg = %

Proof. Since g(a;x,y,z) = g(a;z,y,0)g(1;0,0, z), bounded z changes Cartan exponents by bounded
amounts. Put k = v(a), n = |k|, and (X,Y) = (a®z,ay) for k > 0, or (X,Y) = (x,y) for k < 0. Set
U = log, max(1, |X]), V = log, max(1,|Y]), p = max(U,V) and v = max(U,2V). The entry and
two-by-two-minor maxima of g(a;z,y,0) are ¢"** and ¢"*”. Thus (62), the (X,Y)-shell volume
bound ¢V*V, and U 4+ V — p — v < —p1/2 bound the absolute integral in (74), for |T'| <t < 1 with
t >0, by

(76) Cre Y (1+n)P(tg /%),
n>0
where D > 0 is fixed and Cr; > 0 is independent of T'. This proves the first assertions by local
uniform domination and dominated convergence.
For the last assertion, let N > 0 be an integer. The entry bounds on ht(g(a;x,y,2)) < N give
k] < N, |z| < ¢VTF, |y| < ¢VHinEO) and |z < ¢V. Their volume, weighted by |n(a)|a|?/?, is at

most
N

(1 _ q—l)q3N Z q—(50+1/2)k+min(k,0) < (1 _ q—l)(2N+ 1)q3N
k=—N
Since |®g| < 1, we obtain absolute convergence of (75) for |T'| < ¢ 3. O
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For integers r» > 0, put
Zy=o, Z,=w "o (r>1),
and define

@ ta === [ [ ] [ @ittt y.2) dedydz ata.
==

For sp < %, also put I,.(n) := I1(n). These integrals are absolutely convergent by Lemma 2.8, and

R
Jrr(n) = Ir(n)
r=0

For z € o, right K-invariance gives

IO,T(T’) |a|3/ q)O,T(g(a;xvy7O)) d%dydxa,

(78) .
Io(n) = = / / |a|3/2<1)0 (g9(a;x,y,0))drdyd*a (so < %)
_ P
Lemma 2.9. In the stated ranges for n and T, we have
(79) nat =a | / | n@laP 0z (slasa, =) dedyaa,
(50) Bar(n) === [ [ [ w00 r(g(aia.pm) dedyaa,
_ x

and I, 7(n) =0 for r > 3. In particular, for sy < 5, setting T =1 gives the formulas for I(n) and
Iy(n), and I.(n) =0 for r > 3.

Proof. Writing z = w™"b with b € 0™, an easy calculation gives

(1—g D) =4 (/ (= "b) de)
/FX // (a)|a*’*®0 1 (g(a; z,y, @ ™)) d dy d*a.

The integral over 0* is 1 — ¢~ ! for r = 1, —¢~! for r = 2, and zero for r > 3. ([l

(81)

For every integer R > 2, Lemma 2.9 gives
Jr,r(n) = lor(n) + Lir(n) + Lo (n).
Thus, for 0 < 59 < %, we may define

(82) I(n) = lim Jyr(n) = Ji2(n) = Lo(n) + Li(n) + I2(n),
and, for 0 < sp < £ and |T'| < 1, we define
(83) IT( )= lim Jr.r(n) = Jr2(n) = lorm) + L) + Lr().

Lemma 2.8 shows that T'+— I7(n) is holomorphic on |T'| < 1 and that

. 1

1%%[7‘(7]) =1(n) (0< 50 < 3)-
For |T'| < ¢~3, absolute convergence identifies Ir(n) with (75). By contrast, I(n) is defined by
stabilization of the central cutoff; no absolute convergence of (75) at 7' =1 is asserted.

Proposition 2.10. Use the core integrals 1(n) and Ir(n) defined in (82) and (83).
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i) Let 0 = 7(x) be an unramified principal series representation, with x unitary. For 0 <T <
L,
Ir(x)
84 1Dy, &) = [(Dy, BF) = ——22—.
(54) (@i, ®]) = 1@, ) = 20
Moreover,
(55) (m,0m) = —— I Ir(x) = ——1(x)
a(m,0;m) = ——lim = — .
g+irn TV T g
ii) Let £ € 0™, nsy = (&) -1%°, 0 <50 <1/2, and 0 < T < 1. Then
I1(ns,)
86 1 ® =1 ¢ = 0
( ) ( 0,7 130) ( 0,7 250) qg(q+1)

The cross terms defined in (64) and (65) satisfy
¢ (w, §)

(37) Cov o (@) = T @ 01,
m oy _ 4 (@,€)
(88) Cl?,so( O,T) = ?I( 0,7 (I)l So)
Moreover, for the special representation o = 55, with 5 = (w, &),
1—
im) =i 77
(59) a(m,oim) = lim = r(m o)

Proof. First fix 0 < T < ¢~%. Lemma 2.7iii) justifies expanding relevant integration formulas in
the pairings and applying Fubini; (75) is also absolutely convergent in this range. All calculations
below are initially made in this range of T

Below, we will use the sign symmetry

(90) @O,T(g(a; -, _Z)) = (I)O,T(g(a;xvyaz))v
which follows by conjugation with e_; € K. In residue-class sums below we use fixed representatives

in o0, with 0 representing the zero class.
i) We use the subgroup K7y (p) defined in (39), under which ®7%. is left and right invariant. Start-

1 —u
ing from the integral (48) with ®f" replaced by @', and changing variables g — K1 [ by u} g,
1

we obtain

1 1 —u
1) I(®, &)) = / // m<—1[1 })iddd,
( ) ( 0,7 ) vol(Bl(o)glfo(p)) Bi(0)aiTo(e) Jo J(r) 0T\ R~ 17{ g f(g) g au ar

where, as before, g1 = 1 and go = w (see (15)). For i = 1, we have By(0)['g(p) = LI'o(p). Since 'y
is left invariant by K{(p), and since Iy(p) C K{(p), while

1o
[ 11_4 e K{(p) forvep,
1

we get

(92) 1@, o) =g Y / ([ T e) nwa

reo/p
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Write the J(F') integral as a nested SLa(F') and H(F) integral. Using (17), and the fact that f; is
supported on B’ (F)K{ (p), we get

(DT
1—r 1 1
T [ L e (UL [ )
><f1([1aa1 1] [1191”1] h> dhdx d*a.
Write

1 yz 1lu
[
1 1
Using the defining transformation property of 77/ (x), we get

(e L))o e

The u-integration now becomes, because of the right invariance of @', by K{(p), a sum over
u € o/p. We claim that only the class u = 0 contributes. For ¢ € p~!, the element

(94) ]

belongs to K i] (p). Inserting this element to the right of the argument of @4 and using the identity

1 y=z lu 1 1 1 y—tu z—tu? 1lu
1 vy 1 1 -t _ 1 —t 1 y—tu 1
1 1 —u 1 - 1 1 1 —u|>
1 1 1 1 1 1

we see that each u-summand is equal to itself multiplied by ~!(tu?). Since 1 has conductor o,
this happens if and only if u € p. So we get,

Lo ’o”T([H (Jo) nioras
O [ ][ x@lalie)
[

Next, for any ¢ € p~1, we insert the inverse of the element (94) to the left of the argument of U

using the left K7 (p)-invariance of @g'p. The identity

1 1—r 1 1 y=z 1 —r 1 1 y+a lrt z4r%t
1t 1 a lay| — 1 a 1 -2 —lrt
1 1 1 1 1 1 1

shows that the integral is equal to itself multiplied by 1 (r?t). Therefore only the class r = 0
contributes to the sum over o/p, Showing that

1030 %) = = [ [ [ [ x@laPee
I

(95)
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Now, using @7'7(9) = Po,r(ex-19€) (see (34)), making a further change of variables z — —wz,

r + —w 'z, and applying (75), we obtain the expression for QO ®]) in (84).

For ¢ = 2, we use the decomposition

me| 0 e = U || |

1 s€o/p

Thus, writing
1 1
’{:|: 1{1:||: 711 :|7> ’YGFO(p%
1

using the left K i] (p)-invariance of <I>6CLT and replacing the u-integration by a sum over r € o/p, we
obtain from (91)

w st [ (][ ][ T ) s

r,s€0/p

As before, writing the J(F')-integral as a nested SLa(F) and H(F') integral and using (17), we get

/m M[] [] [ ”ﬁ”g SOy
oL (o ] auH“i]h[l—“J)
A e

Above, we have used vol(Bj(0)wly(p)) = As before we write h in the form (93). Observe that

q
q+1°
U
1

(e LI i 2

The u-dependence disappears from the argument of @' by right K{ (p)-invariance, and the u-
integration contributes vol(o) = 1. Combining this with (96), we obtain

08088 = i 5[] [

rse /p

T T

x dx dydzd*a.

1 r
Inserting the element [ b 7’] € K{(p) on the left and performing the translations z > z — 5
1

yr—y— 2 2 z—r?s shows that all summands are equal. Hence
(98)

1 -y 0 =
10 ) = oy L@l T<[ z;gaOD dr dy d=d*a.
* 1

Now, using ®7%-(g) = o r(w legz-1gemw) (see (15) and (34)), making a further change of variables

<

Z W —wz, T N —wz, y — wy, and applying (90), we obtain the expression given in (84) in the
initial range of T
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ii) For the special representation case, fix 0 < sp < % The preceding computations of the

diagonal terms apply verbatim after replacing x by 75, and f; by fis. They give the asserted
formula for I(®f', @Y () = 1(®F'7, 3, ).

We now compute CQLSO(@QT) As in the computation of I(<I>6’:‘T, <I>‘1]750), starting from (66), we
obtain

(99) Ca1,50(Po7) = Z / <[1 B 1 ,1,] 9> f2s0(9) dg

7"6 /p

Writing the J(F')-integral as a nested SLa(F)- and H (F')-integral, using the formula (17), and using
the support of fa 5,, we obtain

Cor.o () = 17 1_q > / / / / neo(@)]a*p1 ()

(100) ree/p

1 —r y=z 1
0 AT T o
1 1 1 1 1

The same argument as in the derivation of (84) shows that only the class = 0 contributes. Hence

Coo(¥0) = = o, L L[ @)
o[ [ )

Passing from ®g', to ®o,7, using the right K-invariance of ®o 7, and making the same harmless
-1

(101)

sign change z — —z, z — —z as in the derivation of (84), produces the factor q_3/27750 (w)
Comparing with (86) then gives (87).

We now compute the second cross term. Starting from (67) and making the same change of
variables gives

1 —u
(102) C12,50(®0'7) —/ // TR (Iﬁ:l [ Ly u} g> J1,50(9) dg dudk.
Bi(o)wlo(p) Jo JI(F) i

By the same sequence of steps used in the computation of I (<I>8”‘T, <I>2‘] s 0) we reduce to

Py S
x O ([ 1 }[ a1 ][ lfy]> dzx dydzd*a.
1 1 1
Finally,

1 . 1 1 y=z 1 ) 1 | 1 y wlz
— a 1 . _ _
1 1 1 1 1 1

The first factor lies in K, so it may be removed from the argument of ®g 7. With the changes of
variables

a— aw, T — w_lx, Z = w2,

followed by x +— —z, z — —z and (90) we obtain

i@ = s [ [ ne@laPu:)
><<I>07T<[ - } [ 1”1”?/]) dr dy dzd*a.
1 1
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Comparing with (86) gives
¢ (@, €)
q+1

1/2) (o
Cramg (@) = T 10D g g ) =

I(®m,, o7 ),
It 1 (o7 )

1,s0
which proves (88).

The identities have now been proved for 0 < T < ¢~°, including at sg = % The period integrals
on the left of (84) are holomorphic on this disk by Lemma 2.7 ii), and the diagonal and cross integrals
in part ii) are holomorphic there by part i) of that lemma. The functions I7(x) and Ir(ns,) are
holomorphic there by Lemma 2.8 and (83). The identities (84), (86), (87), (88) therefore extend to
0<T<1.

In the principal-series case, Lemma 2.7ii), (47), (84) and I7(x) — I(x) give (85). For so = %,
substitution of (86), (87), (88) into (70) gives the identity

6

1—-¢

2 m J o

I P ) = I .

q°I( 0,T> sp) q+1 T(771/2)

Taking T' 1 1 above, using Lemma 2.71ii) and (60), proves (89). O

2.7. Preparation for calculation of the core integral. Proposition 2.10 reduces the local
periods to core integrals. In the unitary principal-series case, it gives

2
(103) a(m,o3m) = ﬁ(IO(X) + I(x) + Ia(X))-
For the special representation o ~ d¢, it gives
. 1—¢
(104) a(m,o;m) = lim Z (To,r(my2) + T (my2) + Lo (my2))-

711 g+1
The next three subsections evaluate I,.7(n) for = 0, 1, 2 throughout the ranges used in Lemma 2.8.
More precisely, throughout these calculations we take

n=nol|- |, 1o unitary and unramified, 0<50< %,

and allow |T| < 1, as well as T = 1 when s¢ < % The result in the principal-series is obtained by
taking n = x and T' = 1, whereas the special case uses n = 1/, with 0 <T" < 1 before taking the
limit in (104).

The strategy in each case is similar to the one employed in [11]: Use Proposition 3.2 of [21] and
the Macdonald formula to explicitly evaluate the matrix coefficient, and then integrate the resulting
quantity by reducing it to a sum.

For integers ¢, m, put

wé+7n
(105) h(l,m) = [ it ] .

Here and in the formulas and tables below, m is an integer index, not the fixed Fourier-Jacobi
index in «(m, o;m). Recall the Satake parameters «, 3, of 7, and put

(106) 6 =n(w), 0] = ¢,
We also put
(107) Dy=1+2¢" ' +2¢72+2¢2 +¢%

We first carry out the calculations for regular unitary Satake parameters o, #, meaning that none of
the denominators of the A; in (109) vanishes. The extension to all unitary parameters is explained
later.

The following is the required special case of the Macdonald formula.
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Proposition 2.11. For all non-negative integers £, m, we have

—(4m+30)/2 ¢ 8
q gl
Db, g A;B;i(¢,m),

=1

(108) Do (h(€,m)) =

where the quantities A;, B; are given as follows:

1-¢g a8 1-¢71871 1—q 'a"!7! 1—gq la"! m+€ gl

I 95 o et it T8 ab
1—¢gtap=! 1-¢g7ta~! 1-¢la"1p~t 1—q~18~! 0 amA-L

2 T—af—1 a1 T—a-15-1 131 a B a B

l1-g~'a= 7' 1-¢"'8 1-g"'a" '8 1-q~'a"! m+
3 1—a— 181 1-8 1—a— 18 1—a~1 @ @ «
4 1-¢ laf 1—q ta! 1-¢la"18 1—¢ 18 fﬁ—m B—l
(109) 1—ap 1—a~1 1-a—1p 1-5 @ «
1-¢ o 1871 1—q'a 1—¢ 1aB~! 1—q 181 m-4-4
5 1-a~1p-1 1-a 1—aB-1 1-8-1 8 p 8
1—qg taf 1—q 171 1—q 1aB ! 1—q la —m f -1
6 1-ap 1-p8-1 1—aB—1 1-a @ B B @
1-¢'a™'8 1-¢"ta 1—q"'aB 1-q¢7!8 -m -1
7 1—a— 18 1—a 1—af 1-8 B 1 /8
l—q o™ 1-q¢7'8 1—q"'aB 1-q"'a -m -1
8 T—ap—1 -8 I—aB T—o @ I«

(Note that the above is slightly different from the statement in [11]. The simplification a3y? = 1
has been applied, and ¢ has been factored out.)
The significance of the quantities L;, M; in table (109) is that

(110) B;(¢,m) = LEM™.
We use v(0) = 400 in the valuation formulas below. Recall that

1 1 yz
. — 1
g(a,xayaz)_ |: aa11:| |: aljy:|

1
The following is a special case of Proposition 3.2 of [21].

Lemma 2.12. Leta € F* and x,y,z € F. Let

(111) 9=g(a;z,y,2).

Define 01,05 € Z by

(112) 01 = min{0,v(a), —v(a),v(azx),v(y),v(ay),v(z)},

(113) 1 + £o = min{0, v(a), —v(a),v(az), v(y), v(ay), v(z) + v(a),v(z) — v(a),v(a) + v(y? — x2)}.
Then 01 < €9 <0 and

wll
(114) geK [ =, K.

w
Remark 2.13. The inequality {1 < ly is not stated explicitly in Proposition 3.2 of [21]. In fact,

this proposition is formulated in such a way that {1 < o is a hypothesis. While not obvious, it can
be checked directly that the definitions (112), (113) imply 1 < la.

We rewrite the double coset in (114) as

w2 w142
(115) K [ = ] K=o"K [ w ] K
w2~

wt2
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Hence, instead of (114), we can say that
(116) g c Z(F)Kh(é, m)K with ¢ = —2£2, m = 52 — 61.
Above, Z(F') denotes the center of GSp,(F).

The height and ®( are invariant under multiplication by Z(F') and under left and right multi-
plication by K. In the setup of (116), we have

(117) ht(g) = m + £/2 = —1;.
Fori¢=1,...,8, define
(118) Ui(T) :=Ty*L:,  Vi(T) := TM;.

In the formulas below, U; and V; denote U;(T) and V;(T'), respectively. Equations (108), (110) and
(117) give

g~ 2m=3t/2 8 2 m
B ;A,Ui V™ for g € Spy(F) N Z(F)Kh(t,m)K.
The geometric sums below have the following denominator factors:
1— 6Vig V2, 1— 6 W12, 1- ¢ V2,

1—q_1U¢ 1 —q_QUi.
The corresponding ratios have absolute values

Tlg=*0" 2, |Tlg "2, |TPg™", |Tlg™", |Tlg7?,

(119) ®o,r(9) =

(120)

respectively. All are strictly less than one in the stated ranges. Thus these sums converge absolutely,

including at sg = % when |T'| < 1, and locally uniformly in 7" on that disk.

2.8. Calculation of Iy r(n). We evaluate

1
(121) hr) === [ [ [ @l @0 r(o(aa.y.0)) dzdyaa,

as in (78). We use the following special case of Lemma 2.12.

Lemma 2.14. Let a € F* and x,y € F. Let

(122) 9= 9(a;z,y,0).

Define 01,09 € Z by

(123) ¢y = min{0,v(a), —v(a),v(ax),v(y),v(ay)},

(124) 01 + 02 = min{0,v(a), —v(a), v(ax),v(y),v(ay),v(a) + v(y*)}.

Then 01 < €9 <0 and
(125) g€ Z(F)Kh({,m)K with £ = =20y, m = ly — /.
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We divide the integration domain into ten regions. The last two columns give the indices ¢ and
m in each region.

l m

1 @20 v(@)>-2v()  v(y)>-v(a) 0 v(a)

2 (y)<—v(a) —2v(a) — 2v(y) v(a)

3 (@)<—2v(a) v(y)>v(a)+u(z) 20(y)>v(z) 0 —v(a) —v(z)

4 2(y)<v(z) 2v(x) —4dv(y) 2v(y) —2v(z) —v(a)
(126) 5 (y)<v(a)+v(x) —2v(a) — 2v(y) v(a)

6 v(a)<0 v(z)>0 v(y)>0 0 —v(a)

7 v(y)<0 —2v(y) —v(a)

8 v(x)<0 v(y)>u(x)  20(y)>v(@) 0 —v(a) —v(z)

9 2(y)<v(z) 2v(x) —4dv(y) 2v(y) —2v(z) —v(a)

10 v(y)<v(z) —2vu(y) —v(a)

Now we calculate all ten pieces. We denote by Iy jr(n) the piece of Iy r(n) corresponding to
the j-th case. The computations are routine. We show the details only for Cases 1 and 2; the
remaining cases are similar.

Case 1: For k = v(a) > 0, the 2- and y-integrations have volumes ¢%* and ¢*, respectively, and
the height is k. Hence

1
) = —— | @l 10, v(e)) 4

1—q

SE 2T o (R (0, k))

thg

k=0
8 [e)
_ L DA (Vg Pk
Dq i=1 k=0
8
(127) = >4 =

"D, (1—6Vig~1/2)

N
I
—

Case 2: Write k = v(a) > 0 and v(y) = —k — j with j > 1. The z- and y- integrations have
volume ¢%* and (1 — ¢~ 1)¢**7, and the Cartan indices are (¢,m) = (24, k). This gives

loor(n) =01 —q Zz(sk Sk/2HI TR+ Qo (h(24, k))
k=0 j=1

00
1/2 kz —2U
i=1 7j=1

1—qg g2 Ui
128 T4 TN 4, .
) D, Zl (1= 8Via (1 — 4-203)

The other eight cases are evaluated similarly.
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Case 3:
8
(1—g g Vi(V; +1)

129 I 14 J1 : '
129 R P (e R ()
Case 4:

8
(1—g1)2q! U;

130) IO,4,T 77) = Az .
( ( I D TE P TAT ety
Case 5:

8
(1-qg )3 U?
(131) IO,5,T(77) = Az L .
Dy — T(1-0Vig V) (1~ ¢ ) (1 - q72U;)
Case 6:
-1/25-1 8 Vi
q i
132 T - " ; '
( ) 0,67T(77) Dq - (1 _ (5_1‘/Z’q_1/2)
Case 7:
8
(1—q g 2! U,V
133 1 = A; .
( ) 0,77T(77) Dq ; (1 _ (5_1‘/;q_1/2)(1 _ q_QUz‘)
Case 8:
8
(1—g g 325! V2(V; +1)
134 I = i L .
( ) 0,87T(77) Dq — (1 _ 5_1‘/%q_1/2>(1 o q_l‘/i2>
Case 9:
8
(1 _ q—l)Qq—3/25—1 Uzvz

135 I = A; .
et D, LN A - O - )
Case 10:

8
(1 _ q—1)2q—7/25—1 UZVZ
136 I = A; t )
oy oot b, &NV - )= )
Adding the ten expressions gives the formula:
8
1 (1-q?U)A—¢ V) + (1 —qg Hg'Vil = ¢'Uy)

137 I = — A; 2 .

( ) O,T( ) Dq ZZ:; (1 _ q_le')(l _ 5‘/1'41_1/2) 1— 5_1‘/1'(1_1/2)

This identity holds throughout the stated ranges; setting 7" = 1 gives Iy(n) when sg < %
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2.9. Calculation of I 7(n). By (79), the integral to be evaluated is
(138) Ir(n) =g / [ [ n@la a0 (gtaia. . =) dadyaa.

We use the following special case of Lemma 2.12.

Lemma 2.15. Let a € F* and x,y € F. Let

(139) g=gla;z,y,= ).

Define 01,05 € Z by

(140) 01 = min{—1,v(a), —v(a),v(azx),v(y),v(ay)},

(141) (1 4 03 = min{0,v(a) — 1, —v(a) — 1,v(azx),v(y), v(ay),v(a) + v(y? — zw 1)}
Then 01 < €y <0 and

(142) g€ Z(F)Kh({,m)K with £ = =20y, m = by — /.

We divide the integration domain into fifteen regions. The last two columns give the indices ¢
and m in each region.

(143)
12 m

1 w@2l  w(@>-20a)  v)>—va) 2 v(a)-1

2 v(y)<—v(a) ~2v(a)—20(y) v(a)
3a v(z)<—2v(a) v(y)>v(@)+v(z)  20(y)>v(z) 2 —v(a)—v(z)—1
3b 2u(y)=v(w)—1 L= _1e0% 2 —v(a)—v(z)—1
3¢ =gy 0 —o(a)—v()

4 2 (y)<v(z)—2 w(z)—dv(y)  20(y)—2v(z)—v(a)
) v(y)<v(a)+v(z) —2v(a)—2v(y) v(a)
6a  wv(a)=0 v(x)>0 v(y)>0 0 1

6b  wv(a)<—1 o(x)>0 v(y)>0 2 —v(a)—1

7 w(a)<0 v()>0 v(y)<0 —2u(y) —v(a)
8a v(z)<0 o(y)>v(x) 20(y)>v(x) 2 —v(a)—v(z)—1
8b 2(y)=v(x)—1 L= _1e0% 2 —v(a)—v(z)-1
8¢ L= e 0 —v(a)—v(z)

9 20(y) <v(z)—2 20(2)—4v(y)  2v(y)—2v(z)—v(a)
10 v(y)<v(z) —2u(y) —v(a)

Now we calculate all fifteen pieces. We denote by Iy ; () the piece of I 7(n) corresponding to
the j-th case. We show the details only for Cases 1; the remaining cases are similar.

Case 1: Here k =wv(a) > 1, (/,m) = (2,k — 1) and the height is k. The z- and y-integrations have
total volume ¢>

Iiir(m) =q(1—q Zék SE2TRG, (h(2,k — 1))
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8 00
1—q! ko —k/2v k-1
S S A
i—1 k=1

8
(1—¢ g "% Ui

144 = A vy
(144) D, Z:: (1—-6Vig=1/2)

Case 2:
8
(1 _ q—1)2q—3/25 U;V;

145 I = i '
(145) 1,2,7(n) D, ; (1= 6Vig-/2)(1 — ¢2U;)
Case 3a:

8
(L—q ") UiVi(Vi + 1)

146 I 307(n) = A; '
(146) 1,30,7(1) D, (1 - §Vig=1/2)(1 — ¢~ 1V?2)
Case 3b:

8
(1—g¢ )*1 2" "2 UiV

147 I = i '
(147) 1,36,7(1) D, — (1= 0Vig (1 - ¢ VP
Case 3c:

8
(L—q ')q /% Ve

148 I 3¢ = é Z '
(148) 1,3¢,7(1) D, — (1- 5Viq_1/2)(1 - qfl‘/?)
Case 4:

8
(1—q g2 U2V
(149) Liar(n) = Ai : '
b, LM - T T
Case 5:
8
(1—q7")%q"s Vi
(150) Lisr(n) = Ai : '
Dy TV - WA= )
Case 6a:
8
(=g YHg! v
(151) D) = = ;Am.
Case 6b:
8
(1- q’l)q’l/Qd’l U,
152 I = A '
(152) 1,66,7(1) D, ; (1—6"1V;q1/?)
Case T7:
8
(1—q 12! Ui

153 I =5 A '
(153) 1,7,7(n) D, ; (1 —6-1Vig=1/2)(1 — ¢—2U;)
Case 8a:

8
(- g UiVi+ 1)

154 Ligar(n) = ——5"—— ) A '

( ) 1,8 ,T(77) Dq pa (1 _ 5—11/%(]71/2)(1 — q—lViQ)
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Case 8b:
(155) T (77) (1 - q_1)2(1 - 2(]_1) A UZ
86,17(N) = i _ _ _ :
b Dy = @-0 Wig ) (1 —q71V?)
Case 8c:
8
(1 o q—1)2 V;
156 I g, =——> A :
(156) 1.8¢,7(1) D, &A= Wi A —q )
Case 9:
8
(1—g1)3qt Ut
157 I = A; : :
W51 Do) = = T Y A e (- )1 - g V)
Case 10:
8
(1—q 132 U?
(158) Lior(n) = —F7"—— A 2 :
D, ; (1-96- 1Vq—1/2)( —q¢'U)(1 - q2U;)

2.10. Calculation of I r(n ) By (80), we must evaluate

159)  Ra ==t [ [ [ @l e0ro(ee g =) dodyda
_ P
The required special case of Lemma 2.12 is as follows.

Lemma 2.16. Let a € F* and x,y € F. Let

(160) 9=g(a;z,y,@w?).

Define 01,05 € Z by

(161) 01 = min{—2,v(a), —v(a),v(az),v(y),v(ay)},

(162) (1 + 0y = min{v(a) — 2, —v(a) — 2,v(az), v(y), v(ay),v(a) + v(y* — zw2)}.

Then 01 < €9 <0 and
(163) g€ Z(F)Kh({,m)K with £ = =20y, m = by — /.
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We divide the integration domain into twenty-five regions. The last two columns give the indices
£ and m in each region.

(164)
14 m
la  w@>1 wv@)>-20(a) v(y)>—v(a) v(a)>2 4 v(a)—2
1b v(a)=1 2 1
2 v(y)<—v(a) —2u(y)—2v(a) v(a)
3a v(z)<—2v(a) v(y)>v(a)+u(z) 2v(y)>v(z)—1 4 —v(a)—v(z)—2
3b 2w(y)=v(w)—2 L= _1e0% 4 —v(a)—v(z)—2
3¢ e P 2 —v(a)—v(z)-1
3d v=?_ep? 0 —v(a)—v()
4 2v(y)<v(z)—3 20(z)—4v(y)  2v(y)—2v(z)—v(a)
5 v(y)<v(a)+v(z) —2v(a)—2v(y) v(a)
6a  wv(a)=0 v(z)>0 v(y)>—1 0 2
6aa v(z)=—1 v(y)>—1 2 1
baaa v(z)>—1 v(y)<—2 —2v(y) 0
6b  wv(a)=—1 v(z)>0 v(y)>0 2 1
6bb v(z)=—1 v(y)>—1 4 0
6bbb v(y)<—2 —20(y) 1
6¢c  wv(a)<-2 v(z)>0 v(y)>0 4 —v(a)—2
6cc v(z)=—1 v(y)>—1 4 —v(a)—1
6cee v(y)<—2 —2u(y) —v(a)
7 w@<-1  v(x)>0 v(y)<-1 —2v(y) —v(a)
8a  v(a)<0  w(x)<—1 v(y)Zv(@)  20(y)>v(z)—1 4 —v(a)—v(z)—2
8b 2w(y)=v(w)—2 L= _1e0% 4 —v(a)—v(z)-2
8¢ e P 2 —v(a)—v(z)—1
8d Ui P 0 —v(a)—v(z)
9 2v(y)<v(z)-3 2v(z)—4v(y)  2v(y)—2v(z)—v(a)
10 v(y)<v(z) —2v(y) —v(a)

Now we calculate all twenty-five pieces. We denote by I> ; 7(n) the piece of Io 7(n) corresponding
to the j-th case. We show the full calculations only for the first case, the other cases being similar.

Case la: Here k =v(a) > 2, ({,m) = (4, k — 2) and the height is k. Consequently,

Lyar(n) =—q Y _ 6" 2TFdq(h(4, k — 2))
k=2

1 8 o)

_ _% ZAiUz'Q Zékq—k/zvik—z
7 =1 k=2
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—252 8 2
q 20 U:
165 = — A— >t
(165) Dy ZZ; (1 —0Vig=1/2)
The other twenty-four regions are evaluated in the same way.
Case 1b:
75/2(5
(166) I 17 (n) ZAUV
Case 2:
8
(1—q g3 U,V
(167) Ior(n) =— A; )
D DR R (RPTiA
Case 3a:
8
(1—q g3 U1+ q V)
(168) IQ}ga,T(U) = — Al ¢ .
D, — (1= q V(1 - Vg 1/?)
Case 3b:
8
(1—qg (1 —2¢1)g 33 U2V;

169 I’ b,T 77 = — AZ 7 )
Ho - faanr ) D, LA G- Vi )
Case 3c:

8
(1—q 1232 U, V2

170 Iser(n) =— i : :

( ) ( ) Dq — (1 _ q—1Vi2)(1 _ 5Viq‘1/2)
Case 3d:
8
(1 _ q—l)q—3/25 V-3

(171) IQ,Sd,T(n) = — AZ L .

Dy ; (1—-g7 V(1 - dVig~1/?)
Case 4:

8
(1—q1)2q 5 U3V,

172 I = — A; C .
(172) 2,4,T(77) D, pt (1-— 5Viq71/2)(1 — q*1m2)(1 — ¢ )
Case 5:

1— g1 2 —5/25 8 U2VZ

(173) Is7r(n) = _U-g D) 1 i —i/2 — BT
Case 6a:

g2
(174) Iy a1 (1) = =5 > AVE.

4 =1
Case 6aa:
_2 8

(175) e > AT
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Case 6aaa:

176 I aaa - 7 Azil
(176) 260007 (1) b, & Mi=T)

Case 6b:
_5/25_
(177) Iye0,0(n) = ZA Uivi
Case 6bb:
(178) I 606,m(n) = o ZA Uz
Case 6bbb:
8
1- q_1)2q_5/25_1 U2V,
(179) Io,600,7(1) = — r—Tiat
D, — (1-q2Uy)
Case 6c¢:
—25-2 8 2
q?9 Ui
(180) Iyeer(n) = — A : '
Dy = ' (1-071Vq71)
Case 6c¢c:
B (1—q1 —-25-2 UZQV
(181) IQ,GCC,T(n) - Z A 1 — 0 1‘/’iq_1/2).
Case 6c¢cc:
8
(1—q1)2q 352 U2y:2
(182) IQ,GCCQT(T]) == A 72 .
D, & Wi A )
Case 7:
8
(1—g g 26! UiVi

183) Iyrr(n) =— ' ’
( ) D, & e Wi A1 g 20
Case 8a:

8
(1- q_1)q_2 U-Q(V;- +1)
184) Irgar(n) = ——F—— Ai y '
( ) D R R e
Case 8b:
8
(1-¢ A -2¢"g" U;

185 I =- A Z '
(185) 2,8,7(1) D, g (1—6"1V;g~1/2)(1 — qfl‘/?)
Case 8c:

1- q—1)2 -1 U;V;

186 Lger(n) = ————5"——> A '

(186) 2507 (1) By Z 0o Wi 2) (1 VD)
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Case 8d:
8
(1 _ q—l)q—l V2
187 I =, 24 Z '
(187) 2,84,7(1) D, P (1—0"W;q1/2)(1 — g 1V?)
Case 9:
8
(1_q—1)2q—2 U3
188 I = 24 : '
(188) 2.97(1) D, ; (1—6"1WV;g /2)(1 — ¢ 1U;) (1 — ¢~ 1V?)
Case 10:
8
(1—q1)2g3 U3
189 I =02 A : '
(189) 2,10,7(1) D, (1—6"Wig=12)(1 — ¢ 1U)(1 — ¢2U;)

i=1
2.11. Local L-factors and summary of calculations. In this subsection, we put together the

calculations from the previous subsections and complete the proof of our main local theorem. Recall
that the Satake parameters of 7 satisfy

ol =18l=P=1, aBy’ =1
We retain the auxiliary character (see Section 2.7)
n =mnol - |*°, np unitary and unramified, 0<s9< %, d =n(w).

As before, we allow |T| < 1, and also 7' = 1 when sg < 3. Recall Dy from (107) and U;(T) = T*L2,
Vi(T) = TM; from (118). Put
As=qP(E 40671,
and define the following polynomial in two variables U, V:
Ps(UV)=1+(1—q¢ )V —qg (1+qg "+ (1 —-qg HAs)V?
+q Qs+ 1—g VP — gV

(190) +U{1—a )1+~ B2 =g AV

+q A+ (=g DA+ 1—g YV =g (A5 +1— q*I)V?’}
+ UQ{—q_1 (Ag +(1—-¢gHas; - 2q_1) +q¢ (A5 +1— q_l)V}.
The individual coefficients A; in (109) are defined precisely when the Satake parameters of 7 satisfy
(191) a#l,  B#1,  a#B, aB#l

We will assume (191) until the final continuity argument below. For any such Satake parameters,
define the rational function

1, Fs (Ui(T), Vi(T))
(192) ROD) = B, 2 A TG )1 = Vi)

Adding the fifty region contributions in the preceding three subsections 2.8-2.10, and using (83)
and (82), gives

IT(n)a

(193) R(5,T) = { !
I(n), 0<sy<
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Now put

N=(1-ag)(1-algH1-pg (1 -5,

No = (1—afqg )1 —aBg )1 -af ¢ (1 -a B¢,

Di(6) = (1 — adg™/?)(1 — a~'6q 1 /?)(1 = Bog~/?)(1 — B~ '6q7/?),

Dy(8) = (1= ad~ g ) (1 —a™to g7 A (1 = g5l ) (1 - pe ).
Setting 7' = 1 in (192), summing over i with (109), using v> = (o3)~!, and simplifying with the
help of Mathematica (see also Remark 2.17) gives, for 0 < sg < 3,
(1+a)(1+p)01-¢g" NN

af Dy D1(6)Da(6)

(194) I(n) =R(,1) =

Next take
77:771/2:('75”"1/27 §€0X7
as required for the special representation o ~ ¢¢. Thus ny = (-, €) is quadratic, and we put
€0 = (w,§) = mo(w) € {£1}, dsp = 7]1/2(73) = 50(]_1/2-
For either sign of ¢, define
D1 g := D1(0gp) = (1 — aeeq V(1 —ate,q (1 = Beoqg (1 = flenq ).

By (193), for 0 < T < 1,
1—e, 1-—
I
I+ 1 T(771/2) q+1

If e, = 1, this complete product is zero for every O < T < 1, so its limit as T approaches 1 is zero.
Now let e, = —1. Define

QU V)=1—-q 2V —q3V>—¢3V3 — (¢! — ¢ HU
+ (¢ 24 ¢ UV +2¢7UV? - 2¢73U2

R(&Sp, T).

(195)

Since A_ 12 = —(1+ g 1), direct substitution in (190) gives the polynomial identity
(196) P_ 12U V)= (1+V)QU,YV).

Consequently, for |T| < 1, (192) becomes
8

LZ&mwmmm'

1 _g 2y =

i=1
Each factor 1+ ¢~ 1V;(T) has absolute value at least 1 — ¢~! for |T| < 1. The right-hand side

therefore extends continuously to T' = 1, and its value there is the limit as 7" 1 1.
Initially also assume «, 3 # —1. The rational-function identity in (194) and the equality

(1+a)?(1+8)°
of

Da(—¢7 ') =1+ )1 +a )1+ H) 1+ 87" =
leads to cancellation in (194) and gives

_ 1—q ' NiNy
lim R 12 ry=—=_ .
Tt1 (=g ) D, Digp

The expression at 7' = 1 on the right of (197) and the last displayed rational expression are
continuous at all unitary parameters satisfying (191). The equality therefore holds also when
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a = —1 or § = —1; the additional restriction was needed only for the initial cancellation in (194).
Combining this with (193) and the already established vanishing for e, = 1, we obtain
0, ee =1,
198 lim~ 71 = 1
( ) ,111?} q+ 1 T(nl/Z) - 2(1 — q_ )NlNQ

G+ DD, Dy’ 7"
Remark 2.17. The calculations leading to the results (194) and (198) have been formalized and
machine-verified in the Lean 4 proof assistant. More precisely, the formalized part begins with the
core integrals I(n) and I7(n) defined in (82) and (83), with the function ®o defined directly by the
formula in Proposition 2.11, and corresponds to the calculations in Sections 2.8-2.10 together with
the relevant simplifications above leading to the conclusions (194) and (198). The Lean development
1s publicly available at
https://github.com//abhisaha-git/fourier-jacobi-core-evaluation

The formalized statements assume that the parameters o, satisfy (191) and that o, 8 # —1. The
formalization is also registered [1] in the Palomar Registry, a public, searchable registry of Lean
formalizations that meet certain requirements.

We now write down the local L-factors in (32) and use the preceding computations to finish the
proof. For m we have

(199) L(1,m,Ad)™ = (1 — ¢ 12N  Ns.

Recall also the standard degree-5 factor

(200) L(s,mp5) = (1 =g *)(1—aq*)(1—a g *)(1 = Bg*)(1 - B~¢7).
We will use the identity

(201) (1=¢')’Dg=(1—-q )1 —q").

Suppose first that o ~ 7(x) with x unitary and unramified, and take n = x, so that sy = 0 and
0 = x(w). The Waldspurger lift of o to PGLy(F') is the unramified principal series representation
of PGLy(F) with Satake parameters § and 6~ !; see [37, Théoréme 1]. Thus (33) and (200) give

Ly(s,mx o)™t = (1=0¢7°)(1 = adg™*)(1 — a~'6q*)(1 = Bog*)(1 — B~ 16q ")

(202) x(1=0tg )1 -ad g1 —a o g1 —-B5 g )1 - 710 1g9),
and
(203) Ly(s,0, Ad)_1 =(1- 52q_5)(1 —q¢ )1 - (5_2q_s).

By (85), we have a(m,0;m) = 2I(x)/(g+1). Substituting this and (194) into (32), and using (199),
(202), (203) and (201), gives

2(1—¢*)(1—¢~*) L(1, 7, Ad)Ly(1,0,Ad)
g+1 Lw(%, T X 0)
9 (Ofl/Z + a1/2)2(571/2 + 51/2)2
g+l (146871214 6-1¢71/2)
Here the squared expressions in the numerator equal o~ +2 + o and 7! + 2 + 3, respectively, so
the formula is independent of choices of square roots.

Next suppose that o ~ ¢ with £ € 0™ is a special representation, and retain 7, /2, €5, dsp and
D 4, as above. Equation (89) identifies a(m,o;m) with the complete limit evaluated in (198).

I(x)

a¥(m,o3m) =

(204)
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Hence
0, g =1,
(205) a(m,o;m) =9 2(1 - ¢~1) Ny N
(q + 1)Dq Dl,sp ’

The Waldspurger lift of o is the Steinberg representation when ¢, = 1, and its unramified quadratic
twist when e, = —1; see [37]. Accordingly, (33) and (200) give

Ly(s,mx o)t =(1- £0q Y1 — ag,q V(1 — a"le,q V)

Ee = —1.

(206) x (1= Beqq ") (1 = Bl eqq*1?),
and
(207) Ly(s,0,Ad) ™ =1—¢ 1
Using (199), (206), (207), (201) and (205) in (32), we obtain
P 1 —c, 0, o =1,
(208) o’ (m,o3m) = i1 = L7 o
g+1

Finally, we remove (191) by a continuity argument. The “exceptional” Satake parameters are
precisely those satisfying at least one of

a=1, 6=1, a =0, af = 1.
Any such Satake paramenter can be approached by parameters satisfying (191). Lemma 2.3 gives
a parameter-independent integrable majorant for each of the finitely many integrals in (36)—(37).

Dominated convergence therefore proves continuity of the original local period a(m, o;m) in terms

of the Satake parameters of 7, with o fixed. By (199), (202), (203), (206) and (207), the normalizing
L-factors in (32), at s =1 or s = % as appropriate, are finite, nonzero and continuous on the space
of parameters. Thus o (m,0;m) is continuous there as well. The right-hand sides of (204) and
(208) are also continuous, so the two identities extend to all unitary Satake parameters.

This completes the proof of Theorem 2.2.

3. GLOBAL RESULTS

In this final section, we return to a global setup. We first set the scene and prove some basic
results on theta series, half-integral weight modular forms and their adelizations, and the classical
interpretation of the adelic Fourier—Jacobi period for Siegel cusp forms. We then compute the
archimedean factor in the refined Gan—Gross—Prasad conjecture in our setup. Finally, we prove our
main global theorems and derive several applications.

3.1. Global notations. Let A denote the ring of adeles of Q. Put Jy = [_012 ]02} For every
commutative ring R with identity, define
GSpy(R) = {g € GL4(R): 'gJog = v(g)J> for some v(g) € R*},
and
G(R) = Spy(R) := ker(v: GSpy(R) — R™).
Let H C G be the Heisenberg group defined by

H(R) = {h(/\,,u,m) = F‘l/l‘_’%] :)\,,U,,HER}.

1
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We identify h(\, p, k) with (A, i, k). In these coordinates,
Moy &) N i k) = N+ N+ g 5+ 5+ A = pX).
We identify SLo with the subgroup of G given by
a b
SLy — G, [‘gg]»—>[ 1d1].

The Jacobi group is

J:SLQH’ZSLQIXH
We write g(\, u, k) for

gh(/\,u, "f)a g€ SL2

Let SLy (A) be the metaplectic double cover of SLa(A), and put
J(A) = SLa(A) x H(A).

Note that the matrix realization of G, H, and J defined above differs from the one used in Section 2.

We write s
&(s) = 720(5) ¢(s)

for the completed Riemann zeta function. All our measures on adelic groups are the corresponding
Tamagawa measures.

3.2. Theta series. Let S(A) denote the Schwartz space on A. Its canonical inner product is

(6,6) = /A ()P (@) de,

where dx is the standard measure on A.
Fix the standard character ¢ =[], ¢, : Q\A — C*, characterized by

Voo (1) = €™ cond(vp) =Zy (p < 00).
Let m be a positive odd squarefree integer, and define

" (@) = p(ma).
Let o™ = ®, ¢y € S(A), where

1z, (x), v=p<oo, pf2m,
(209) o0 (@) = { 1,15, (x), v=p<oc, p|2m,
6_27”’””2, v = 0.

A straightforward calculation gives
(210) (6, 6m) = Vim.

Let wym be the Schrodinger-Weil (oscillator) representation of J(A) = SLy(A) x H(A) with
central character 1™, realized on the Schwartz space S(A). When convenient, we will consider wm

a projective representation of J(A). For r € J(A), we define the theta function

Oy (r, ¢™) 1= (wym (1)¢™) ().
zeQ

l/ﬂ](%,ﬁ,m e J(R). We

use the same notation g, . for the element of J(A) whose finite components are trivial and whose

Form =2z +iy € Hand 2 = u+iv € C, set g, := [1317][‘/5
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archimedean component is the lift of g, . obtained by taking the sign +1 on its SLa(R)-component.
Recall the classical theta series on H x C:

7'ri'r2‘r .
(211) Om(T,2) = 262 am - @2E — Z Om,a (T, 2).
reZ a (mod 2m)
where
7'rir27' .
(212) Omalr,2)= Y o T amirs

r=a (mod 2m)

For [2b] € SLy(R), (A, 1, x) € H(R) and (7,z) € H x C define the automorphy factor by

Y 2
(213) 3, ([25] O 1) (7, 2) = exp(— 2mim (s~ E2TEI o on ) (28] m),
where
Vid ife=0,d>0;
j%([‘;g]m): —Vd ife=0, d<0;

(et —i—d)% if ¢ #0.
An easy calculation shows that

N uv ‘1)2
j%ml(gr,zw (i, O)) — y71/46727rzm(7+27) ‘

Proposition 3.1. With the above notations,
Oy (grs @™) = i1 1 (Gr.z: (1,0) " Om (7 2).

Proof. We first recall the relevant formulas for the oscillator representation at the archimedean
place. Let

n)=[82],  a®)=[4%], t>o0
For f € S(R) and £ € R,
(214) wym (n(D)) F(€) = ¥ (bE2) f(€) = 2™ f(g),
(215) wym (a(t)) f(€) = tY2f(t6),

and, for (A, u, k) € H(R),

wym (A, 1, K)) F(€) = Y (K + M+ 208) f(€ + N) = e2TmFMt2u8) g (e 1)),
Now, let n € Q. We have

i (970 ) = o (1191 | (s DO )
= v (1)) (s 7060
=y () (2nu + <)o) (Vi + =)

;. vu '1)2 . .
_ y1/4627mm(7+17) 62mm7'n2 627mmz(217)
) ] _ ) 9 )
_ ]%’m (gﬂz’ (’L, 0)) 1627rzm7'7] eQmmz(Zn) )
Note that, for n € Q we have

Ly if p12m;

(m) 0
() 70 & € {1Zp if p|2m.
P
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Hence
@111’” (97_127 ¢(m)) =j1 (gT27 (Z O Z e2mm7’n 2mwimz(2n)
2 LZ
-1 2miry? 2mizn
:.7% gT27ZO Ze im e
neZ

- j%vm(gﬂZv (i’ O))ilgm(ﬂ Z)7

as required. O

3.3. Siegel modular forms and representations. For the rest of the paper, fix an even integer
k > 4. We recall some well-known properties of Siegel modular forms of degree 2; we refer the
reader to [3] for proofs and further details. Let Si(Sp,(Z)) denote the space of Siegel cusp forms
of weight k and full level. For any F' € Si(Sp,(Z)), define the Petersson inner product

(216) (F,F) = / |F(Z)]?(det Y)* 3 dX dY.
Sp4(Z)\Hz

Recall that G = Sp,. For any F € Si(Spy(Z)), we let U € L?(G(Q)\G(A)) be the automorphic
form obtained by adelizing F. We define (Vp, ¥p) = fG(Q)\G(A) |Ur(g)|?dg, where we use the
Tamagawa measure. By a routine calculation we have

<F3F> _ <F’F> _ <\IIF7\I’F>
26(2)§(4)  vol(Spy(Z)\Hz)  vol(G(Q\G(A))
Suppose that F' € Sk(Spy(Z)) is an eigenfunction of the local Hecke algebra at all finite primes.
Then, by Theorem 3.1 of [26], ¥ generates an irreducible cuspidal automorphic representation 7/
of G(A). Furthermore, U extends to an automorphic form on GSp,(A) of trivial central charac-
ter, which generates an irreducible automorphic cuspidal representation 7p of GSpy(A). For our
purposes, it makes little difference whether we work with 7% or 7 because it will not change the
periods or the L-functions relevant for us.

We have an orthogonal (with respect to Petersson inner product) direct sum decomposition

Sk(Sp4(Z)) = Sk(Spa(Z))™ @ Sk(Sp4(Z))"
where S,(Sp,(Z))SK is the span of the Saito-Kurokawa lifts. In the sequel we will assume that
our forms F' are Hecke eigenforms lying in Sy, (Sp,(Z))T; by a deep theorem of Weissauer [38], this
means that 7 is tempered at all primes.
Each F € S;(Spy(Z)) has the Fourier expansion

F(Z) — ZG(F7 S)GQTriTr(SZ)

(217) = (Up, ¥p).

S
where the Fourier coefficients a(F, S) are indexed by matrices S of the form
(218) S = [b[/lQ b{f}, a,b,c €7, a >0, disc(S) := b* — 4ac < 0,
and the Fourier—Jacobi expansion
(219) F(Z)=> fo(r,2)e™""
>0

Here Z =[] %].
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3.4. Half-integral weight forms and their adelizations. For a finite prime p and [‘c‘ 3] €
SL2(Qp) define

d)p if ed # 0 and vp(c) is odd
220 au]y = 4 (D v ’
(220) Sp([c d]) {1 otherwise,
where (-, -), is the local Hilbert symbol. For g = (g,), € SL2(Q) let
(221) sa(g) = ] s9)-

p<oo

By [14, Proposition 2.15] the map ¢ : SLyo(Q) — éig(A) given by

i(9) = (9,5(9))

is a homomorphism. Via i we consider SL2(Q) a subgroup of SLy(A).

For £ € Q% and g € SLo(A), we define ¢g¢ by the global equivalent of (18).

For (g,¢) € SLa(R) with g = [¢}], e € {1}, 2z € H, define the metaplectic automorphy factor
b

’ J((g,€),2) =evVez+d,

where the branch of the square root is Vrei® = \/rei?/? for r > 0 and 6 € [—n, 7).

Let T be a finite-index subgroup of either I'g(4) or I'°(4). For

g=1[2%] €T, z€H,
define the classical half-integral weight automorphy factor [34, 35] by
(222) ig.2) = (5) e Ve +d
where now the branch of the square root is Vet = ﬁeie/ 2for r >0 and 0 € (—, 7], and
_J1 ifd=1 (mod 4)
= {z ifd=3 (mod4)
For a holomorphic function f: H — C and g € I', denote
(fli—19)(r) = 5(g. 1) "2+ f(gr).

When T is contained in T'o(N) or T?(N), and Y is a Dirichlet character modulo N, we regard x
as a character of I" by X([Z Z]) = x(d). For any unitary character x of I', we define M, _1 (I, x) to
2

be the space of holomorphic functions f : H — C satisfying

flp—sv=x(nf  forallyel,
and which are holomorphic at every cusp of T'.
We define S, 1 (T, x) to be the subspace of M, 1 (T', x) consisting of those forms which vanish
at every cusp. When Yy is the trivial character, we write

My, _1(T) = Mk_%(F, 1), Sk_%(F) = Sk_%(f‘, 1).

_1
2

For hy,hy € S, _1(I',x), the Petersson inner product is normalized as follows:
2

k-1 dxdy

<h1,h2> = [SLQ(Z) . F]_l hl(z)hg(z)y 5 -

I\H Y
Given h € Sk_% (T, x), we say that an automorphic form A, € L2(SL2(Q)\SL3(A)) is the adeliza-
tion of A if

(223) Ap(i(7) (90, €)) = J (90, €), i)_%—Hh(gooi)
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for v € SL2(Q), (goo,€) € §I:2(R). Because i(SLg(Q))ETIig(]R) is dense in é\I:g(A), each h €
Sk_%(F,X) has a unique adelization Ay. Assuming that I' = TO(N) (resp. I' = T'o(N)) with
N = []p", the adelization has the property that, for odd primes p and for [‘Cl d] € IV (p™Zy)
(resp. [25] € To(p™Zy)) and € € {£1},

(224) An(g([¢5]5€)) = exp(a)An(g)

for all g € SAIZQ (A). Here, xp is the local component of the adelization of the Dirichlet character x.
(There is an analogous property for p = 2, which we will not need.)
It is easy to check that if h € S’k_%(f‘, x) has adelization Ay, then
<h7 h‘> <h> h> <Ah7 Ah>

(225) 773~ volSLa(Z)\H) — vol(SLa(Q)\SLa(A)) — " An)

(A Ap) = / [An(g)dg,
SL2(Q)\SL2(A)

and that all our adelic groups are equipped with the Tamagawa measure.
Now, let m be an odd, positive, squarefree integer. We recall that the Kohnen plus space
SI;% (T'o(4m)) is the subspace of S,F% (I'o(4m)) consisting of those forms h(z) =3, ~; ap(n)e?rinz

such that a(n) = 0 unless n = 0,3 (mod 4) (recall that k is even). Similarly, let S;:_l (TO(4m), Xm)
2

Recall here that

be the subspace of S,_1(T'%(4m), x,) consisting of forms h(z) = 3" o an(n)e?™"/(4m) guch that
5 >
ap(n) = 0 unless n = 0,3 (mod 4).
Let h € S;r_l(f‘o(élm)). Suppose that b is given by h'(7) = h(g-). The following lemma is the
2
analog of the local fact (21).

Lemma 3.2. We have

W e S (T0(m), yom).

[NIES

where xm s the Dirichlet character mod 4m defined by xm(a) = (%) for an integer relatively
prime to 4m.

Proof. Let § = [25] € T%(4m), and put 6% = [ . b/4m} € T'g(4m). Then

dme d
W (67) = h(% (r/4m)) = j(67 , 7/4m)** 'h(r /4m) = j(6%  7/4m)** 1 (1)

and

~ 4 -

6%, am) = 5 (55 (o7 + )2 = o @)T(0,7),
since d is odd. So I/|,_ %5 = Xxm(d)h'. The fact that h’ has the required vanishing of Fourier
coefficients is immediate. O

Let A, be the adelization of h. Put

m)—1/2
6 = [(4 )0 (4mo)1/2] € SLQ(R)'

Lemma 3.3. The adelization Ay of ' is given by
(226) Ar(g) = (4m) =5 A5 (g™ (8,1))
for g € SLy(A).
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Proof. Let A’ be the function on the right hand side of (226). It suffices to check Aj = A’ on
i(SL2(Q))SLa(R). Since m is positive, twisting by (4m)~! is an automorphism of SLa(A) preserv-
ing SL2(Q). Hence, for g = i(7)(goo, €),

N(g) = (4m)2 =5 Ap ((goor €)™ (8,1)).

We have
(goos €)™ (8,1) = (Bgoo, ).
Hence .
N(g) = (4m)2~1J((Bgsc, €), 1)~ D h(Bgosi).
Since .
Bosci = T, T(Bgor):1) = (4m) 14T (g20,9). ),

this becomes
N(g) = J((goo, ), 1)~ VB (gooi).
By (223), the right hand side equals Ay (goo, ) = Aps(g), proving the lemma. O

For later use, we note the following relation of Petersson norms, which follows from an elementary
computation, together with (225).

(227) §<Ah/,Ah/> = (W, 1) = (4m)* "1 /*(h, h) = §<4m>’“‘1/2<Ah,Ah>-

Now suppose that Aj generates an irreducible genuine automorphic representation o, of SLa(A).
In (19) we defined the twist of a local representation by a non-zero element of the local field. The
twist of a global representation by a non-zero rational element is defined analogously. It follows
from Lemma 3.3 that Ay generates the irreducible automorphic representation

(228) J}(Lm) =m Yo, =m-oy
of STJQ(A). It follows from (224) that, for each prime p | m,
A (9(1p,€)) = exmp(@)As(9), = [25] € TO(mZy), € € {£1},

for g € SLa(A). Here, X = (-, m), is the unique nontrivial quadratic character of Z. Note that
p is odd because m is.

For any non-trivial global character ¢’ of Q\A, Waldspurger has defined a lifting Waldy, from
the set of automorphic representations of é\le(A) that are not “elementary theta series” to the set
of automorphic representations of GLa(A) with trivial central character; see [37, Section VI.2]. The
global lifting is compatible with the local liftings considered earlier.

The representation generated by Ay, is the complex conjugate representation &, which, since oy,
is unitary, is isomorphic to the contragredient representation o} :

on o) ~(=1)-op.

The next lemma explains the relationship between the Waldspurger lifting of o5, and the classical
Shimura lift of A.

Lemma 3.4. Let oy, be the genuine automorphic representation gemerated by the adelization Ay,

of h € S;ﬁl(ljo(élm)), and let myp, be the automorphic representation of PGLa(A) generated by a
2

classical Shimura lift of h. Then

(229) o, =~ Waldy (57,) ~ Wald,,-1(0p).
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Proof. This follows from the calculations in [5]. More precisely, the character denoted there by g
is g (x) = ((=1)kF"1z) = ¢~ !(a), since k is even, and [5, Section 10.6] gives
mo,n = Waldy,—1(op).
Since g j, is unitary and has trivial central character, we also have
Waldy,(77,) ~ W & 0 -
O
Properties of the local theta correspondence give Waldym (m-pj,) = Waldy, (pp) for any irreducible

admissible representation p, of SL, (Qp) that is not an even Weil representation. It therefore follows
from (228), (229), and strong multiplicity one for GLg that

(230) Waldym (0\™) = Waldy (6%) = 7o s

We say that a genuine irreducible cuspidal automorphic representation o of §IJJ2(A) occurs in
Sl;t 1 (I'p(4m)) if there exists a cusp form in S;ﬁ ;1 (I'p(4m)) whose adelization generates o. We refer
2 2

to the span of all such cusp forms as the o-isotypic subspace of S":_ ; (F'g(4m)) and denote this
2

subspace by V,. We have a direct sum decomposition

S 1 (To(4m)) @VU,

where o ranges over the (distinct) representations occurring in S]j_ ;1 (Ip(4m)). Given an element h
2
of S’;t 1 (I'p(4m)), it lies inside a single V, if and only if it is an eigenform for the Hecke operators
2
T (n?) for all (n,4m) = 1.

3.5. Newforms and orthogonal Hecke bases of S+ (To(4m)). For each genuine cuspidal au-

1
2
tomorphic representation o of SLy (A) that occurs in S +  (To(4m)), we now construct an orthogonal
2
basis B, for the subspace V, of S;r_ 1 (Fo(4m)).
2

Let 0 = ®0oy,, where o), is an irreducible, admissible representation of SLy(Q)). Note that o is a
holomorphic discrete series representation of lowest weight k& — %, that o, is an unramified principal
series representation at all finite primes not dividing m, and that at the primes dividing m it is
either an unramified principal series representation or a special representation. We fix distinguished
vectors at each place, as follows. Recall the spaces V5, (T, x) defined by the condition (20).

e At the archimedean place, let vy, be a vector of weight k — 1/2.
(1)

At places p | m for which o), is an unramified principal series representation, let v, * and v
be an orthogonal basis of the 2-dimensional space V., (I'o(pZy),1).

At places p | m for which o, is a special representation, let 01(91) be a vector spanning the
1-dimensional space V,(I'o(pZy),1).

At odd primes p t m, let v;(,l) be a vector spanning the 1-dimensional space V;,(SLa(Zp), 1).

For p = 2 the definition of the spaces V,,(I', x) has to be modified. Let V;,(I'g(4Z2),1) be
the space of vectors v in the space of o9 with the following properties:

oa([Mh],e)v=ev for b € Zs,

o2([* g-1],6)v = by, (a)v  for a € ZJ,

(2)

oa([L]e)v =ev for ¢ € 4Z,,
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Here, 4y, (a) is the Weil constant. One can show by calculations in the induced models that
dim V;,(T'9(4Z2),1) = 2. The plus space condition singles out a 1-dimensional subspace of

Vs, (T0(4Z2), 1), and we let Uél) be a vector spanning this subspace.

Let C(o) be the product of all the primes p where o, is special; note that C(o) divides m. For

(@)

each positive integer ¢ such that ¢ divides %, we define a vector vy’ in the space of ®’

<00

oy by

of) = (@i v8y) ® (@i v8))-
For each such v((f ), let Ay ; be the automorphic form in the space of o corresponding to v ®U¢(7i). By
de-adelization, there is a unique cusp form h,; € S;; 1 (I'p(4m)) whose adelization is A, ;. Define
2

(231) Baz{hm:izl,ucfzf)}.

Then B, is a set of vectors in S": (To(4m)) that form an orthogonal basis of V,. Note that

1
_1
’Bo” = dim(Va) =2 (m/( ))7

where w counts the number of prime divisors. If C'(0) = m, then B, is a singleton set consisting of
a newform in S]j_ 1 (Fo(4m)); if C(o) < m then all elements of B, are oldforms.

Now, define the set
(232) B =B,

where o ranges over the set of all the cuspidal automorphic representations of éig(A) that occur
in S:il(lﬂo(élm)). Then B, gives us an orthogonal basis of S];tl(lﬂo(élm)). Given h € B, we
2 2

let op, denote the automorphic representation of ﬁg(A) generated by the adelization A of h.
Furthermore we define b/ € S;‘_ 1 (T9(4m), xm) by
2

W (1) = h(—
(1) = h(1),
and we let Ay, denote the adelization of /. Note that A, generates the representation O'](lm) defined
in (228).
For each h € B,,, the automorphic forms A, and Ay are related by (226). The form Ay

corresponds to a factorizable vector in a}(Lm), and at each prime dividing m its local component lies

in Vinoy, , (P2 (PZp), Xm,p)- Since Xm,p is real-valued, Ay is a factorizable vector in a,(lm), with local

component in

Viniang (CO(0Zp), Xim.p)-
By (229) and (230), the representation 7, generated by the Shimura lift of & is

7o = Waldy (77) = Waldym (o\™).

Note that gy, is special at every prime dividing C(0},), spherical at every prime not dividing C(o3,),
and a holomorphic discrete series representation of weight 2k — 2 at infinity.
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3.6. Classical interpretation of Fourier—Jacobi periods. Let F' be in Si(Sp,(Z)) with adeliza-

tion Wp. Let A € L?(SLy (Q)\é\fg (A)) be an automorphic form on the metaplectic group, and let m
be an odd, squarefree, positive integer. In the present data, the global Fourier—Jacobi period (7) is

(233)  FTum(Up, A, ¢) = / / U (1ng) A(9)Oym (g, 90) di dg,
SL2(Q)\SLz2(A) JH(Q)\H(A)

where we use the Tamagawa measure on SLa(Q)\SL2(A) and the standard measure on H(Q)\H (A).
The main aim of this subsection is to give an interpretation of the global Fourier—Jacobi period
defined by (233) in the classical language.

Recall that the Fourier—Jacobi coefficients (see (219)) of F' have the usual theta decomposition

(234) fu(mz2) = Y fma(D)bnalr,2).
a (mod 2m)

with 6, o defined in (212). Set

(235) fn(T) = fmp(T) = D fma(dmT).

a (mod 2m)

Then we know [12, Thm. 5.6] that f,, € S:, 1 (I'p(4m)). We prove the following proposition.
2

Proposition 3.5. Let m be an odd squarefree integer. Let F € Si(Spy(Z)) with adelization V.
Let f, € S]j_l(Fo(4m)) be given by (235). Let h € S]j_l(ljg(élm)). Define
2 2

W(r) = h(=),

so that h' € S;_l(FO(4m), Xm), and let A" be the adelization of h'. Then we have
2
_ 1
FTum (U, N, p™)) = =27 (4m)F=1— (£, h).

Proof. Using the right invariance of the functions within the integral of (233), we can replace the
integral over H(Q)\H(A) by an integral over

1 Iz
n:[kllli_’a], A\ i,k € R/Z,
1
and replace the integral over SLy(Q)\SL2(A) by an integral over
VY z/\VY o
g= 11/\/?3 , r+iy eIV (4m)\H.
1

Put

T=x+iy, z=MF+pu= x+p+idy, 7 =Nz +Iu+r)+i(Ny+1),
so that in the integrals above, the variable 7 ranges over I'’(4m)\H and the variable z ranges over
C/(Z + 7Z). From the definitions (see (223)) we get

Up(ng) = y*2F([T 7)),
N(g) =y> 3 1(r).

Using Proposition 3.1, we have

@wm (ng’ (b(m)) _ yieQm’m(;{Jr)\Q:er/\u)6727rm)\2y0m(7_7 Z).
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Therefore, using the fact that the Tamagawa measure on SLg(A) is (2£(2))~! times the usual

measure, we obtain

2£<2>H¢m(%,ﬁ o™

_ [SLy(2) ! /F o / / R/ZF ) W )om (2"

Y2
Now inserting the Fourier-Jacobi expansion (219) we get

m A pm) 0 m)) 7, 2 W (T) 0, (T, 2)1"
2Ty (0 T 6") = 1@ s T [ [ Z;frm W (7,2

« eQﬂ'i(rfm)(A2x+)\,u)6727r((m+r))\2y+r) / eQm'(rfm)ndﬂ dA dH 2d$ dy
R/Z Yy

11
= [SL2(Z) : F0(4m)]_le_27rm/ / / Fon (7, 2)B (T) 0 (7, 2) 3"
roam)\H Jo Jo
o dmmZy dAdpdx dy

Y2
= [SLa(Z) : TO(4m)] " te—2™™ /1“0 o /(C/Z+ me(r, )W (T) 0 (7, 2)y"

v)2/y dx' dy' dz dy

y3
where we change variables to write z = 2’ +iy’. Now, substituting the expression (211) for 6,,(7, 2),
the expression (234) for f,,,(7, z) and using the formula

D~ N.—dmm(y)? Yy
O (7, 2) B3 (7 2~ 70 v ! gy = \/; i

« 6—47rm( ’

/z:x’+iy’€(C/Z+TZ
(see [12, p. 60-61]), we get

2QFTym (U, N, 6™ = S (D b ) = €72 (4m) 7 fin, ),

a (mod 2m)

as required. n
3.7. Archimedean calculations. Let m, be the holomorphic discrete series representation of
Spy(R) of scalar weight k, and let 0o, be the holomorphic discrete series representation of SLa(R)

of weight k — 5. Let Wy, (resp., As) be the lowest weight vector in mo (resp., 0oo). Let ¢>Q§L) be
as in (209). In thls subsection, we evaluate the integral

oo (Voo Mg, IV 4

(236) - /S ) / (o0 (19) W0, Woe) 000 (8) Koo o) (s (1)L, 7 i dg.

Here A, is a vector in the antiholomorphic contragredient representation oa.
Lemma 3.6. With the above notations,
Oéoo(\:[/ooa K, ¢(m) . wm) (47r)k+1674m7rmk72

(237) <\I’OO7\IJOO><AOO)AOO><¢OO , oo > N (2]{3—3)F(k‘)
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Proof. Writing
1 b et

S TR R

1 1

we can write the integral (236) as (see p. 132 of [40])

[c.olNe chuNNe el ]

47T////<7T°O(ng)\11007\IJOO><UOO(9)AOO’Aoo><wwg(”9)¢g?),¢g?)>Sinh(2t)dcdadbdt.

0 —o0 —00 —0

By Lemmas 5.1, 5.2 and 5.3 of [40], we have

4et

k
(€2t —1) — c(e? + 1))) ’

{Woo, Woo) a2e2t + b2 + 2 + 2¢2 + i (ab
00 (9) Ao, Ao gyl
<w1/)m (ng)ﬁboo ’ OZZ)> 6%—2ﬂ'm 625126;;’2 —27rim(ab2§:7;i—c)

(65, o8 ((1+e2)/2)1/2
Note that, in the statement of Lemma 5.3 of [40], there is a typo and the denominator is missing

We will first do the c-integral. We have

oo
Too(NG) oo, Uoohe ™2™
(Too(ng)
—0o0
N t
_ / ( de ) —27rz'mcdc
a?e?t + b2 + 2 + 2e? + i(ab(e? — 1) — c(e? + 1))
— 0o
7 t
=( = )k / ( i )ke—Qm‘mch
202t 2 2t
14 e? o NmemeTEEEe H2e +i(m abir >t — mc)
k-1 F t
L / ( de )ke_zmcdc
2t\k 2e2t4h2 42422 1
(1+€ )_Oo m%—l—z( ab€+2t—c)
_ (8meh)P mkt omm @t aen® i gyt 3+

T(k) (142"
In the last integral, we have used Formula 3.382 (7) of Gradshteyn and Ryzhik [16]. Now the inner

integral over a and b is given by

(87Tet)k mk—l % A 2t+b2$1+52t
D(k) (14 e2t)k 2-1/2(1 4 e2t)1/2 / / Ite da db

—00 —00
22k717rk6747rmmk72
(k)

Here, we have used the standard formula f—oo
(Note that in [40], the author has 4¥+1/2 instead of 4F.) The remaining t-integral is elementary,
U

Cosh(t)_k+%.

2y = /7, and a suitable change of variables.

giving the formula (237).
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3.8. Main results. Recall that, for each irreducible automorphic representation o of /S—\]-:Q (A) oc-
curring in SZ‘_ ;1 (T'g(4m)), we constructed in Section 3.5 an orthogonal basis B, C S]j_ ; (Fo(4m))
2 2

of the g-isotypic subspace V,. We now prove our main theorem.

Theorem 3.7. Let k be a positive, even integer, let m be a positive, odd, squarefree integer, and let
F € Si(Spy(Z)) be a Hecke eigenform that is not a Saito-Kurokawa lift." Let f,, € S]j_l(f‘o(élm))
2

be given by (235). Let o be an irreducible automorphic representation of SLa(A) occurring in
S (F0(4m)) and put C = C(0), so that C | m. Let my be the irreducible automorphic repre-

sentation of GLa(A) occurring in Sop_o(To(m)) that is associated to o via the classical Shimura—
Waldspurger correspondence; precisely, by (229),

T = Waldw (5)
The arithmetic conductor satisfies C(my) = C(7) = C(o) = C.
For each prime p, let ap,agjl,ﬂp,ﬁp_l be the Satake parameters of mp at p. For each prime
p1C, let op, (5;1 be the Satake parameters of mo at p. For each prime p | C, let w, be the local

Atkin—Lehner eigenvalue of my at p.
Assume the truth of C’onjecture 1. Then

|(fms WI* fm, B 4kt L(1/2,mp x m)
2 =) 35k 3T ) T 7 Ad) L (170, Ad) [ [re(®.m0).

heB, plm

Above, the global L-functions do not include the archimedean L-factors, and the quantities r,(F, mg)
are given by

(o % ey )2 (8, 12416,

2 .
L T (14 pp- 1/2) (145, p1/2) ifr1C,
rp(F,mo) = }% ifp| C and wy, =1,
0 ifp| C and w, = —1.

Proof. Using Proposition 3.5, we see that for each h € B, we have
(238) [(Fms W) |2 = €™ (4m) 32 4€(2)% | F T ym (U, Mg, ™) 2.

For each h € B,, let Ay, be the adelization of A/, as in Section 3.5. The form Ay generates aém),

(m).

whereas the form that occurs in (238), namely Ay, generates the contragredient representation oy,
Complex conjugation preserves the Petersson norm, so (210), (217), and (227) give

(U, O ) (Apr, A ) (@™, (™)) _ 1
(F,F)(h,h) 8¢%(2)¢(4)
_(m)

Now assume the truth of Conjecture 1, applied to the representation o = o, that contains the
vector A = Ay, By (230),

(239) (4m)*.

Lym(s,mp X U}(lm)) = L(s,mp X m), Lym (s, (7](1 ™) ,Ad) = L(s,m, Ad).

The constant C in (8) equals £(2)~!. The local integral o] (\pr, A qsz ;w;”) is equal to 1 at all
finite places v = p that do not divide 2m by [39]. At v = 2, the calculation of [40, Proposition 4.3
and Section 6] is already made with the conjugated metaplectic vector and gives

m m 1
a#(\PQ;Ah’,Qv(ﬁé ) = -

"The smallest such k is 20.
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o0 (Voo By oo 850 2) 2 tle— A (42
At v = oo, we have by (237), TR h7Ah/ o STy = u (22—3)1“(!)71 . The parameter
B in (8) equals 1 since F' has full level and is not a Saito-Kurokawa lift, and so the degree-five

standard transfer of 7 to GL5(A) is cuspidal. So (8) becomes
| F Ty (P, Apr, ¢U™))|2
(Wr, Ur){An, Apr)(0(m), 6(m))

(240) 24kt le=dmm (4 k=2 L(1/2,7p x m) -
_ . ) I]of = s(m). gym
- 4(2)C(4) (2k. _ 3)1"(k») L(l, TF, Ad)L(l, o, Ad) X s @p (\ijv Ah Do ¢p a¢p )

Multiplying together (238), (239) and (240) gives

|{fms W) 4kt L(1/2,7p x m)

241 =(F,F . (U, Ay ™)™
@41 S = B ) S r i T mp. AV E(Lmo Ad) < L1 (T B @571 077).
plm
Therefore, observing (231)
|fm7 |fm7 O'Z
Z Z Uzaha'L)
heB, i G
— (F.F) 4rk+5 L(1/2,7F x m) % Z HO‘#(\I’ A ¢(m),¢m)
VYT 3(2k = 3)D(k) L(1, g, Ad)L(1, mo, Ad) T = pATE e o2 Tp 0 Tp

4rkt5 L(1/2, 7 % mp) HOz m)
32k — 3)T(k) L(1, 7o, Ad)L(1, mo, Ad) TEps Ty ):

(242) = (FF)
The last factor above, for each p|m, is exactly the quantity deﬁned in (32) with the representation &,.

The result follows from Theorem 2.2. OJ

Corollary 3.8. Keep the notations and assumptions of Theorem 3.7, and define the quantity
Tm(F,m0) := L rp(Fy m0). Then

(fm> fm) 4rkt5 7 L(1/2,mp x m)
(F,F) ~ 32k —3)0(k) & rn(E ) E A AL (L, 7o, Ad)”

where Ty traverses the set of irreducible cuspidal automorphic representations of GLa(A) that occur
in Sag—2(Lo(m)).
Proof. Using orthogonality, with B,, as in (232) we have

(243) fmafm Z ’ fmv Z Z | fmy

he€Bm o heBs
By the Shimura—Waldspurger correspondence for the Kohnen plus space of squarefree level, the map
o — Waldy(G) = 7o is a bijection between the irreducible genuine automorphic representations
occurring in S’j_ ; (F'g(4m)) and the irreducible cuspidal automorphic representations of GLa(A)

occurring in Sor_2(I'o(m)). Hence the outer sum over ¢ in (243) may be reindexed as a sum
over mg, and the result follows from Theorem 3.7. ]

3.9. Upper bounds on Petersson inner products and Fourier coefficients. In this subsec-
tion, we show how our main result, together with the Generalized Riemann Hypothesis (GRH),
implies strong upper bounds on Petersson inner products of half-integral weight forms and Fourier
coefficients of Siegel cusp forms.
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Proposition 3.9. Let k be a positive even integer, let m be a positive odd squarefree integer, and let
F € S;(Sp4(Z)) be a Hecke eigenform that is not a Saito—Kurokawa lift. Let fp, € S]jil(l“o(élm))
2

be given by (235). Let h € SZ_;(F0(4m)) be an eigenform for the Hecke operators T(n?) for
2

all (n,4m) = 1. Assume Congecture 1 and also assume GRH for the L-functions appearing in
Theorem 3.7. Then

k)2

—1/2 € 1/2 2 "
|<fm7h>| <Lem (km) <F7 F> <h7h> kl/2r(k)1/2'

Proof. Since h is an eigenform for the Hecke operators T'(n?) for all (n,4m) = 1, there is a gen-
uine, irreducible, cuspidal automorphic representation o of SLy(A) such that h € V,. Recall that
dim )V, <. m¢. Thus, after changing e, it would suffice to prove the result for h € B,, and we
assume this henceforth.
By Theorem 3.7,
|{fim, h)|? 4kt L(1/2,mp X m)

W < (F,F) 3(2k — 3)['(k) L(1, 7p, Ad)L(1, 7, Ad) }l_TInTp(F, ).

Under GRH, we have
L<1/2,7TF X 7T0)
L(1,7p, Ad)L(1, 7o, Ad)
We next bound the local factors. By temperedness, the Satake parameters «,, 8,, §, have absolute
value one. Thus, if p | m, then r,(F,mp) < % and consequently,

H rp(F,m0) e m™ e
plm

<, (km)°.

Combining these estimates with Theorem 3.7, and using 3(2%75;15‘(@ < M’f(kk), we obtain the desired

result (after replacing € by 2¢). O

3

n ”‘2 T
Next, recall that the nth Fourier coefficient of f,, is equal to Y o<r<2m-1 @ (F, [ itm 2 ] >
r?=—n (mod 4m) 2
If m = 1, the sum above consists of only one term. If m = p is a prime, then the sum consists

of 0, 1, or 2 terms, depending on whether (‘Tfl) equals -1, 0 or 1. But in the case there are two
terms, these two Fourier coefficients of I’ are equal because the corresponding symmetric matrices
are equivalent under the action of GL2(Z) (note that k is even). By combining this observation
with the previous proposition we obtain the following bound on the Fourier coefficients of F.
Proposition 3.10. Let k be a positive even integer, and let F' € Si(Sps(Z)) be a Hecke eigenform
that is not a Saito—Kurokawa lift. Assume Conjecture 1 and GRH. Then, for all S = [b72 bf} with
m equal to 1 or equal to an odd prime, we have

|a(F,S)|

(F, )12

€ (47r)k k_
L (km) m1/2k3/4m(det(8))z

+e€

NS

Proof. Write
fm(z) — Z am(n)62m'nz
n>1
and put n = 4det(S). By the observation preceding the proposition,

|a(F,5)| < [am(n)].
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Expanding f,, in the orthogonal basis B,,, we obtain

| fm7 |ah( )’
|am (n)| < Z (h, h1/2 (h, h)1/2"

h€Bm
By the preceding proposition,
|(fm, P —1/2 € 1/2 mk/2
(ho )12 Lem™ 2 (km)(F, F) FRT ()1

On the other hand, Waldspurger’s theorem [36] in the explicit form of [5, Theorem 10.1] (see also
[19, Proposition 2.2]), together with GRH and the standard Hecke relations for Fourier coefficients
whose indices differ by a square (see [19, Lemma 2.1]) give

’ah(n)‘ 2k—1ﬂ.k/2+1/4

———= L (kmn)km ————=n

Here we have also used the usual dimension estimate
dim S,”, (To(4m)) < km.
2

k_3
271

Combining the preceding estimates gives
\a(F, S)‘ 2k717rk+1/4k.1/2 £ 3
1/2 T na2 4
(F, F>1/2 F(k)1/2f(k— §)1/2
Since n = 4 det(.S), the duplication formula and Stirling’s formula give
ok—1_k+1/4).1/2 ]{33/4(47T)k
T4 L —7
(k)20 (k — §)1/2 (k)

This completes the proof. ]

L (kmn)m

[NIES

W

Now suppose that S is primitive. Then we know that it represents infinitely many primes (in
fact, it represents a positive proportion of primes; see [18, Theorem 1 (i)]). Put min, S = 1
if S represents 1, and let min,.S be the smallest odd prime represented by S otherwise, so that®
miny,, S < co. We can replace S by a matrix S’ in its SLy(Z)-equivalence such that a(F, S) = a(F, S")
and the bottom right entry of S” equals miny,,S. Therefore, Proposition 3.10 may be rephrased as

la(F,5)| €(1s 1/2+€ 3/4( )

(F, )12 K¢ k(minp,.S) k T'(k) (det(S))
The bound (244) may be viewed as conditional progress toward a deep conjecture of Resnikoff and
Saldana [29], which predicts that

(245) |a(F, 8)| <y | det(S)[2 75T,

It is interesting to compare the conditional bound (244) with the conditional bound obtained in
[10, Corollary 1.2], where it was shown, assuming GRH, that

|a(F, S)| 12 (4m)* Liaab]

T« kY2 det(S *e,

(S FRgy e

The bound in [10] relied on the GGP identity for Bessel periods, in contrast to the bound (244),
which uses the GGP identity for Fourier—Jacobi periods.
The best currently known unconditional bound toward (245) is due to Kohnen [23], who proved

that [a(F,5)| <pe |det(S)|§_§+€. Kohnen’s result relies on the following bound:
|a(F, S)| < p.e (min S)>/ 18 det(S)2 27,

k
2TaTe

L[]

(244)

8Under GRH, it can be shown that for “typical” S, we have min,, S <. (det §)'/2*<; see [33, Corollary 1.4].
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where min S denotes the smallest integer represented by S. We also refer to a recent paper of
Assing [4] for some related results.

3.10. Non-vanishing. We end with an application of our main result to non-vanishing of central
L-values.

Proposition 3.11. Let k be a positive even integer, and let F' € S(Spy(Z)) be a Hecke eigenform

that is not a Saito—Kurokawa lift. Assume Conjecture 1. Then, for each positive, odd, squarefree

integer m such that the form f,, € S;_l(l“o(élm)) defined in (235) is nonzero, there exists a classical
2

newform g of weight 2k — 2, trivial character, and level dividing m such that

L(%,?TF X 71'9) # 0.
Proof. This is immediate from Corollary 3.8. g

Remark 3.12. It is known (see, e.g., Section 5.2 of [19]) that the set of primes p such that f, # 0
has positive density. Proposition 3.11 implies that for each such prime p, there is a newform
g € Sap—2(To(m)) with m € {1,p} with L(1/2,7p X my) # 0.

Remark 3.13. A recent theorem of Manickam [24, Theorem 1] asserts that the first Fourier—Jacobi

coefficient of F is nonzero. This claim, if true, would imply, by [12, Theorem 5.4] and the previous

proposition, that L(%,ﬂ'F X 7rg) # 0 for some Hecke eigenform g € Sor_o(SLa(Z)). This would be

a remarkable nonvanishing result: the family has size < k, while the analytic conductor is =< kS.
Unfortunately, there appears to be a gap on page 410 of [24]. The identity

(246) Cy(D,r) = ay|z,(|D])

given there is incompatible with the Fichler—Zagier map Z, (defined correctly on page 406). Indeed,
if D =12 —4np < 0 and (r,p) = 1, then the two square roots of D modulo 2p are v and —r, and
hence the correct identity (using that k is even) is

(247) 2C4(D, 1) = ay)z,(|D]).

Once this correction is made, the two equations compared at the bottom of page 410 are identical,
and their subtraction yields only 0 = 0. Hence the claimed contradiction, and therefore the proof of
[24, Theorem 1], does not follow.”
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