
Infrared bound

For f1, · · · , fn ∈ S(R), let

Zn(f1, · · · , fn) =

∫ n∏
j=1

{
dsjfj(sj) exp(−(sj − sj+1)

2)
}

where sn+1 = s1.

Proposition 1. If f1, · · · , fn ≥ 0, then

Zn(f1, · · · , fn) ≤
n∏

j=1

Zn(fj, · · · , fj)1/n .

The proof goes as follows. For a > 0 and F,G ∈ S(R2), define

Qa(F,G) =

∫
R2

d2x

∫
R2

d2yF (x)Ḡ(y) exp(−(x1 − y1)2 − a(x2 − y2)2) .

Lemma 1. Qa(F, F ) ≥ 0.

Proof. Let ua(x) = exp(−x21 − ax22), then ûa ≥ 0, hence

Qa(F, F ) = 〈F ∗ ua, F 〉 = 〈F̂ ûa, F̂ 〉 =

∫
R2

d2ξ|F̂ |2ûa ≥ 0 .

Obviously, Qa(G,F ) = Qa(F,G). Hence Qa is a positive semidefinite
bilinear form on S(R2).

Corollary 1. |Qa(F,G)| ≤
√
Qa(F, F )Qa(G,G).
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Proof of Proposition 1. First consider the case n = 2m. Denote

F (x) =

∫
Rm−2

m−1∏
j=2

dsj

m∏
j=1

fj(sj)
m−1∏
j=1

exp(−(sj − sj+1)
2) ,

where s1 = x1, sm = x2. Also set

G(x) =

∫
Rm−2

m−1∏
j=2

ds′j

m∏
j=1

fm+j(s
′
j)

m−1∏
j=1

exp(−(s′j − s′j+1)
2) ,

where s1 = y2, sm = y1. Then

Z2m(f1, · · · , f2m) = Q1(F,G) ≤
√
Q1(F, F )Q1(G,G)

=
√
Z2m(f1, · · · , fm, fm, · · · , f1)Z2m(f2m, · · · , fm+1, fm+1, · · · , f2m) .

Rotating each term and iterating, we obtain the claim.
Now consider n = 2m− 1. Denote

F (x) =

∫
Rm−2

m−1∏
j=2

dsj

m−1∏
j=1

fj(sj)
√
fm(sm)

m−2∏
j=1

exp(−(sj − sj+1)
2) ,

where s1 = x1, sm = x2. Also set

G(x) =

∫
Rm−2

m−1∏
j=2

ds′j
√
fm(s1)

m∏
j=2

fm−1+j(s
′
j)

m−1∏
j=1

exp(−(s′j − s′j+1)
2) ,

where s1 = y2, sm = y1. Then

Qa(F,G) ≤
√
Qa(F, F )Qa(G,G) .

Letting a→∞, we obtain:

Z2m−1(f1, · · · , f2m−1) ≤
√
Z2m−1(f1, · · · , fm−1, fm, fm−1 · · · , f1)

×
√
Z2m−1(f2m−1, · · · , fm+1, fm, fm+1, · · · , f2m−1) .

Again, we rotate and interate.
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