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Abstract

In this thesis, we introduce Bayesian filtering as a principled framework for tackling di-
verse sequential machine learning problems, including online (continual) learning, pre-
quential (one-step-ahead) forecasting, and contextual bandits. To this end, this thesis
addresses key challenges in applying Bayesian filtering to these problems: adaptivity to
non-stationary environments, robustness to model misspecification and outliers, and scala-
bility to the high-dimensional parameter space of deep neural networks. We develop novel
tools within the Bayesian filtering framework to address each of these challenges, includ-
ing: (i) a modular framework that enables the development adaptive approaches for online
learning; (ii) a novel, provably robust filter with similar computational cost to standard
filters, that employs Generalised Bayes; and (iii) a set of tools for sequentially updat-
ing model parameters using approximate second-order optimisation methods that exploit
the overparametrisation of high-dimensional parametric models such as neural networks.
Theoretical analysis and empirical results demonstrate the improved performance of our

methods in dynamic, high-dimensional, and misspecified models.



“You know, allowing awareness for something that’s unlikely is not a dis-
ease,” she said. “If you’re talking about a filter, you should understand how
they work. Optimal filters will still block a few things that you actually wanted
to go through—and will still allow for some things that you wanted to block
to instead go through. That’s for an optimal filter” [...] A species like ours,
with survival so clearly based on intelligence and information, should not block
the risk of blocking and throwing away potentially valuable ideas.

—Professor Karl Deisseroth, “Connections”
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Chapter 1

Introduction

Sequential problems are central to machine learning and arise in a variety of settings,
including test-time adaptation (Schirmer et al., 2024), prequential forecasting (Gama

et al., 2008), neural bandits (Riquelme et al., 2018), online continual learning (Dohare

et al., 2024), and deep reinforcement learning (Asadi et al., 2024). These problems can
be formulated as online learning tasks, where an agent observes a time-indexed sequence
of data and predicts the next unobserved value in the sequence (Zhang, 2023, Chapter
1). Typically, predictions are informed by past observations and may depend on additional
exogenous variables, referred to f@mtures

Filtering methods provide a principled framework for tackling such challenges in se-
quential decision-making. These methods focus on inferring the unknown state of a
dynamic system from noisy observations, making them well-suited for parametric online
learning tasks where the unknown state are taken to be the model parameters. Among
Itering methods, the Kalman Iter (KF) has been particularly in uential, serving as a
foundational algorithm that has inspired numerous extensions and applications (Leondes,
1970; Grewal and Andrews, 2010). Figure 1.1 presents an example of a two-dimensional
dynamical system (top panel), which seeks to recover from a one-dimensional projection
(bottom panel).

Arguably, the widespread appeal of Itering methods stems from three key properties:
extensibility, a Bayesian foundation, and broad applicability. First, the extensibility of
Itering algorithms has enabled researchers to develop numerous variants of the KF. For
instance, extensions have made the KF (@bust to outlier measurements (West, 1981),

(i) adaptive to non-stationary environments (Mehra, 1972), and (iigcalableto high-
dimensional state and observation spaces (Evensen, 1994). Variants of the KF remain
an active area of research, with e orts to further improve robustness, adaptability, and
scalability (see e.g., Tao and Yau, 2023; Zhu et al., 2022; Vilmarest and Wintenberger,
2024; Chen et al., 2022; Schmidt et al., 2023; Greenberg et al., 2023).

Second, the Bayesian interpretation of Itering methods, commonly referred to as
Bayesian lters (Sarkka and Svensson, 2023, Chapter 1), provides a probabilistic frame-
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Figure 1.1: One-dimensional projection of a noisy-two dimensional dynamical system. In the top panel,
the gray arrows represent the underlying evolution of the system and the black dots show the sampled (but
unknown) locations of the system. In the bottom panel, the red dots show the observed measurements
projected onto a one-dimensional plane. The red vertical lines denote the projection from latent space to
observation space.

work for sequential decision-making. This perspective has inspired algorithms such as par-
ticle lters (Doucet et al., 2009) and variational-Bayes Iters (Sarkka and Nummenmaa,
2009), which extend the applicability of Bayesian Iters to non-linear and non-Gaussian
systems.

Third, Itering methods are widely applicable beyond their traditional use in phys-
ical systems. Applications include nancial modelling (Wells, 2013), signal processing
(Basseville et al., 1993, Chapter 3), and other domains where dynamic systems must be
monitored and predicted.

Motivated by these three properties, in this thesis, we advocate for a more prominent
role of ltering methods in machine learning. Specically, we leverage ltering tech-
niques to design novel online learning algorithms that are (i) robust, (ii) adaptive, and
(i) scalable. Our approach treats the Bayesian framework as an algorithmic tool for
rationalising and formalising experience accumulation (Peterka, 1981; Breiman, 2001).
In contrast to the classical Itering perspective, we do not assume expert knowledge of
the data-generating process. Instead, the resulting methods aim to maximise predictive
performance by dynamically learning parametric (and potentially non-linear) models based
solely on available observations and features.

The methods and frameworks developed in this thesis build upon the foundational prin-
ciples discussed above, extending them to address challenges in robustness, adaptability,
and scalability within online learning. The rest of this thesis is organised as follows:

Chapter 2 introduces basic concepts used throughout the thesis, including prequential
forecasting and Bayes' rule as a mechanism for sequentially updating model parameters.
This chapter revisits classical results in recursive statistical learning, extends these results

17



to non-linear observation models such as neural networks, and examines recent advances
in recursive estimation.

Chapter 3 develops a framework for adaptive online learning, building on hierarchical
Bayesian models and lItering methods, as outlined in Duran-Martin et al. (2025).

Chapter 4 focuses on the robustness of the methods introduced in Chapters 2 and
3 against outliers and misspeci ed observation models. After reviewing prior work in
this area, we present a lightweight approach proposed in Duran-Martin et al. (2024),
which leverages the generalised-Bayes principle by replacing the traditional log-likelihood
in posterior computation with a more exible loss function.

Chapter 5 addresses the scalability challenges of Bayesian Itering methods for online
learning. Drawing from the work in Duran-Martin et al. (2022); Cartea et al. (2023b);
Chang et al. (2023), we propose three novel strategies: training a linear subspace of
model parameters, using low-rank posterior covariance matrices, and employing last-layer
methods to separate feature transformation from observation approximation.

Finally, Chapter 6 summarises the key ndings of this thesis and outlines directions
for future research.

18



Chapter 2

Recursive Bayesian online
learning

In this chapter, we approach the problem of parametric online learning from a Bayesian

Itering perspective. Here, the focus is the recursive estimation of the posterior density

over model parameters. We review how the Kalman Iter can be viewed as a form of

Bayesian online learning for linear models, and explore methods to incorporate non-linear
measurement models, such as those used in neural networks.

The remainder of this chapter establishes the foundations for both sequential closed-
form and xed-point methods to compute or approximate the posterior density.

Section 2.1 introduces the problem of prequential inference and the recursive estima-
tion of model parameters. Section 2.2 reviews the multivariate Gaussian and its properties,
which we use throughout the thesis. Section 2.3 presents a recursive approach for up-
dating model parameters assuming that both, the parameter dynamics model and the
measurement model, are Gaussian and linear. This includes a recursive variant of the
Ridge regression algorithm. Section 2.4 relaxes the assumptions of linear and Gaussian
measurement models and presents various methods to obtain closed-form approximations
of the posterior density under non-linear measurement models. Section 2.5 introduces
state-space models in the context of sequential learning and demonstrates how ltering
generalises probabilistic sequential learning of model parameters. Finally, Section 2.8
concludes the chapter with an outlook for the remainder of this thesis.

2.1 Recursive Bayesian inference

(prequential) forecast (Gama et al., 2008) fgr.; conditioned on the feature;+; and
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the data up to timet, i.e., Dy.¢. In our setting, one observes;.; just before observing
yi+1 ; thus, to make a prediction about.; , we have bottD; andx.; at our disposal.
To establish a link between the features.; and the measurement;.1 , we consider
a probability density of the measuremepty:+1 j ;Xt+1) such that
Z
YeP(Yt] ;x0)dyr = h( ;X¢): (2.1)

Hereh : R® RM I RO is called the measurement function. Following a probabilistic
approach, an estimate foy:+1, having dataD;.;, featuresx+; , and the measurement
function h is given by the posterior predictive mean
Z
Yis1 = Ep[n( ;Xt+1)jD1el = h( X)) p( jD1e)d (2.2)

wherep( jDg1.t) is the posterior density over model parameters.

Throughout this work, the notationp(y:j ;X:) represents the probability density
of the measurementy;, given the latent (unknown) model parameters 2 RP and
the featuresx;. Similarly, p( jD1.t) represents the probability density of the model
parameters given the data up to timd it re ects the belief over the model parameters
after having seen datapoints.

A natural approach to construct the posterior densfiy jD1.t), wheneveD;.t arrives
in a stream, i.e., one datapoinD; at a time, is through Bayes' rule suppose we have
access top( jD1t 1), with t < T, and we are presented witB; = ( X¢;y¢), which we
model through the likelihoogb(y;j ;X) Then,

p( jD1t)/ p( jD1t 1) P(Dij )
= P(_J%u 12 P(lb ;th; (2.3)

prior density likelihood

where the second line in (2.3) follows from the assumption of an exogereus

Given the initial conditionp( ) = p( jD1), with D19 = fg, recursive and closed-
form estimation of (2.3) is obtained whenevpt jD1: 1) andp(y:j ;Xt) are conjugate,
i.e., the functional form ofp( jD;.) isthatof p( jD1. 1) (Robert et al., 2007, Section
3.3). As a consequence, the parameterisation over model parameters is characterised in
such a way that it only depends on a set of parameters, which are recursively updated.

2.1.1 Example tasks

Here, we give some examples of machine learning tasks which can be tackled using recur-
sive inference. We group these examples into unsupervised tasks and supervised tasks.

1The features x1+1 and measurementsyi+1 can span di erent time-frames. For example, Xt+1 can
be the state of the stock market at a xed date and yt+1 Iis the return on a stock some days into the
future.
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Unsupervised tasks

Unsupervised tasks involve estimating unobservable quantities of interest from the data
Di.t. Below, we present three common tasks in this category.

Segmentation Segmentation involves partitioning the data stream into contiguous sub-
sequences or blocksfD 1., ; Dt,+1:t,; - :0, where the DGP for each block is governed by

a sequence of unknown functions (Barry and Hartigan, 1992). The goal is to determine
the points in time when a new block begins, known as changepoints. This is useful in
many applications, such as nance, where detecting changes in market trends is critical
(see e.g., Arroyo et al. (2022)). In this setting, non-stationarity is assumed to be abrupt
and occurring at unknown points in time. We study an example in Section 3.5.3. For a
survey of segmentation methods, see e.g, Aminikhanghahi and Cook (2017); Gupta et al.
(2024).

Filtering using state-space models (SSM ) Filtering estimates an underlying la-
tent state ; that evolves over time (often representing a meaningful concept). The
posterior estimate of ; is computed by applying Bayesian inference to the corresponding
state space model (SSM), which determines the choice of (M.1: likelihood), and how the
state changes over time, through the choice of (M.3: prior). Examples include estimating
the state of the atmosphere (Evensen, 1994), tracking the position of a moving object
(Battin, 1982), or recovering a signal from a noisy system (Basseville et al., 1993). In this
setting, non-stationarity is usually assumed to be continuous and occurring at possible
time-varying rates. For a survey of Itering methods, see e.g., Chen et al. (2003).

Segmentation using Switching state-space models (SSSM) In this task, the mod-

which may change value at each time step according to a state transition matrix. The
parameters of the rest of the DGP depend on the discrete state The objective is to
infer the sequence of underlying discrete states that best explains the observed data
(Ostendorf et al., 1996; Ghahramani and Hinton, 2000; Beal et al., 2001; Fox et al., 2007;
Van Gael et al., 2008; Linderman et al., 2017). In this context, non-stationarity arises
from the switching behaviour of the underlying discrete process.

Supervised tasks

Supervised tasks involve predicting a measurable outcgmdJnlike unsupervised tasks,

this allows the performance of the model to be assessed objectively, since we can compare
the prediction to the actual observation. We present three common tasks in this category
below.
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Prequential forecasting Prequential (or one-step-ahead) forecasting (Gama et al.,
2008) seeks to predict the valug.; givenDj.; and X¢+1 . This is distinct from time-
series forecasting, which typically does not consider exogenous variahl@sd thus can
forecast (or roll out ) many steps into the future. We study an example in Section 3.5.1.
For a survey on prequential forecasting under non-stationarity, see e.g., Lu et al. (2018).

Online continual learning (OCL) OCL is a broad term used for learning regression
or classi cation models online, typically with neural networks. These methods usually
assume that the underlying data generating mechanism could shift. The objective of
OCL methods is to train a model that performs consistently across both past and future
data, rather than just focusing on future forecasting (Cai et al., 2021). The changepoints
(corresponding to di erent tasks) may or may not be known. This setting addresses
the stability-plasticity dilemma, focusing on retaining previously learned knowledge while
adapting to new tasks. We study an example of OCL for classi cation, when the task
boundaries are not known, in Section 3.5.1. For a survey on recent methods for OCL, see
e.g., Gunasekara et al. (2023).

Contextual bandits In contextual bandit problems, the agent is presented with fea-
turesxt+1 , and must choose an action (arm) that yields the highest expected reward (Li
et al., 2010). We lety;s; 2 R* whereA > 2 is the number of possible actions; this
is a vector where the-th entry contains the reward one would have obtained had one
chosen arma. Let yt(a) be the observed reward at timeafter choosing arng, i.e., the
a-th entry of y;. A popular approach for choosing the optimal action (while tackling
the exploration-exploitation tradeo ) at each step is Thomson sampling (TS) (Thomp-
son, 1933), which in our setting works as follows: rst, sample a parameter vector from
the posterior, 7 from p( {jD1.t); then, greedily choose the best arm (the one with the

highest expected payo )ai+1 = argmax, t(fi , wherey .1 = h(;X¢+1); and m(fi is

the a-th entry of Y., ; nally, receive a rewarcyt(ff‘l+1 ). The goal is to select a sequence
of armsfay;:::;ar g that maximises the cumulative reward tT:l yt(a‘). TS for contex-
tual bandits has been used in a number of papers, see e.g., Mellor and Shapiro (2013);

Duran-Martin et al. (2022); Cartea et al. (2023a); Alami (2023); Liu et al. (2023).

2.2 The multivariate Gaussian

An important concept that we use throughout this thesis is that of the multivariate
Gaussian density.

Denition 2.1. Letx 2 R°, 2 R%° and an(o o) positive-de nite matrix. The
density function of a multivariate Gaussian with meanand covariance matrix is

N(xj 3 )=@ ) °?) j Pexp %(X )tk ) (24
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Gaussian densities are, in many cases, used for computational reasons. This is because
it has mathematical properties that allows us to work with equations of the form (2.2) and
retain a Gaussian structure. In particular, the following two propositions will be extensively
used through this chapter to derive recursive updates.

Proposition 2.2. Letx 2 RV andy 2 R° be two random vectors such thgs(x) =
N(xjm;P) andp(yjx) = N(yjHx + b;S). The joint density for(x;y) is also

multivariate Gaussiap(x;y) = N (X;y)] . xy With
h i
xy = M Hm+Db; (2.5)
" | #
P PH
— : 2.6
> HP HPH | +5s (2.6)
Proof. See Appendix A in Sarkka and Svensson (2023). O

Proposition 2.3. Letx 2 RM andy 2 R° be two random vectors with joint density

function R A #1
X a A c!
X:y)= N ; : 2.7
p(x;y) y b'c B (2.7)
Then

p(x)= N(xja;A); (2.8)
p(y) = N(yjb;B); (2.9)
p(xjy)= N(xja+ CB (y b);A CB cl); (2.10)
p(yjx)= N(yjb+ C'A Y(x a);B ClAC): (2.11)
Proof. See Appendix A in Sarkka and Svensson (2023). O

2.3 Linear and Gaussian measurement models

In this section, we present an algorithm to compute recursive updates whenever the prior
density at timet is Gaussian, i.ep( jD1t 1) = N( j  1; t 1), and the measure-
ment model is linear and univariate Gaussian, igy:j ;Xt) = N (ytjx{ ;2) with
known variance 2. Hereh( ;x;) = xl and, as we will showEp[h( ;X:)jD1+t] =
h( ;x¢) = x{ - The assumption of Gaussianity is convenient because it (i) provides
a prior over each model parameter that spans the real line, (ii) preserves closed-form up-
dates to the posteriop( jDi.t), and (iii) its rst and second moments fully characterise
the density.

A classical statistical model that can be interpreted having a Gaussian prior for the
model parameterp( ) and Gaussian measurement mog@éy; j ;X) is Ridge regression.
We recall the Ridge regression in the proposition below.
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Proposition 2.4 (Ridge regression)Consider the dataseDi.t such thatD; = (X 2
RM :y, 2 R), with measurement moded(y:j ;x:)= N(yijx! ; 2),with > 0, and
and priorp( )= N jO; 21 ,for > 0. SupposeCov (yi;yjj ;Xi;X;j) =0 for all
i 6 j. Then,

Ar= E[ jDeT]=(XE X+ 1) XDy (2.12)
WithX=[x|;:::;x|T]|,Y=[y1;:::;yT]|,and = 2= 2,
Proof. See Section 3.4.1 in Hastie et al. (2009). O

If the dataD;.t arrives in a stream, we can estimate the posterior denpityjD1:t)

Proposition 2.5 (Multivariate recursive Bayesian linear regressio)onsider the dataset
Dyt with Dy = (x; 2 RM;y, 2 R?), and the measurement model(y;j ;x{) =

N (ytjx{ Rt) with known covariance matriXR;. SupposeCov (yi;y;j ) = 0 for
i6 0 Letp( )= N( j o o) be the initial prior density over the model parameters.
Then, the posterior density at time takes the formp( jD1+)= N( | ; ) with

St:Xl t 1Xt + Ry;
_ 1.
Ki= t 1X¢§ 7
t 1+ Ke(ye X{ t 1)

(l KtXt) t 1-

(2.13)

t

t

Proof. Following an induction argument, suppog® jDi: 1) = N(C j ¢ 17 ¢ 1)-
From proposition 2.2, the joint density fof ;y:), conditioned onD;.; ; and x; takes
the form of a Gaussian density with mean

h i
Pooxb oy (2.14)

and covariance matrix " #

t 1 t 1Xt .
| | : (2.15)
Xt t1 X¢ t X+ Ry

Then, by Proposition 2.3, the density for conditioned onDj.; 1, X; andy; is Gaussian
with mean and covariance matrix given by
St= x| ¢ X+ Ry
(= 1t oSty o) (2.16)
t 15 t1 thI tlxltli

O

Proposition 2.6. The estimate of the mean ; in (2.13) is the exact posterior mean,
i.e.,, t = E[ jD1r], and matches the Ridge regression estimétel2) wheneveio =1,
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0=0, o= Z?l,andRy= Z?forallt2f1;:::;Tg.
Proof. See Kelly (1990); Ismail and Principe (1996). 0

Proposition 2.6 shows that, in the linear and Gaussian case, the nal estimate of
the recursive update of model parameters matches thiee batch estimate of model
parameters. We summarise the recursive Bayesian linear regression method in Algorithm
1.

Algorithm 1 Pseudocode for the recursive Bayesian linear regression.
Require: Dy1, p( )= N( ] o o)

2: S = X![ t 1 Xt + Ry

3: t t 1t ot XS l(Yt { 1Xt)
4 t t 1 th{ tlxt t 1

5 p( jDi)=N(j ¢ 1)

6: end for

The following example shows a numerical analysis of the results in Proposition 2.4
and Proposition 2.5

2.3.1 Example: recursive and batch Ridge regression

Consider the dataseD;.t with D; = (X; 2 R?;y; 2 R) such thaty; = x{ + e, with

2 R? the true model parameters ang(e;) = N (e;j0;1). The left panel in Figure
2.1 shows the estimate for, 2 R? along with the Ridge estimaté,. The right panel
in Figure 2.1 shows the root mean squared error (RMSE) evaluated overl@-out test
setD. for the Ridge estimate and the recursive-Bayes estimateas a function of the
number of datapoints processed. We observe that the parameters of the recursive-Bayes

Figure 2.1: (Left panel) Mean estimate of the parameters. The solid lines correspond to the recursive-
Bayes estimate of the mean. The dashed lines correspond to the o ine estimate of the mean using Ridge
regression. (Right panel) RMSE on a held-out test set.

estimate , tend to, and eventually match, the Ridge estimate of model parameters. As a
consequence, the RMSE on the held-out set for the recursive-Bayes estimate match that
of the Ridge estimate af .
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2.4 Non-Gaussian and non-linear measurement models

In some scenarios, the assumption of a linear Gaussian measurement model can be overly

restrictive. For instance, when the measurement mobglis parametrised by a neural

network, h; is a non-linear function of . Alternatively, in linear classi cation problems,

the measurement model is best represented by a Bernoulli mass function, with mean
( ! x¢), where :R! [0;1]is the sigmoid function.

In these scenarios when the measurement model is either non-Gaussian or non-
linear the likelihood is no longer conjugate to a Gaussian prior over the model parameters.
As a result, the posterior density, such as those that use (2.13), are no longer available.
To address this challenge, we rely on approximations to the posterior density or Monte
Carlo (MC) methods.

MC methods are commonly used to sample from (2.3) when an analytical form is either
unknown or intractable. In these cases, (2.2) is approximated by the samples from the
posterior. A wealth of literature exists on sample-based approaches for posterior inference.
For detailed discussions, see Barbu et al. (2020) for Markov Chain Monte Carlo methods,
Doucet et al. (2009) for online particle Itering, and Naesseth et al. (2019) for batch
sequential Monte Carlo (SMC) techniques.

Functional approximations to the posterior, which is the primary focus in this thesis,
include techniques such as variational Bayes or linearisation schemes. These computations
are more tractable in many practical scenarios. We will honetheless provide examples
where sample-based methods are employed.

2.4.1 Variational Bayes

A popular approach to approximate the posterior density is through the use of variational
Bayes (VB). In VB, the posterior density is typically written as an optimisation problem
over a set otandidatedensities living in a sef that most closely resembles the posterior
densityp( jD1.¢) up to a normalisation constant. In this text, our notion of closeness
between the densityg 2 Q and the posterior density is based on the Kullback-Leibler
(KL) divergence (Kullback and Leibler, 1951) which we recall below.

De nition 2.7. (Kullback-Leibler divergence) Let p and g be probability densities
de ned over the same domain. Then, the KL divergenceqdfom p is de ned as
Z
( al )

( = q() log m d: (2.17)

o]
~

D (a( )jip( ) = Eq log

)
~

See Soch et al. (2020).
A useful result that we will use throughout the thesis is that of the form of the KL
divergence between two multivariate Gaussians.

Proposition 2.8. Letpy(x)= N (Xxjmy; S;) andpa(x) = N (Xxjmy; Sy) be twoM -
dimensional multivariate Gaussian densities. Then, the KL divergence betpeand p;
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takes the form

D (P2(x) i p2(x))

Dk (N (xjmy; Sp) jiN (xjm2; S)) (2.18)

1 .
> Tr S,'S; +(m2 my)!S,'(m2 mi1) M +log(jS:j=iSij) :

Proof. See Section 6.2.3 in Murphy (2022). O

Armed with a notion of closeness, we now de ne the objective of a VB method.

De nition 2.9. (variational approximation) Let p be a density with supportiom(p)
and Q a collection of candidate densities wittlom(g) = dom(p) for all g2 Q. The
variational approximation of, under a KL divergence, selects 2 Q according to the
criterion

a()=argmin Dy (9( )jip( )): (2.19)
a2Q

Criterion 2.19 recovers exact Bayesian updating (2.3Qifincludes the Bayesian pos-
terior within its family, i.e.,q ( )= p( ) if p2 Q (Knoblauch et al., 2022).

Examples of VB for estimation of model parameters include the Bayes-by-backpropagation
method (BBB) of Blundell et al. (2015), which assumes a diagonal posterior covariance
(more expressive forms are also possible). Nguyen et al. (2017) extended BBB to non-
stationary settings. More recent approaches involve recursive estimation, such as the
recursive variational Gaussian approximation (R-VGA) method of Lambert et al. (2022)
which uses a full rank Gaussian variational approximation (see Section 2.4.2); the limited-
memory RVGA (L-RVGA) method of Lambert et al. (2023), which uses a diagonal plus
low-rank (DLR) Gaussian variational approximation; the Bayesian online natural gradi-
ent (BONG) method of Jones et al. (2024), which combines the DLR approximation
with EKF-style linearisation for additional speedups; and the natural gradient Gaussian
approximation (NANO) method of Cao et al. (2024), which uses a diagonal Gaussian
approximation similar to VD-EKF in Chang et al. (2022).

The following section outlines an important VB method for recursive estimation of a
Gaussian density under non-linear measurement functions and non-Gaussian measurement
models.

2.4.2 The recursive variational Gaussian approximation

The recursive variational Gaussian approximation (R-VGA), introduced in Lambert et al.
(2022), constructs a sequence of variational Gaussian approximations. We outline this
method below

De nition 2.10 (R-VGA). Consider the dataseD;.t with D; = (x;{ 2 RM;y, 2 B
R%). Letap( )= N( | o o) with priormean ,2 RP and(D D) covariance matrix
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o- The R-VGA method estimates a VB density for tlyg measurement according to
a()=argmin Dy (o )liPlyel o 1()=20); (2.20)

R
whereQ is the family of multivariate Gaussian densities afd=p(y:j )q 12( )d .
Because the Gaussian density is characterised by its mean and covariance matrix, the VB
criteria (2.20) can be written as

pov=argmin D NCj o5 )jip(yed INCJ ¢ 15 ¢ 1)=20 0 (2.21)

If the measurement model is absolutely continuous with respect to the model param-
eters and the observationyg .t are independent conditionally on, then the R-VGA is
show to have updates fay (and hence , and ) as

t= ¢ 1+t t 1Eq[r logp(ytj ;xu)l;

1 1

. . (2.22)
t Tt Eq 1 “logp(ytj :Xt) :

See Theorem 1 in Lambert et al. (2022) for a proof.

The right hand side of (2.22) requires the computation of the expected gradient and
hessian of the log-likelihood according to the variational approximation at timén this
sense, (2.22) correspond to an implicit update, i.e., the estimateqofs obtained after
multiple inner iterations of (2.22). We summarise the R-VGA method in Algorithm 2.
In Algorithm 2, the termsEgq [r logp(ytj ;X¢)] and Eq[r ?logp(y:j ;X:)] can be

Algorithm 2 Pseudocode for the R-VGA.

Require: datasetD;.t with Dy = (X¢;VYt)

Require: initial state of model parametergo( )= N( j o o)
Require: number of iterationd 1

2: [l Initialise ; and

3 t t 1

4: t t 1

5 q()=N(C] ¢ 1)

6. fori=1;:::;1 do

& t t 1t t 1Eq[r logp(yt] ;Xt)]
8: " b Eqlr 2logp(yej sxo)l
9: a( )=NCJ ¢ 1)

10: end for

11: end for

estimated through sampling becausex( )= N ( j ¢; ), then

x
Ealo( )] = g © (2.23)



whereg:RP I RK K 1,S 1isthe number of samples, and® is a sample from
a multivariate Gaussian with mean, and covariance matrix .

The terms in (2.22) resemble those in (2.16). In fact, the next proposition shows that
R-VGA has the Bayesian recursive linear regression as a special case.

Proposition 2.11. Consider a linear Gaussian model fqr2 R°, so thatp(y{j ;xt)=
N (Yt ] x{ ;Rt). Then the R-VGA updatg(2.22) matches that of (2.13). As a conse-
guence, it also matches the true posterior dengify ; jD1:¢).

Proof. See Theorem 2 in Lambert et al. (2022). O

As we have seen, the R-VGA method provides a recursive approach to approximate the
posterior density whenever the rst- and second-order derivates of the log-measurement
density are de ned. In the following two experiments, we evaluate the R-VGA methods.
Example 2.4.3 sequentially estimates the parameters of a logistic regression model and
Example 2.4.4 sequentially estimates the parameters of a neural network to tackle a non-
linear classi cation problem.

2.4.3 Experiment. R-VGA for logistic regression

In this experiment, we consider the problem of sequential estimation of model parameters
for a binary classi cation problem. Assume that we observe a sequence of datapoints
Dy7 with Dy = (x; 2 RM;y, 2 f0;1g). We model the measuremenig as Bernoulli

with mean (h( ;xy)), i.e.,

p(yj ;x)=Bern(yj (h( ;x)): (2.24)

Here, (z) = (1+exp( z)) ! is the sigmoid function andern(yjp)= p (1 p)t Y
is the Bernoulli probability mass function. For the logistic regression, we Hgvex) =
I x. As a consequence, the log-likelihood is given by

log p(yej ixt)=yilog ( 'x)+(L  yi)logl  (!xi): (2.25)

To apply the R-VGA to the logistic regression model (2.24), we require to compute the
rst and second-order derivatives of (2.25), which can be readily done either explicitly
or implicitly with the use of autodi erentiation computer libraries such as Jax (Bradbury
et al., 2018), as well as sampling from the posterior density, as shown in (2.23). For this
experiment, we takey( o) = N ( jO; I).

Figure 2.2 shows the decision boundaries for the logistic regression model as a function
of the number of processed measurements. Next, Figure 2.3 shows the evolution of
the mean estimate of the model parameters for the logistic regression and two standard
deviations. We observe that the model parameters gradually convergence to the batch
(o ine) version of logistic regression. For details on the o ine version, see Section 10.2.7
in Murphy (2022).
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Figure 2.2: Decision boundaries for the logistic regression model as a function of the number of processed
measurements.

Figure 2.3: The solid lines show the posterior mean estimate of model parameters and two standard
deviations. The dashed lines show the batch estimate of the logistic regression parameters.

2.4.4 Experiment: recursive learning of neural networks

Because the R-VGA update equations (2.22) require only the computation of the Jaco-
bian and the hessian of the log-likelihood, we can apply the R-VGA methodology to any
probabilistic model whose Jacobian and hessian of the log-likelihood are de ned.

In this example, we consider the problem of non-linear binary classi cation problem.
We consider a Bernoulli measurement model, whose log-likelihood is given by

logp(ytj :x)=yelog (h( ;x))+(@ yi)logd  (h( ;x)); (2.26)

with h: RP  RM I R a neural network. In particular, we consider a three-hidden-layer
multi-layered perceptron wittb units per layer andeakyRelLU activation function. We
run the R-VGA algorithm withl = 4 inner iterations andS = 1; 000 samples following
(2.23). To make a prediction at time, we take the previous mean, i.e.,; ; and use
this value to make a forecast with the features, i.e., ¥ = h( ; 1;X¢).

Figure 2.4 shows the predictions made by the decision bound@hf ,;x)) for x 2
[ 2;2] as a function oft. The orange and blue dots represent the past datapoints and
the cyan-coloured datapoints represents the datapoint observet at
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Figure 2.4: Decision boundaries for the classi cation problem using a neural network trained using the
R-VGA. The crimson line shows the decision boundary at0:5. The dot coloured in cyan shows the
observation seen at timet.

Next, Figure 2.5 shows the expanding prequential accuracy as a function of the number
of processed observations. We de ne the prequential accuracy:@sf Y = y, and 0:0
otherwise. For this experiment, we observe that accuracy of the R-VGA rapidly increases,

Figure 2.5: Cumulative prequential accuracy for the non-linear classi cation problem trained using the
R-VGA.

and then plateaus fod 00 steps before its predictive power starts to increase.

2.5 State-space-models for sequential supervised learn-
ing

The methods introduced in Sections 2.3 and 2.4 assume that the measurement model
accurately represents the true data-generating process. This assumption allows us, given
access tox andp( jD;i.t), to sample random variable$ whose density ip(y j ;x). As
a consequence, and under certain conditions, the Bayesian posterior density can be shown
to converge to a point estimate (\VVan der Vaart, 2000, Sec. 10.2).

However, the assumption of a well-speci ed likelihood may not always hold in prac-

tice. For instance, in neural network training (as discussed in Example 2.4.4), the choice
of measurement modéh is often driven by practical considerations rather than precise
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knowledge of the true data-generating process. In these scenarios, we must adapt to the
changing environment or adjust our misspeci ed model to make accurate predictions.

One such adaptation scheme involves the assumption of time-varying parameters.
Instead of assuming a random vector whose posterior density we wish to estimate, we
now assume that the model parameters follow a stochastic process that evolve over time
according to astate-transitionfunctionf : RP | RP, perturbed by zero-mean dynamic
noiseu; 2 RP with Var(u;) = Q.. This is commonly referred to as the state-space
model assumption. We de ne a state-space model below.

De nition 2.12 (state-space model) A state-space model (SSM) is a signal plus noise
model of the form

t=F( ¢ 1)+ ug

yi = h( ¢;X¢) + ex;

(2.27)

with f : RP I RP the state-transition functionh : R°®° R I R° the measurement
function, Var(u;) = Q; aD D positive semide nite matrix,Var(e;) = Rt ao o0
positive de nite matrix, andx; 2 RM exogenous features.

If one assumes zero-mean Gaussian priors with known covariance matrices éod
e, the terms (2.27) can be represented as

P ] ¢+ 1)=N(C¢jf( ¢ 1):Qu)s
pP(yt] t)= N(yeih( t;x¢);Ry):

(2.28)

2.5.1 Linear SSMs and the Kalman lter

A well-known choice of SSM is that of linear SSMs with known dynamics covarighge
measurement covariande;. In this scenario, the SSM takes the form

t=Ft ¢ 1+ Uy

(2.29)
ye=Hy ¢+ ey

whereF; is the(D D) transition matrix andH is the (o D) projection matrix.
The next proposition shows that estimation of the posterior dengity jD1.¢) assum-
ing (2.29) can be done recursively following the so-called Kalman lter (KF) equations.

Proposition 2.13. Assume an initial Gaussian prior density for model paramepérg) =
N ( o] o; o) and knownQq, R for all t. Then, the posterior predictive density for
model parameters conditioned db,.; ; is Gaussian of the form

P( tiDut 1) =N ] 4 10 tt 1 (2.30)
with predictive mean and predictive covariance

gt 1= Fo ¢ o

| (2.31)
gt 1= F¢ ¢ 1Fy + Qu:
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Furthermore, the density for model parameters, conditioned @pn; is Gaussian of the
form

P( tjD1)= N (] ¢ 1); (2.32)
with
St = He e 1HE+ Ry
Ki= g tHESh
t tjit 1Mt St (2.33)
1= g 1t Kelye He e o
¢=(1 K¢H) tjt 1°
Here, ; and  are the posterior mean and covariance matrix respectively lénds the
gain matrix.

Proof. The result follows as a direct consequence of Proposition 2.2 and Proposition 2.3.
For details, see Theorem 6.6 in Sarkka and Svensson (2023). O

Remark 2.14. Proposition 2.13 withH; = x{ and Q; = 01 recovers the recursive
Bayesian linear regression shown in Algorithm 1.

Algorithm 3 Predict and update steps for the Kalman Iter for 1 and given prior
mean , ; and covariance ; 1.
Require: Dy = (Xy;yt) // datapoint
Require: ( ; 1; t 1) // previous mean and covariance
Require: H /I projection matrix
Require: Q¢; Ry // dynamics covariance and measurement-noise covariance
. /I predict step

1

2 i1 Foooa |
3 4t 1 Frot 1Ry + Q
4: [lupdate step

5 S = Hy ¢ 1H{ + Ry
6: K¢ = tjt 1H{ Stl
[ ¢ 1+t Kelye  He g 1)
8 gt 1 KiHp e 1

o return ( ;1)

An alternative formulation of the KF update equations is expressed through a rule
that updates the posterior prediction matrix , *. We formalise this result below.

Proposition 2.15 (Kalman Iter with precision matrix updates) Assume an initial Gaus-
sian prior density for model parametep§ o) = N ( o] o; o) and knownQ, R for
all t. Then, the density for model parameters, conditioned Br; is Gaussian of the form

P( tjD1t) = N (] & ) (2.34)
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with
1_ 1 1 .
toT ot 1+H{Rt Hi;

Ke= (HIR. L (2.35)
t= g 2t Kelye He g 1)

Proof. Let ml , be a precision matrixH; 2 R° D and R; the covariance of the

measurement process. First, we show that* = ;! |+ H| R, *H.

By algebraic manipulation of the of the posterior covariance (2.33), the Woodbury
identity, and the de nition of S;, it follows that

1_ | 1
t = (p KiHp) e 1
_ 1 | 1 1
- tjit 1 ID tjt 1HtS'[ Ht

— 1 1

= gt 1h|D+ g 1HESe He e 1HD) Hy _
i

= Y Ip+ g HIH 2 HV+ R He 4 1HD) H

~ tjt 1 'D tjt 1 77¢ totr 1t t totjit 1Mt t

_ 1 1

Tt 1 Ip + lHlRt H

_ 1 Ip 1 .

= 4yt H{R; "H::

Next, let , ! be the posterior precision matrix anl, * be the precision matrix of
the observation at time. The precision matrix of the innovations take the form

S t=R, ! R{'H{ HIR (2.36)

To see this, observe that ' ;= ' H| R, *Hy, and thus

1
Sit= Hi 1Hl + Ry

1
Re' Re'He  f+HIR MH:  H{R.’

R.* R ™M ' HIR 'H+HIR H, "HIR,?
=R ! Ry (*HIRE

Finally, the Kalman gain matrix takes the form
Ki= (HIR (2.37)

This is because

_ 1 | 1 1
it 1=t Hi Ry “Hy

| 1 (2.38)
t+ tHy (Ry H¢e (Hy) "He o
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and, following Proposition 2.13, the Kalman gain matrix takes the form

Kt
= gt 1Hl st

tt IH{ (Rt Hi¢ tHl) "He o H{Stl

(HIR Y+ (H'R;! H{ (HIR*+(l, H{ (H!R/Y *H, (HIS:
(2.39)

We need to show that the second term is a zero-valued matrix. This amounts to showing

that H; (HIR,'+(l, H{ (HIR, Y *H, (HlS *= 0. To show this, note

that

Hi (HIR *+(l, H{ (HIR,Y 'H{ (HlS?*
= He (HIR M +(lo Hi (HIR™Y *He (HIR M I Hi ("H{R!
= lo+(le He (HIRD+(lo He (HIRY *He (HIR Y 1o Hy (*HIR?
= o+ lo+(lo H{ (HIR/Y *Hy (HIR,* (I, H{ (HIRY
= lo+(lo H{ (HIR,Y Y I, H{ (HIR '+ H HIR* (I, H{ (HIRY
= lo+(lo He (HIR(Y) (lo He (H{R.Y
:0;
(2.40)
which concludes the proof. O

Algorithm 4 predict and update steps at time for the Kalman Iter under precision
updates.
Require: Dy = (X¢;Yyt) // datapoint
Require: ( 1 11) /[ previous mean and precision matrix
Require: H // projection matrix
Require: Q¢; Ry // dynamics covariance and measurement-noise covariance
. Il predict step

1

2 o1 Foooa |

3 gt 1 Frot 1R+ Q

4: [lupdate step
1 1 1

5 gt 1t HERC M H,

6: Ki= (HIR!

7y ¢ 1t Ke(ye He g 1)

g return ( ; 1)

2.5.2 Experiment: the Kalman Iter for non-stationary linear re-
gression

In the classical lItering literature, the tern@; is typically used to model system dynamics.
However, it has long been known that in atin@; can compensate for unmodelled errors
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(Kelly, 1990; Kuhl, 1990). We study this result in the context of online learning in the
following experiment.

We evaluate the performance of the Kalman Filter (KF) in a linear regression problem
with varying levels ofQ; = gl, whereq 0 is the dynamics covariande ation factor.
This allows us to explore how in atin@@; can handle unmodelled errors in non-stationary
data streams. Recall thaQ; = 0 | corresponds to the static online regression problem
discussed in Section 2.3, while increas®@gintroduces dynamics in the model parameters.

We consider a piece-wise linear regression model with standard-Gaussian errors, i.e.,
p(e;) = N(e:j0;1). The features are sampled according ¥ U [ 2;2], and the
measurements are sampled accordingyto N (x))! ;1 with (x) = (1; x; x?).

At every timestep, the parameters take the value

8

< w.p. 1 :
= Ut -2 P (2.41)

Ul 33°F wp.p;

with p =0:001, and o U [ 3;3J°. Figure 2.6 shows a sample run of this process.

Figure 2.6: Sample run of the piecewise regression process. Each box title8i represents the samples
that belong to the i-th regime.

Given a sample run of the proceBs.t, with T = 300, we make use of Algorithm 3
with varying levels of a xedQ; = gl with g 0. Figure 2.7 shows the rolling prequential
RMSE and the total prequential RMSE. We observe that di erent values@f lead to

Figure 2.7: (Left panel) Rolling prequential RMSE of the linear model trained using various levels of.
(Right panel) Total prequential RMSE of the linear model

varying levels of prediction error. WheQ; is close to zero, the model exhibits limited
adaptability, retaining more of the previous parameter estimates. Conversely, Whes

36



signi cantly larger, the model quickly forgets past information, leading to high adaptability
but potentially overreacting to noise. An ideal adaptive method would be able to adjust
Q: dynamically in an online fashion. We revisit this idea in Chapter 3.

2.6 Extensions to the Kalman lIter

In this section, we introduce two variants of the KF that we use throughout the text;
namely, the extended Kalman lIter (EKF) and the ensemble Kalman Iter (EnKF).

2.6.1 The extended Kalman lter

The extended Kalman Iter (EKF) is a modi cation of the KF whenever the measure-
ment and state functions are non-linear but di erentiable w.r.t. the model parameters
Broadly speaking, the EKF linearises the measurement fundii@md the state-transition
function f via a rst-order Taylor approximation, which yields KF-like update equations.

The EKF has its origins in the Apollo guidance computer program to estimate the
space trajectories of a spacecraft based on a sequence of measurements of angles between
selected pairs of celestial bodies, together with the measurement of the angular diameter
of a nearby plane (Battin, 1982; Grewal and Andrews, 2010). For details; see Chapter 3
in Leondes (1970). Because of the mild requirements of the EKF, it has been succesfully
applied in multiple settings. Of particular interest to this thesis is the use of the EKF to
train neural networks, which dates back to Singhal and Wu (1988), where it was proposed
as an alternative to the backpropagation algorithm of Rumelhart et al. (1986) used to
train multilayered perceptrons (MLPSs).

The next proposition introduces the EKF algorithm.

Proposition 2.16. Consider the SSM in de nition 2.12 with transition functiofy and
measurement functiom,, both di erentiable w.r.t. . De ne the linearised SSM

t=fe( e 1)+ Uy (2.42)
Ye=he( o)+ e
with () = Fe( )+ fe( o) he( o) = He( s g 1)+ hC ge X)),

Fe=r f( ¢ 1),andHy=r1 h(  1;X¢). Considerthe priorp(u;) = N (U j0;Qy),
p(er) = N (etjO;Ry).
Then, the predict and update steps are Gaussian with form
P( tjD1t 1) =N ] i 150 e 1
P( tiDu) = N (] ¢ o)

(2.43)

With predictive mean and variance given lf¥.31) and posterior mean and variance given
by (2.33).
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Proof. See Section 7.2 in Sarkka and Svensson (2023). O

Algorithm 5 predict and update steps for the extended Kalman lIter for 1 and given
prior mean and covariancé ,; o).

Require: Dy = (Xy;yt) // datapoint

Require: ( ; 1; +t 1) // previous mean and covariance

1: /I predict step

2Fcr (¢ q)

3 g1 Frooa

4 4r1 Foot 1Fl+ Qy
5: /lupdate step
6
7
8
9

cHy r h( i 13Xt)

t t 1+Kt(yt| He e 1)
10: ¢ gt 1 KeHp e 2
11: return (¢ )

2.6.2 The ensemble Kalman Iter

The ensemble Kalman lter (EnKF) is a popular alternative to the EKF, whenever the
state-space is high-dimensional. The EnKF was originally introduced as a sample-based
approximation to the equations that de ne the Kalman Iter (Evensen, 1994).

Recall that the Kalman Iter update estimates the posterior mean according to

1= g 1t Kely W) (2.44)

with K ; the Kalman gain matrix. It can be shown that under the linear SSM assumptions
(2.29), the Kalman gain matrix ; takes the form

Ky=Cov( ¢y: Y)Var(ye %) !

2.45
= Cov( ;y¢)Var(yy) b ( :

See Ch.4 in Eubank (2005). h og

The EnKF propagates a bank of candidate parameters{s) _ following (2.27) and
then updates each value in the ensemble according to a sa?ﬁfole—based gain matrix. The
predict terms are obtained by propagating

(s) _ (s) (s).
go= O ru
(s) (s) (s) (2.46)
Yige 1= h g1 te
The EnKF then updates each member in the ensemble according to
O RarRov 9 @47
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with K a sample-based estimate of the Kalman gain matrix that takes the form

with
1% !
Cov( t;¥1) Cyj 1= S t(]st) 1 tjit 1 yt(jst) 1 Ygro1roo (2.49)
s=1
and
1% (s) (s) |
Var(yt) Vi 1= S Yei 1 Yt 1 Yo 1 Yt 1 (2.50)
s=1
1Ps Ps

Here,yijt 1 = §  o=1 Yijt 1 and ¢ 1 = é =1 4t 1- Algorithm 6 shows the
predict and update steps for the EnKF.

Algorithm 6 Predict and update steps for the ensemble Kalman lter
Require: Dji.1 with Dy = (X¢;VY¢t)
Require: f Mg, with & N (j o1 o)

2: /[ predict step
3 fors=1;:::;Sdo

. (s) (s) (s)
4 it o1 fooh
. (s) (s) . (s)
5! Yo 1 Nyl oXe T e
6: end for
7: I/ build samlgle gain matrix
g Cu =1Ps © , (s) o
- it 17§ p =L it tt 1 Yie 1 Yt 1
|
_ S
9 Vi 1= 3% o yt(jst) 1 Yt o1 yt(jst) 1 Yt o1
1. Ki=Cyr 1Vyi

11:  // update step
12z fort=1;:::;T do

(s) (s) (s)

13: t tjt 1+ K’[(yt ytjt 1)
14: end for
15: end for

It can be shown that under a linear SSM, the EnKF matches the KF when8vet
(Evensen, 2003).

2.6.3 Exponential-family EKF

Here, we consider the modi ed EKF method introduced in Ollivier (2019). This method
modi es the update equations in Algorithm 5 to make use of any member of the expo-
nential family. This generalisation is helpful in scenarios where the target variahles
cannot be reasonably modelled as Gaussians. For example when dealing with binary clas-
si cation problems, in which the observations are modelled as Bernoulli, or in multi-class
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classi cation problems, where the observations are modelled as Multinomial.

Given the measurement mode(ly;j ;X:) parametrised as an exponential family with
meanh( ;X:), the exponential-family extended Kalman Iter (ExpfamEKF) replaces the
likelihood model at timet with a Gaussian whose mean and covariance are found by
matching the rst two moments of the linearised log-likelihood with respect to the previous
mean ; ;.

More precisely, the mean at timé is approximated by a rst-order approximation
around the predicted mean;; ;. This takes the form

he( )= h( 4 ux)+ He( o tjt 1) (2.51)

Next, the measurement variance is taken as the covariance of the linearised model.
For example, ify; is modelled as a Bernoulli with mean(h( ; 1;x)), then Ry =

(h( 4 15x)(2 (h( ¢ 1:x)). Conversely, if/; is modelled as a multivariate Gaus-
sian with known observation variance, théty = R;.

2.6.4 Example: Recursive Learning of Neural Networks Il

In this experiment we compare the performance of the ExpfamEKF method on the moons
dataset presented in Section 2.4.4. We evaluate two con gurations of the ExpfamEKF
over 100 initialisations. The rst con guration assumes static dynamic®Q{ = 0 I),
which corresponds to the R-VGA under a linearised measurement model. The second
con guration usesQ; = 10 °1, accounting for unmodelled errors.

Figure 2.8 illustrates the median rolling prequential accuracy and interquartile range
using a window 060 steps and100 di erent initial states. comparing the predicted and
actual class labels over time.

Figure 2.8: Rolling prequential accuracy for the non-linear classi cation problem, trained using R-VGA
and ExpfamEKF.
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We observe that the dynamic ExpfamEKF commences with high noise and then sta-
bilises at a median accuracy of approximatdl@0% Similarly, the static con guration
exhibits high variability initially and stabilises its accuracy aroub@0% for 200 steps
before its predictive performance begins to decline and its variability increases. This be-
haviour is attributed to numerical instability. This experiment highlights the importance
of small random-walk noise in parameter space for maintaining numerical stability when
deploying these methods online.

2.7 Alternative update methods

Alternative approaches for handling nonlinear or nonconjugate measurements have been
proposed.

For instance sequential Monte Carlo (SMC) methods have been used to train neural
networks (de Freitas et al., 2000). These sample-based methods are particularly advan-
tageous when the state-transition functioh is highly non-linear or when a more exact
posterior approximation is required. Next, Generalised Bayesian methods, such as Mishkin
et al. (2018); Knoblauch et al. (2022), generalise the VB target (2.20) to allow the likeli-
hood to be a loss function; see Chapter 4 for further details. Alternatively, online gradient
descent methods like Bencomo et al. (2023) emulate state-space modelling via gradient-
based optimisation, and gradient-free methods like Goulet et al. (2021) estimate the
weights of the neural network assuming a diagonal posterior covariance matrix.

2.8 Conclusion

In this chapter, we introduced the problem of Bayesian sequential estimation of model
parameters from a stream of data. We laid the groundwork for the remainder of this
thesis by establishing the necessary foundational concepts, and presented an array of
methods that address this problem by computing or approximating the posterior density
over model parameters recursively. For computational e ciency, we focused on methods
that maintain a multivariate Gaussian posterior density.

We demonstrated that the problem of sequential Bayesian online linear regression can
be viewed as amnline version of the Ridge regression, as a special case of the R-VGA
algorithm, and as a speci c instance of the Kalman Iter, where there is an absence of
noise in the system dynamics.

Furthermore, we discussed how the linear assumption underlying both the Kalman Iter
and online linear regression can be extended to accommodate nonlinear measurement
functions. Speci cally, we presented three di erent approaches: the Extended Kalman
Filter (EKF), the Ensemble Kalman Filter (EnKF), and the Recursive Variational Gaussian
Approximation (R-VGA).
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Chapter 3
Adaptivity

In this chapter, we propose a unifying framework for methods that perform probabilistic
online learning in non-stationary environments. We call the framework BONE, which
stands for generalised (B)ayesian (O)nline learning in (N)on-stationary (E)nvironments.
BONE provides a common structure to tackle a variety of problems, including online
continual learning, prequential forecasting, and contextual bandits.

The motivation for BONE arises from a key challenge in sequential online learning:
non-stationarity in the data-generating process. While a number of methods have been
proposed to address this issue, the literature remains relatively sparse. Di erent commu-
nities often tackle similar problems using overlapping ideas, but without a shared method-
ological foundation. As a result insights from one area are not easily transferable across
domains.

In this chapter, we show that many of these methods, despite their apparent di er-
ences, can all be understood within a common framework that can be seen as a form
of generalised Bayes posterior predictive. This insight enables a fair and principled com-
parison across method and lays the groundwork for developing new approaches. The
framework requires specifying three modelling choices: (i) a model for measurements
(e.g., a neural network), (ii) an auxiliary process to model non-stationarity (e.g., the time
since the last changepoint), and (iii) a conditional prior over model parameters (e.g., a
multivariate Gaussian). The framework also requires two algorithmic choices, which we
use to carry out approximate inference under this framework: (i) an algorithm to estimate
beliefs (posterior distribution) about the model parameters given the auxiliary variable,
and (ii) an algorithm to estimate beliefs about the auxiliary variable.

A key insight provided by this framework is that most existing methods assume either
abrupt changes or gradual drift in the underlying process. However, real-world scenarios
often involve a combination of both. To address this, we introduce a novel method that
accounts for both types of non-stationarity. Abrupt changes are modelled via the time
since the last parameter reset, while slow drift is captured through an Ornstein Uhlenbeck
process over the model parameters. We evaluate this method in a range of experiments
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and demonstrate its performance across diverse settings

3.1 The framework

In Chapter 2 we introduced the notion of the Bayesian posterior density to estimate, or

approximate, the model parameters of the measurement functiaecursively. The meth-

ods presented work well when the data-generating process is well-speci ed, the variational
approximation family is big enough to accommodate the Bayesian posterior density, or in
the case of the Kalman lter, agood choice of dynamics covariand@; is determined.

In practice, however, this is not often the case. Thus, to adapt to regime changes
and other forms of non-stationarity, we introduce an auxiliary random variahle ¢,
that evolves following the dynamig¥ :j : 1) and encodes information about the non-
stationarity of the sequence at timé. Here, . is the set of possible values of the
auxiliary variable ;. The purpose of this variable is, for instance, to determine which
past datapointsyi.; ; most closely align with the most recent measuremgnt We
describe the auxiliary variable in detail in Section 3.1.3. Finally, the model parameters

+ evolve following the dynamics( ¢j ¢ 1; t¢). This represents how much parameters
change, given the state of the auxiliary variable.

Figure 3.1 shows the probabilistic graphical model that motivates our formulation; this
resembles the one in Doucet et al. (2000) with an additional optional dependence between
the auxiliary variable and the measurements; in what follows we omit this dependence for
brevity.

Xt 1 Xt Xt+1

Figure 3.1: Two-levelled hierarchical state-space model (SSM) with known dynamics, motivating our
BONE framework Solid arrows indicate required dependencies, while dashed arrows represent optional
dependencies. Rectangles denote exogenous variables, and circles represent random variables. Observed
elements are shaded in gray. The left shift inx; represents that features are observed before observing

Yt.
For an experiment of lengtiT 2 N, the joint conditional density over the model
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parameters, induced by the graphical model shown in Figure 3.1, is given by

Y
P(yut; o1; otiXet)=pP( o)P( o)  PYt] :X)P( ] ¢ 15 )P( t] t 1)
= (3.1)

In this chapter, we are interested in methods that e ciently compute the so-called
expectedposterior predictivel1 = Ep( . ,jp..)[N( t;Xt+1)] inanonline and recursive
manner. In our setting, one observes.; just before observingi.1 ; thus, to make a
prediction abouty.; , we havex;,; andDj. at our disposal. For the case of a discrete
auxiliary variable ; 2 ¢, the form of the expected posterior predictive fgt.; , induced
by (3.1), is

a1 = Ep l;Zle;t)[h( t; Xt+1 )]
= h( ;Xe+1)P( ¢ tJD1)d ¢

3.2
tX2 t 7 ( )
= pP( tiD1t) h( ;Xe+2)P( tj t;D1t)d 5
12 t
where
p( tj D)/ E(Ytj X)) P( tj Dt 1), (3.3
P( ¢J D1t 1)= Pp(¢j ¢ 15 )P( ¢ 1JD1r 1)d ¢ 1; (3.4)

X
P( tjD1t) = p(ytjXt; ;D1 1) P( ¢+ 1jD1t 1)P( ] t 1;D1t 1):
t 12t 1

(3.5)

From (3.2), (3.3), (3.4), and (3.5) we argue that there are three key modelling choices
and two algorithmic choices. Speci cally, the three key modelling choices are: (M.1) the
conditional meanh( ;x) together with the likelihoodp(yj ;x); (M.2) the auxiliary
variable ¢; and (M.3) the conditional priorp( ¢j ¢;D1t 1). Additionally, the two
algorithmic choices are: (A.1) the algorithm to compute (or approximate) the conditional
posterior over model paramete ;] ;Di:t), and (A.2) the algorithm that computes
(or approximates) the posterior over weight§ ¢; jD1:t).

The BONE framework generalises these choices, allowing for greater exibility while
maintaining the motivating probabilistic structure. Instead of the likelihood moplgl; j «; x+)
with conditional meanh( ¢;x), we consider a general functioaxp( “(y¢; t;Xt)),
where ™ (yt; ¢;xt) could be either a loss function or a log-likelihood. Next, instead of
the conditional priorp( tj t;D1t 1), we introduce a more general modelling function,

1The input features xt+1 and output measurementsyt+1 can correspond to di erent time steps. For
example, xt+1 can be the state of the stock market at a xed date and yt+1 is the return on a stock
some days into the future.
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( t; t;D1t 1) that governs the prior over model parametersSimilarly, instead of the
posterior density( ¢j t;Di:t), we employ the functiog( ; +¢;D1:t); €.9., an approx-
imation of the posterior, or a generalised posterior (Bissiri et al., 2016). Finally, instead
of the posterior over weightg( jD1.t), we consider a weighting function( ¢; D1.t),
which can be the Bayesian posterior or an ad-hoc time-dependent weighting function.

This generalisation is important because it uni es a wide range of existing methods
under a common framework. Many well-known approaches in the literature can be written
as elements of BONE by appropriately selecting the model for measurements, the con-
ditional prior, and the posterior approximations. BONE highlights connections between
di erent methods, it also enables systematic comparisons under a common umbrella, and
it allows us to develop novel algorithms. Table 3.1 explicitly contrasts the choices in
BONE with those in the classical Bayesian formalism.

component BONE Bayes
(M.1: likelihood) | h( ¢;x¢) & exp( “(yt; ;%¢t)) | h( ¢;x¢) & p(yt] t;X¢)

(M.2: auxvar) t t
(M.3: prior) t(e; )= (o oDt 1) | pP(t] ;D1 1)

(A1 po::‘,teri.or) a( ;v v):=0a t; t:D1t) p( tj. t;D1:t)
(A.2: weighting) | «( ¢):= ( ¢; D14) P( tjD1t)

Table 3.1: Components of the BONE framework.

With these modi cations, the expected posterior predictive under BONE is
z

X
Y= , |£HZDi; P&'{;Hl? P( ts {i;Dl:t?d ts (3.6)
te U (A.2: weighting) (M.1: likelihood)  (A.1: posterior)
where
a( v D)/ |( t; {'2D1:t 12 FXD( ‘()9; t;Xt); (3.7
(M.3: prior) (M.1: likelihood)

takes the form of a generalised posterior (Bissiri et al., 2016). In classical Bayesian setting,
the loss function takes the form of the negative log-likelihood, i.e.,

(Yo uxe) = logp(ytj t:Xt): (3.8)

Unless stated otherwise, we work with the negative log-likelihood in (3.8) found in the
classical Bayesian setting.
A prediction fory¢.; givenDjy.t, X+1, and ¢ is
z
i) = Eqlh( o xen)] d= h(oxe)d o ¢Didd o0 (3.9)

Here we use the shorthand notatiop = o( ¢; ;D1:t) andEq[ ] ] to highlight de-

2This function adopts an ad hoc approach to parameter evolution instead of explicitly solving the
integration step (3.4).
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pendence on ;.

Algorithm 7 provides pseudocode for the prediction and update steps in the BONE
framework. Notably, these components can be broadly divided into two categories: mod-
elling and algorithmic. The modelling components determine the inductive biases in the
model, and correspond tén, *, {, and . The algorithmic components dictate how
operations are carried out to produce a nal prediction this corresponds tp and ;.

Algorithm 7 Generic predict and update step of BONE with discretgat time t.
Require: D1 // past data

Require: xt+1 // optional inputs

Require: h( ;x¢) // Choice of (M.1: likelihood)

Require: ¢ // Choice of (M.2: auxvar)

1. for 2 do

2: t( 65 1) ( t; t;D1t 1) // choice of (M.3: prior)

3 (s o) aC o D)/l «(+ t)exp( “(Yi; t;Xt))/ choice of (A.1: posterior)
4 t( 1) ( t; D1:t) // choice of (A.2: weighting)

5: t(+1‘) Eq [N( t;Xt+1); 1] // conditional prequential prediction

6: end for

70 Y1 t( 1) y‘fﬂ‘) /I weighted prequential prediction

t

3.1.1 Details of BONE

In the following subsections, we describe each component of the BONE framework in
detail, provide illustrative examples, and reference relevant literature for further reading.

3.1.2 The measurement model (M.1)

Recall thath( ;x) is a parametric model that encodes the conditional meanyfoigiven
and x. For linear measurement models( ;x) is given by:
8
2 Ix (regression)y 2 R
h( ;x)=_ (!x) (binary classi cation)y 2 f 0; 1g (3.10)

“ Softmax( ! x) (multi-class classi cation)y 2 f 0; 1g¢

where (z) = (1 + exp( I%)) 1 is the sigmoid functionC 2 N is the number of classes,
Softmax(z)x = exp(zk)= ; exp(zi) represents the softmax function with 2 R°® and z;

the i-th element ofz. In the machine learning literature, the vectaris called the logits

of the classi er. For non-linear measurement models, such as neural netwbiks x)
represents the output of the network parameterised hyThe best choice oh will depend

on the nature of the data, as well as the nature of the task, in particular, whether it is
supervised or unsupervised. We give some examples in Section 3.5.
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3.1.3 The auxiliary variable (M.2)

The choice of auxiliary variable, is crucial to identify changes in the data-generating
process, allowing our framework to track non-stationarity. Below, we give a list of the
common auxiliary variables used in the literature.

RL (runlength): = r; 2f0;:::;tgis a scalar representing laokback window de ned

as the number of steps since the last regime change. The value 0 indicates the
start of a new regime at timet, while ry 1 denotes the continuation of a regime
with a lookback window of length;. This choice of auxiliary variable is common in the
changepoint detection literature. See e.g., Adams and MacKay (2007); Knoblauch et al.
(2018); Alami et al. (2020); Agudelo-Espafia et al. (2020); Altamirano et al. (2023c);
Alami (2023). This auxiliary variable is useful for non-stationary data with non-repeating
temporal segments, provided we know the intensity with which new segments appear.

that represents both the runlength and the total number of changepoints, as proposed
in Wilson et al. (2010). Wherr; = t, this impliesc; = 0, meaning no changepoints
have occurred. Conversely, = 0 indicates the start of a new regime and implies2

count ¢, belongs to the rangé1;:::;t r{g. As with RL this auxiliary variable assumes
consecutive time blocks, but additionally allows us to estimate the likelihood of entering a
new regime by tracking the number of changepoints seen so far. This auxiliary variable is
useful for non-stationary data with non-repeating temporal segments when the intensity
with which new segments appear is unknown.

CPT(changepoint timestep): = , with , = f 1¢;:::; g, iIs a set of size 2
f0;:::tg containing the times at which there was a changepoint, with the convention
that O 11 < 2t <:::< ¢ t. This choice of auxiliary variable was introduced in

Fearnhead and Liu (2007) and has been studied in Fearnhead and Liu (2011); Fearnhead
and Rigalll (2019). Under mild assumptions, it can be shown tl@®PTis equivalent

to RL see e.g., Knoblauch and Damoulas (2018). This auxiliary variable is useful for
non-stationary data with non-repeating temporal segments when the probability of a new
segment appearing is unknown and knowledge of the changepoint location is required.
CPL(changepoint location): ; = s;.; 2 f 0;1g' is a binary vector. In one interpretation,

si = 1 indicates the occurrence of a changepoint at timeas in Li et al. (2021), while in
another, it means thatD; belongs to the current regime, as in Nassar et al. (2022). This
auxiliary variable is useful for non-stationary data with repeating temporal segments. It
is useful when the segments are formed of non-consecutive datapoints.
CP\Mchangepoint probability vector): ; = vy 2 (0;1)! is at-dimensional random vector
representing the probability of each element in the history belonging to the current regime.
This generalise<CPLand was introduced in Nassar et al. (2022) for online continual
learning, allowing for a more ne-grained representation of changepoints over time. This
auxiliary variable is useful for non-stationary data with repeating temporal segments.
Unlike CPL. it takes a vector of weights iff0; 1) which allows for higher exibilty when
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compared toCPL

CPP(changepoint probability): { = ¢ 2 (0;1) represents the probability of a change-
point. This is a special case @PMWhat tracks only the most recent changepoint proba-
bility; this choice was used in Titsias et al. (2024) for online continual learning.
MEmixture of experts): { = 2f1;:::;Kgrepresents one dk experts. Each expert
corresponds to either a choice of model or onekof possible hyperparameters. This
approach has been applied to ltering (Chaer et al., 1997) and prequential forecasting (Liu,
2023; Abéles et al., 2024). This auxiliary variable facilitates the weighting of predictions
made by models when one has a xed number of competing models.

C { = crepresents a constant auxiliary variable, wheris just a placeholder or dummy
value. This is equivalent to not having an auxiliary variable, or alternatively, to having a
single expert that encodes all available information.

Space-time complexity There is a tradeo between the complexity that is able to
encode and the computation power needed to perform updates. Loosely speaking, this
can be seen in the cardinality of the set of possible values dhrough time. Let
be the space of possible values far. Depending on the choice of;, the cardinality of

¢ either stay constant or increase over time, i.e.; 1 (forallt=1;:::;T. For
instance, the possible values fBLincrease by one at each timestep; the possible values
of CPLdouble at each timestep; nally, the possible values fdEdo not increase. Table
3.2 shows the space of values and cardinality that takes as a function of the choice of
auxiliary variable.

name C CPT CPP CPL CPV ME RL RLCC
values fcg 2f%ut o 011 fo;1gt  (0;1)'  f1;:::;K g fO;l;:iitg  ff Ojtg;iii; ft; Ogg
cardinality 1 2t 1 2t inf K t 2+ t(t+1) =2

Table 3.2: Design space for the auxiliary random variables ;. Here, T denotes the total number of
timesteps and K denotes a xed number of candidates.

3.1.4 Conditional prior (M.3)

This component de nes the prior predictive distribution over model parameters condi-
tioned on the choice of (M.2: auxvar); and the datasetD;; ;. In some cases, explicit
access to past data is not needed.

For example, a common assumption is to have a Gaussian conditional prior over model
parameters. In this case, we assume that, given data ; and the auxiliary variable ,
the conditional prior takes the form

(v &D1ut )= N jo( ;D1 1):Gi( ;D1t 1) 5 (3.11)

with g : ¢ RE@*o(t D1 RDP 3 function that returns the mean vector of model
parameters,E[ {j ¢;Dy¢ 1], and Gy :  RE*(t D 1 RD D 3 function that
returns aD-dimensional covariance matrixGov[ ¢j ¢;D1t 1]. In what follows, we let
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( o o) be the pre-de ned initial prior mean and covariance. Furthermore, we denote
( ¢ 15 t 1) be the posterior mean and covariance found at titne 1, which is used as
a prior at timet.

Below, we provide a non-exhaustive list of possible combinations of choices for (M.2:
auxvar) and (M.3: prior) of the form (3.11) that can be found in the literature, and we
also introduce a new combination.

C-LSSMconstant linear with a ne state-space model). We assume the parameter dynam-
ics can be modeled by a linear-Gaussian state space model (LSSM)E[.q.j + 1] =

Fi 1+ b;andCov[ {j ¢ 1] = Qy, for given(D D) dynamics matrixF¢, (D 1)
bias vectorb;, and (D D) positive semi-de nite matrixQ;. We also assume; = cis

a xed (dummy) constant, which is equivalent to not having an auxiliary variable. The
characterisation of the conditional prior takes the form

0(C;Dyt 1) = Fe ¢ 1+ by

| (3.12)
Gi(c;D1t 1) = Fy « 1Fy + Q¢

This is a common baseline model that we will specialise below.
C-OU(constant with Ornstein-Uhlenbeck process). This is a special case oCheSSM
model whereF; = 1,by=(1 ) 4,Q:t=(1 2) o, o= 3l, 2][0;1]isthe xed
rate, and o 0. The conditional prior mean and covariance are a convex combination
of the form

g(c;D1y 1) = p 1+ (@ ) o

(3.13)
G(c;Dut 1)= 2 ¢ 1+(1 2 o

This combination is used in Kurle et al. (2019). Smaller values of the rate parameter
correspond to a faster resetting, i.e., the distribution of model parameters revert more
quickly to the prior belief ; o), which means the past data will be forgotten.
CPP-OlWchangepoint probability with Ornstein-Uhlenbeck process). Heye= 2 [0; 1]

is the changepoint probability that we use as the rate of an Ornstein-Uhlenbeck (OU)
process, as proposed in Titsias et al. (2024); Galashov et al. (2024). The characterisation
of the conditional prior takes the form

9( ;D1t 1)= ¢ ¢ 1+ (1 t) o

, , (3.14)
G( t;Dl:t 1): t t l+(1 t) 0-

An example on how to compute; using an empirical Bayes procedure is given in (3.45).
C-ACI (constant with additive covariance in ation). This corresponds to a special case of
C-LSSMn whichF = I, b= 0,andQ = | for > 0 is the amount of noise added at
each step. This combination is used in Kuhl (1990); Duran-Martin et al. (2022); Chang
et al. (2022, 2023) . The characterisation of the conditional prior takes the form

g(c;D1t 1) = t 1

(3.15)
G(c;D1t 1)= + 1+ Qq:

49



This is similar toC-OUwith = 1, however, here we inject new noise at each step.
Another variant of this scheme, known arink-and-perturb(Ash and Adams, 2020),
takesg(c;D1t 1) = 9 ; ; and G(c;D1t 1) = t 1+ Q, whereO< g < 1is the
shrinkage parameters, an@; = Z1.

C-Static _ (constant with static parameters). Here; = c (with ¢ a dummy variable).
This is a special case of the-AClI con guration in which = 0. The conditional prior is
characterised by

c;D1. = ;
0 (c;D1t 1) t 1 (3.16)
Gi(¢;D1t 1) = ¢ 1
ME-LSSNmixture of experts with LSSM). Here =  2f1;:::;K g, and we have a

bank of K independent LSSM models; the auxiliary variable speci es which model to use
at each step. The characterisation of the conditional prior takes the form

o( ;D1 1)= FLO (Y

(3.17)
Gi( ;D1 1) = FE v

-~

The superscript( ;) denotes the conditional prior for th&-th expert. More precisely,
§ ‘l); E ‘1) are the posterior at time¢ 1 using FE ‘1) and QE ‘l) from the k-th expert.

This combination was introduced in Chaer et al. (1997).

RL-PR(runlength with prior reset): for ; = r¢, this choice of auxiliary variable constructs
a new mean and covariance considering the pastr; observations. We have

G(r;Due 1) = oL(re=0)+ (, ,)1(r¢ > 0); (3.18)
Gi(rt;Dat 1)= o1(re=0)+ (, H1(r¢> 0);
where ()i (. ,) denotes the posterior belief computed using observations from

indicest rytot 1. The caser; =0 corresponds to choosing the initial pre-de ned
prior mean and covariance, and . This combination assumes that data from a single
regime arrives in sequentidlocks of time of lengthr;. This choice of (M.3: prior) was
rst studied in Adams and MacKay (2007).

RL[1]-OUPR* (greedy runlength with OU and prior reset): This is a hew combination
we consider in this paper, which is designed to accommodate both gradual changes and
sudden changes. More precisely, we assume r, and we choose the conditional prior
as either a hard reset to the prior, ifi(r;) > ", or a convex combination of the prior
and the previous belief state (using @Uprocess), if ((r) ". That is, we de ne the
conditional prior as

8

S 0@ ) F gy 1(r) () >

G (re; Do 1) = | (3.19)
"o t(re)
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8

Gi(re; Dt 1):_< o (rd)+ ry ((r)? () >
0 ((re) ™

Here {(r¢) = p(r¢jD1t), with ry = ry 1 +1, is the probability we are continuing a
segment, and {(r;) with ry = 0 is the probability of a changepoint. For details on how
to compute ((r¢), see (3.40). The value of the threshold parametecontrols whether

an abrupt change or a gradual change should take place. In the limit whenl, this

new combination does not learn, since it is always doing a hard reset to the initial beliefs
at time t = 0. Conversely, whefi = 0, we obtain an OU-type update weighted by.
When" = 0:5, we revert back to prior beliefs when the most likely hypothesis is that a
changepoint has just occurred. Finally, we remark that the above combination allows us
to make use of non-Markovian choices for (M.1: likelihood), as we see in Section 3.5.3.
This is, to the best of our knowledge, a new combination that has not been proposed in
the previous literature; for further details see Appendix 3.3.3.

(3.20)

CPL-Sub(changepoint location with subset of data): for; = s;.¢, this conditional prior
constructs the mean and covariance as

g[(sl:t;Dlit 1): (S1:t 1)’
Gi(stt;D1t 1) = (sp0 1)s

(3.21)

where (s, )i (s1. ,) denotes the posterior belief computed using the observations
for entries wheres;.; 1 have value ofl. This combination assumes that data from the
current regime is scattered from the past history. That is, it assumes that data from
a past regime could become relevant again at a later date. This combination has been
studied in Nguyen et al. (2017).

CPL-MCl(changepoint location with multiplicative covariance matrix): fog = s;., this
choice of conditional prior maintains the prior mean, but increases the norm of the prior
covariance by a constant term 2 (0; 1). More precisely, we have that

gt(s]-:t; D1t 1) = 8(51:1 1) ;
< .
: S=1; (3.22)
Gi(s1:t;D1t 1) = . (s1:t 1)
’ (s1:t 1) St = 0:

This combination was rst proposed in Li et al. (2021).

CPT-MMPghangepoint timestep using moment-matched prior reset): far=, with

and Liu (2011) assumes a dependence structure between changepoints. That is, to build
the conditional prior mean and covariance, they consider the gast . ; datapoints
whenever -+t 1and a moment-matched approximation to the mixture density over
all possible subset densities since the last changepoint whenever t. Mathematically,
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if -+ t 1, the prior mean and the prior covariance take the form

o( ;D1t 1) = Wt 1)
pEm T ety (3.23)
G( ;Dut 1)= (4t 1!
If -+ = t, the conditional prior mean and conditional prior covariance are built using a

moment-matching approach. For the Gaussian case, moment-matching is equivalent to
minimising a KL divergence (Minka, 2013). This takes the form

;D1 = ;
g( t 1:t 1) t (3.24)
G( t;Dl:t l): ts
where
0 1
w1
o t:afg_min D @ & tj w 15 w:Dut )N (ej 5 )A: (3.25)
’ wo1=1
Here,Dk. denotes the KL divergence are{ ¢j “« 1; “t;D1t 1) is the unnormalised
density
a( ¢J & 1 wiD1t 1)
=p( 5t 10D2t )P(5ed it 1Due ONCel (o 0 b (o 1t p)

ChoosingMMPRouples the choice of (M.3: prior) with the algorithmic choice (A.2:
weighting) throughp( -+ 1jD1.¢ 1) and the choicep( ¢ j *t 1;D1t 1). For an exam-
ple of MMPRith RLchoice of (M.2: auxvar), see Appendix 3.3.2.

3.1.5 Algorithm to compute the posterior over model parameters
(A1)

This section presents algorithms for estimating the densify:; ¢;Di); we focus on
methods that yield Gaussian posterior densities. Speci cally, we are interested in practical
approaches for approximating the conditional Bayesian posterior, as given in (3.7).

There is a vast body of literature on methods for estimating the posterior over model
parameters, many of which were introduced in Chapter 2. Here, we focus on three common
approaches for computing the Gaussian posterior: conjugate upd&gs linear-Gaussian
approximations (G, and variational Bayes \(B. For an overview of choices of (A.1l:
posterior) and a comparison in terms of their computational complexity, see Table 3 in
Jones et al. (2024).
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Conjugate updates ( Cj)

Conjugate updates @j) provide a classical approach for computing the posterior by
leveraging conjugate prior distributions. Conjugate updates occur when the functional
form of the conditional prior ( ¢; ¢;D1:t 1) matches that of the measurement model
p(ytj ;Xt) (Robert et al., 2007, Section 3.3). This property allows the posterior to re-
main within the same family as the prior, which leads to analytically tractable updates
and facilitates e cient recursive estimation.

A common example is the conjugate Gaussian model, where the measurement model
is Gaussian with known variance and the prior is a multivariate Gaussian. This results
in closed-form updates for both the mean and covariance. Another example is the Beta-
Bernoulli pair, where the measurement model follows a Bernoulli distribution with an
unknown probability, and the prior is a Beta distribution. See e.g., Bernardo and Smith
(1994); West and Harrison (1997) for details.

The recursive nature of conjugate updates makes them particularly useful for real-time
or sequential learning scenarios, where fast and e cient updates are crucial.

Linear-Gaussian approximation (LG

The linear-GaussianL@ method builds on the conjugate update<|) above. More
precisely, the prior is Gaussian and the measurement model is approximated by a linear
Gaussian model, which simpli es computations.

The prior over model parameters is taken as:
.. — D U (D B
(66 6Dt )= N ] ¢ 95 ¢ 5 (3.26)

where § Y and f ) are the mean and covariance, respectively. We use the measure-
ment functionh to de ne a rst-order approximationh; around the prior mean which is
given by

h(ox)=h {9ixe +He o (Y (3.27)
Here,H. is the Jacobian oh( ;x;) with respect to , evaluated at E ‘1). The approxi-

mate posterior measure is given by

a( t; D) /N (yejhe( o;xe);Re) (t; ;D1 1)
= N(yejhe( GxiRON ¢ (95 Y (3.28)
IN (ej £ 0

where R, is a known noise covariance matrix of the measuremgnt Under the LG
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algorithmic choice, the updated equations are

Kiv= tiHp st (3.29)

—
Z
1

Variational Bayes (VB

Here, we consider an extension of the variational Bayes method introduced in Section
2.4.1, where we condition on the auxiliary variable We have the following optimisation
problem for the posterior variational parameters:

(o t):argmin Dke (NCej 5 dkplyt] 6:xt) (v ;D 1), (3.30)

where ¢( ¢; ¢) is the chosen prior distribution (M.3: prior).

Alternative methods

Alternative approaches for handling nonlinear or nonconjugate measurements have been
proposed, such as sequential Monte Carlo (SMC) methods (de Freitas et al., 2000), and
ensemble Kalman lters (EnKF) (Roth et al., 2017). These sample-based methods are
particularly advantageous when the dimensionality ofis large, or when a more exact
posterior approximation is required, providing greater exibility in non-linear and non-
Gaussian environments.

Generalised Bayesian methods, such as Mishkin et al. (2018); Knoblauch et al. (2022),
generalise the VB update of (3.30) by allowing the right-hand side to be a loss function.
Alternatively, online gradient descent methods like Bencomo et al. (2023) emulate state-
space modelling via gradient-based optimisation.

3.1.6 Weighting function for auxiliary variable (A.2)

The term (( ) de nes the weights over possible values of the auxiliary variable (M.2:
auxvar). We compute it as the marginal posterior distributiop( ) = p( (jD1:t) (see

e.g., Adams and MacKay (2007); Fearnhead and Liu (2007, 2011); Li et al. (2021)) or with
ad-hocrules (see e.g., Nassar et al. (2022); Abélées et al. (2024); Titsias et al. (2024)).
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In the former case, the weighting function takes the form

t( )= p( t]D1t) 7

p(YtjXe; ;D1 1) P( t 1JD1t 1)P( t] t 1D 1)d ¢ 1,

€12 ¢ o1
(3.31)
where one assumes that; is conditionally independent of ¢ 1, given ¢, and x; is
an exogenous vector. The rst term on the right hand side of (3.31) is known as the
conditional posterior predictive, and is given by
z
P(ytixt; ;Due )= pYid X)) (¢ ;D 1)d ¢ (3.32)

This integral over  may require approximations, as we discussed in Section 3.1.5.
Furthermore, the integral over ; 1 in (3.31) may also require approximations, de-
pending on the nature of the auxiliary variable, and the modelling assumptions for
p( tj t 1;D1t 1). We provide some examples below.

Discrete auxiliary variable (DA)

Here we assume the auxiliary variable takes values in a discrete spa@e . The
weights for the discrete auxiliary variabld®f can be computed with a xed number
of hypotheseK 1 or with a growing number of hypotheses if the cardinality of
increases through time; we denote these caseDBK] andDA[inf] respectively. Below,
we provide three examples that estimate the weights unBé{inf] recursively.

RL (runlength with Markovian assumption): for; = r¢, the work of Adams and MacKay
(2007) takes

8
21 H(re 1) ifre=re1+1;

p(rejre 1Dy 1) = §H(rt 1) ifre =0; (3.33)
-0 otherwise

whereH : No ! (0;1) is the hazard function. A popular choice is to také(r) =

2 (0;1) to be a xed constant hyperparameter known as the hazard rate. The choice
RL[infl-PR is known as the Bayesian online changepoint detection model (BOCD).
CPL(changepoint location): for ; = s;.¢, the work of Li et al. (2021) takes

8
3 if ((S1ens]= sy 1) ands =1;

p(swtjsut 15Dt 1)= _ 1 if ([S1:t Nst]= s1t 1) ands =0; (3.34)
-0 otherwise

i.e., the sequence of changepoints at timeorrespond to the sequence of changepoints
up totimet 1, plus a newly sampled value for See Appendix 3.3.4 for details on how
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to compute ¢(S1:t).
CPT(changepoint timestep with Markovian assumption): fof = ,, the work of Fearn-
head and Liu (2007) takes

P(¢] ¢ Dt 1)=pCt) o 1)=I( w1 (3.35)

with J : Ng ! (0O; 1) a probability mass function. Note that- ~t 1 is the distance
between two changepoints, i.e., a runlength. In this sense, -; 1 = r¢, which relates
CPTto RL See their paper for details on how to computg( ;).

Low-memory variants from DA[inf] to DAIK] Inthe examples above, the number
of computations to obtain  ¢( ) grows in time. To x the computational cost,
one can restrict the sum to be over a subsit of the space of ; with cardinality
At = K 1. Each element in the sef; is called a hypothesis and givef 1,
we keep theK most likely elements according to (( ¢) in A¢. We then de ne the
normalised weighting function

(t)
A= P (3.36)
t t 102At t( to)
which we use instead of( ). For example, irRLabove,A; ; = frt(k)1 tk=1;::1;Kg

are the uniqueK most likely runlengths where the superscript represents the ranking
according to ¢ 1(). Then, at timet, the augmented sefA; becomeqA; ;+1) [f Og,
where the sum is element-wise, and we then compute khenost likely elements oA

to dene A;. In CPL A; 1 contains theK most likely sequences of changepoinfs;

is de ned as the collection of the K sequences where each sequencedpf; has a
zero or one concatenated at the end. Finally, the most likely elements iA; de ne

A:. This style of pruning is common in segmentation methods; see, e.g., Saatci et al.
(2010), but other pruning are also possible, such as those proposed by Li et al. (2021), or
sampling-based approaches; see e.g. Doucet et al. (2000).

Other choices for DA[K] Finally, some choices of weighting functions are derived using
ad-hoc rules, meaning that explicit or approximate solutions to the Bayesian posterior are
not needed. One of the most popular choices of ad-hoc weighting functions are mixture
of experts, which weight di erent models according to a given criterion.

ME(mixture of experts with algorithmic weighting): Consider, = . Let ¢ = k

a set of weights, wherevx corresponds to the weight for thke-th expert at timet. The
work of Chaer et al. (1997) considers the weighting function

exp(Wly yi)

{21 expwl; yi)'

t(Wt)k = P (337)
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gain function

X
G(wt) = p(YtjXt;Dut 1) = P(YtiXt; tk:D1t 1) t(Wi)k; (3.38)
k=1
with respect tow forallk =1;:::;K at every timestep.

We write DA[K], whereK is the number hypothesis, for methods that ukénypotheses
at most. On the other hand, we writ®A[inf] when we do not impose a bound on the
number of hypotheses used. Note that even when the choice of (A.2: weighting) is built
using DA[inf] , one can modify it to make iDA[K].

Discrete auxiliary variable with greedy hypothesis selection ( DA[1]) A special case

of the above isDA[1], where we employ a single hypothesis. In these scenarios, we set
( 1) =1 where  is the most likely hypothesis.

RL (Greedy runlength): For ; = r; and DA[1], we take

8
51 ifri=ry 1+1;

p(rejre 13Dt 1) = if ry =0; (3.39)
-0 otherwise

Our choice of (A.2: weighting) is based on the marginal predictive likelihood ratio, which is
derived from the computation gi(r; j D 1.¢) under either either an increase in the runlength
(rt(l) =ry 1 +1) or areset of the runlengthréo) = 0). Under these assumptions, the
form of t(rt(l)) is

p(ytir®™ix Dy 1)@ )

@y —
f(ry’) = ) - .
p(yeir®ix;Dae 1) * pyeir®ixe;Die 1)@ )

(3.40)

For details on the computation of (A.2: weighting), see Appendix 3.3.3. For a detailed
implementation of (M.2: auxvar)RL (M.3: prior) OUPR(A.2: weighting) DA[1], and
(A.1: posterior) LG see Algorithm 10 in the Appendix.

For example,RL[1] is a runlengthr; with a single hypothesis. We provide another
example next.
CPL (changepoint location with retrospective membership): for = s;.¢, the work of
Nassar et al. (2022) evaluates the probability of past datapoints belonging in the current
regime. In this scenario,

p(sttjstt 1;D1t 1) = P(S1tjD1t 1); (3.41)

so that
p(s1tjD1t) I p(Sut D1t 1) P(Ye]Xe;S1t; Dat 1): (3.42)
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This method allows for exact computation by summing over all possihlelements.
However, to reduce the computational cost, they propose a discrete optimisation over
possible value$ ((syt) : sit 2 f0;1g'g, where ((s1t) = p(SitjD1t). Then, the
hypothesis with highest probability is stored and gets assigned a weight of one.

Continuous auxiliary variable ( CA

Here, we brie y discuss continuous auxiliary variab{€A). For some choices of; and
transition densitiesp( ¢j ¢ 1;D1:t 1), computation of (3.31) becomes infeasible. In
these scenarios, we use simpler approximations. We give an example below.
CPP(Changepoint probability with empirical Bayes estimate): fof = , consider

P( t] ¢ 1;D1e 1) = p( v); (3.43)

so that
P( tiDw) 1 p( o) p(YeiXe; ¢): (3.44)

The work of Titsias et al. (2024) takes(( ¢) = ( ¢ ¢ ), where is the Dirac delta
function and ; is a point estimate centred at the maximum of the marginal posterior
predictive likelihood:

¢ =argmax p(ytjXt; ; Dut 1) (3.45)
2[0;1]

In practice, (3.45) is approximated by taking gradient steps towards the minimum. This
is a form of empirical Bayes approximation, since we compute the most likely value of the
prior after marginalizing out ;. The work of Galashov et al. (2024) considers a modi ed
con guration with choice of (M.2: auxvar) 2 (0;1)°.

3.2 Unied view of examples in the literature

Table 3.3 shows that many existing methods can be written as instances of BONE. Rather
than specifying the choice of (M.1), we instead write the task for which it was designed,
as discussed in Section 2.1.1. We will experimentally compare a subset of these methods
in Section 3.5.

The methods presented in Table 3.3 can be directly applied to tackle any of the
problems mentioned in Section 2.1.1. However, as choice of (M.1: likelihood), we specify
the task under which the con guration was introduced.

3.3 Worked examples

In this section, we provide a detailed calculation qf ;) for some choices of ;. We
consider a choice of (M.1: likelihood) to be linear Gaussian with known observation

3In general, the components of BONE can be thought as the building blocks for new methods. Some
of these combinations would not be useful, but they can be employed nonetheless.

58



Reference Task M.2: auxvar M.3: prior A.1: posterior A.2: weight
Kalman (1960) Itering C LSSM LG DA[1]
Magill (1965) Itering ME LSSM LG DA[K]
Chang and Athans (1978) Itering ME LSSM LG CA
Chaer et al. (1997) Itering ME LSSM LG DA[K]
Ghahramani and Hinton (2000) SSSM ME Static VB CA
Adams and MacKay (2007) seg. RL PR Cj DA[inf]
Fearnhead and Liu (2007) seg. & preq. CPTME PR Any DA[inf]
Wilson et al. (2010) seg. RLCC PR Cj DA[inf]
Fearnhead and Liu (2011) seg. CPTME MMPR Any DA[inf]
Mellor and Shapiro (2013) bandits RL PR Cj DA[inf]
Nguyen et al. (2017) OCL CPL Sub VB DA[1]
Knoblauch and Damoulas (2018) seg. RU ME PR Cj DA[inf]
Kurle et al. (2019) OCL CPV Sub VB DA[1]
Li et al. (2021) OCL CPL MCI VB DA[inf]
Nassar et al. (2022) bandits & OCL CPV Sub LG DA[1]
Liu (2023) preq. ME CLSSM Any DA[K]
Chang et al. (2023) OCL C ACI LG DA[1]
Titsias et al. (2024) OCL CPP ou LG CA
Galashov et al. (2024) CL CPP ou VB CA
Abélés et al. (2024) preq. ME LSSM LG DA[K]
RL[1]-OUPR* (ours) any RL SPR Any DA[1]

Table 3.3: List of methods ordered by publication date. The tasks are discussed in Section 2.1.1. We use
the following abbreviations: SSSM means switching state space model; (O)CL means (online) continual
learning; seg. means segmentation; preg. means prequential. Methods that consider two choices of (M.2:
auxvar) are denoted by X Y. This corresponds to a double expectation in (3.6) one for each choice of

auxiliary variable.

varianceRy, i.e.,

3.3.1 Runlength with prior reset ( RL-PR

Unbounded number of hypotheses RL[inf]-PR

p(ytj sXt)= N(ythl t; R¢):

(3.46)

The work in Adams and MacKay (2007) takes; = r; to be the runlength, withr; 2

the runlength follows the dynamics (3.33). We conside(r{) = p(r¢jD1.t) such that

p(rejD1t) = P

p(re; D1t)

P =0 p(f; D1t) ’

(3.47)

every timestep. To estimate this value recursively, we sum over all possible previous

runlengths as follows

p(ry; Dixt)
K1

= p(re;re 1;D1t 1;Dy)

re 1=0

X1

re 1=0

P(Ytjre;Xe;Dat 1)

X1

re 1=0
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p(r¢ 1;D1e )p(rejre 1):

p(re 1:D1e 1) P(rejre 15D1ue 1) P(Yeirere 15X Do 1)

(3.48)



In the last equality, there are two implicit assumptions, (i) the runlength at timhds
conditionally independent of the datA;.; ; given the runlength at time¢ 1, and (ii) the
model is Markovian in the runlength, that is, conditioned op the value ofr; ; bears
no information. Mathematically, this means that (ip(r¢jri 1;D1:t 1) = p(rejre 1)
and (i) p(Ytjre;re 1;D1t 1) = p(Yijre;D1e 1). From (3.48), we observe there are
only two possible scenarios for the value gf Eitherr; = 0 orry = ry 1 +1 with

re 1210;:::;t 1g. Thus, p(r¢; Dq1t) becomes

P(re; D) = p(Yejre; Xe; Do 1) P(re 1; D1 1) p(rejre 1) ifre 1

. X1 ) . (3.49)
P(re; D) = p(Yejre;xe; Dot 1) p(r¢ 1;D1e 1) p(rejre 1) ifrg=0:

r{ 1=0

The joint density (3.49) considers two possible scenarios: either we stay in a regime
considering the past; 1 observations, or we are in a new regime, in whigh= 0.
Finally, note that (3.49) depends on three terms: (i) the transition probabiliffr jry 1),
which it is assumed to be known, (ii) the previous log-jopplr; 1;D1:¢ 1), with ry 1 2
f0;1;:::;t 1g, which is estimated at the previous timestep, and (iii) the prior predictive
density 7

P(Ytjre;Xe; Dot 1) = p(Yt] ;X)) P( tjre;Doe 1)d « (3.50)

For a choice of (M.1: likelihood) given by (3.46) and a choice of (M.3: prior) given by
(3.18), the posterior predictive (3.50) takes the form.
z

PYeirxeDie 1= N (yeix! cRON ¢ & ) d,
(3.51)
=N yeixt (Mxd xer Re

with ry 2 f0;:::;t 1g. Here,  (): ") are the posterior mean and covariance

at time t 1 built using the lastr, 1 observations. Ifr; = 0, then ( {"); (")) =

( 0s O)-

Bounded number of hypotheses RL[K]-PR

If we maintain a set oK possible hypotheses, then, = fr® ;i rK)g2f0;:::t

19X is a collection oK unique runlengths obtained at time 1. Next, (3.48) takes the
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form

p(re; D) = p(Yejre;Xe; Dae 1) P(re ;D1 1) p(rejre 1) ifre L
(3.52)
. X . .
p(re;Dat) = p(Yejre; Xe; Dat 1) p(re 1;D1t 1) p(rejre 1) ifrg=0:
re 12 ¢ 1
(3.53)

Here, we have that either; = r; 1 +1 whenry 12 1 orry =0. After computing
p(ry; D1:t) for all K +1 possibles values af, a choice is made to keeld hypotheses.
For timestepst K, we evaluate all possible hypotheses uhtd K .

Algorithm 8 shows an update step under this process when we maintain a skt of
possible hypotheses.

3.3.2 Runlength with moment-matched prior reset ( RL-MMPR

Here, we consider a modi ed version of the method introduced in Fearnhead and Liu
(2011). We consider the choice d®L and adjust the choice of (M.3: prior) foRL-PR
introduced in Appendix 3.3.1 whenevey = 0. In this combination, forry = 0, we take

( tJre;Dae 1) = p( ¢jre; Do 1). Next

K 1
P( tjre;Duy 1) = P( t;rt 1jre;Dax 1)
re 1=0
K 1
= p(re 1jDat 1) p(rejre 1) PC ejrere 1Yt 1) (3.54)
re 1=0
K 1
= P(re 1jDat 1) p(rejre 1) N( ] 5“11); Ertll))i
re 120

Because (3.54) is a mixture model, we choose a conditional prior to be Gaussian that
approximates the rst two moments. We obtain

Xl
E[ ¢jreyue 1]= p(re 1D 1) p(rejre 1) Y (3.55)
r 1=0
for the rst moment, and
Xl
E[ ¢ |jrgywe p(re 1jD1e 1) p(rejre 1) 5“11)"‘ 5“11) E“11)|
ri 1=0

(3.56)
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for the second moment. The conditional prior mean and prior covariance umger 0
take the form

©)
t

E[ tjre;yse 1l;

(3.57)
El« liroyae il (B[ cirgyae a) (B[ ciregyse 1) e

()
t

Algorithm 9 shows an update step under this process when we maintain a $etpuissible
hypotheses.

3.3.3 Runlength with OU dynamics and prior reset ( RL[1]-OUPR?

In this section, we provide pseudocode for the new hybrid method we propose. Speci cally,
our choices in BONE areRL[1]-OUPR*for (M.2: auxvar) and (M.3: prior),LGfor (A.1:
posterior), andDA[1] for (A.2: weighting). Because of our choice of (A.2: weighting),
RL[1]-OUPR* considers a single hypothesis (or runlength) which, at every timestep, is
either increased by one or set back to zero, according to the probability of a changepoint
and a threshold 2 (0;1).

In essenceRL[1]-OUPR* follows the logic behindRL[1]-PR introduced in Section
3.3.1 withK =1 hypothesis and di erent choice of (M.3: prior). To derive the algorithm
for RL[1]-OUPR*at time t > 1, suppose; ; is available (the only hypothesis we track).
Denote byrt(l) the hypothesis of a runlength increase, i.e;, = ry 1 +1 and denote
by rt(o) the hypothesis of a runlenght reset, i.e, = 0. The probability of a runlength
increase under a single hypothesis takes the form:

(r?) = p(r(” D)
p(r{”;D14)

p(r® ;D) + p(r?;Diy)
- p(yejri”;xe;Dax 1)p(re ;D1 (@ )
0) .

p(ytir®ixe;Dee 1) p(re 1,01 1) + pyeir®xe;iDae 1) p(re 1;D1x 1) (@
p(ytjrt(l);xt;Dlzt 1)1 ) .
p(ytjrt(O);Xt;Dlzt 1) + P(ytjrt(l);XtQDlzt )@ )

(3.58)
where = p(r¢jre 1) with ry = 0 is the prior probability of a changepoint and and
1 = p(rejre o with re = ry 1 + 1 is the probability of continuation of the current

segment.

Next, we use ((r;) to decide whether to update our parameters or reset them ac-
cording to a prior belief according to some threshold This implements our choice of
(M.3: prior) given in (3.19) and (3.20). Because we maintain a single hypothesis, the
weight at the end of the update step is set tb Algorithm 10 shows an update step for
RL[1]-OUPR*under the choice of (M.1: likelihood) given by (3.46).

62



3.3.4 Changepoint location with multiplicative covariance in ation
CPL-MCI

The work in Li et al. (2021) takes = s;.¢ to be at-dimensional vector where thieth
element is a binary vector that determines a changepoint at timdhen, the sum of the
entries ofs;.; represents the total number of changepoints up to, and including, time

We take ¢(s1:t) = p(s1:tjD1:t), which is recursively expressed as

p(s1tjD1:t) = P(St;Stt 1JYe; Xe; D1t 1)

_ _ (3.59)
= p(s1t 1jD1t 1)p(StjSwut 1:Xe;Ye;Dat 1)t

Here, p(siit 1jD1:t 1) is inferred at the previous timestep 1. The estimate of a
changepoint conditioned on the past changes and the measurements is

p(st =1jsit 1;D1:t)
_ P(st = 1) p(yejXe;Sut 13t =1;Dy 1)

Cop(st =) p(yeise = 1:Xe;Ste 1Y 1)+ P(St =0)p(Yejst = 0;X¢; St 15D 1)
p(st =1)p(ytjst =1;Xt;Sue 1:Y1t 1) !

= 1l+ex lo - = (my);
P 9 p(st = 0)p(ytjst =0;X¢;s1t 1;D1e 1) (mo)
(3.60)
where (x)=1=(1+exp( x)) and
P(ytjst =1;X¢;S1t 1: D1t 1) p(st = 1)
m; = lo . +log —/—- ; 3.61
tT99 iis = 0;x1:S1 1D 1) 9 ps=0 (3.61)
and similarly,
p(st =0jsyt 1;D14) =1 (my): (3.62)

Finally, the transition between states is given p{s::t jS1:t 1) = p(St)-
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3.4 Algorithms

Algorithm 8 Implementation ofRL[K]-PR. We consider an update at timeand one-step
ahead forecasting at timeé + 1 under a Gaussian linear model with known observation
variance.

Require: ( 4; o) // default prior beliefs

Require: D; = (Xt;yt) // current observation
Require: fri® gf,, 2f0;:::;t  1g° // bank of runlengths at time t 1
Require: ll‘qp(rfk)l; Dl:l)gg:]_ /I joint from past hypotheses

Require:  ( t(k)l; t(k)l) ‘ I beliefs from past hypotheses
Require: Xi+1 /I next-steg _ébservation

Require: p(yj ;x)= N(yj 'x;R:) // Choice of (M.1: likelihood)
1: /l Evaluate hypotheses if there is no changepoint

2: fork=1;:::;K do

3 0 4

4 plyejir®ixeDoe 1) N (yejx! M xl %9 x + Ry) I/ posterior predictive for
k-th hypothesis

5: p(rt(k); Di:t) p(ytjrt(k);xt;Dl;t 1) p(rfk)l;Dl;t 1) p(rfk)jrfk)l) /[ update joint den-
sity
(k). (k) (k) . (k)
( t ot ) t 10t 1

t( t;rfk)) N (tj ¢ )/l choice of (M.3: prior)

Gl r Y7 Cor®ypiyej "xGROIN (o &5 &) 1 following (3.29)

: end for

10: // Evaluate hypothesis under a changepoint

1 1Mo

12: pyejri*™ ;x;Dae 1) N (yejx! o x! ox¢ + Ry) // posterior predictive for k-th
hypothesis p

13 p(r{*™ ;D) PO irY i xe D 1) e De) p(rY i 1)

14: /I Extend number of hypotheses toK +1 and keep topK hypotheses

15: 11 = top k(Fp(r™ ; Do) p(r™ ™ :D1y)g; K)

16: fp(r’;Du)gls,  sliceat(fp(r; Du) gkt 1)

17: £ {5 Nde sliceat(f( {5 {)alst s 1ak)

18: // build weight and make prequential prediction

*).p .
19 (1) PR PE) fork=1;105K
= p(ry 7iDa:t)

K k k
20: Y41 Xl+1 k=1 t(rt( )) t( )

© % N o

/I prequential prediction under a linear-Gaussian model

21: return f( fk); Ek);rt(k))ngzl y P

In Algorithm 8, the functiontop:k(A; K ) returns the indices of the to 1 elements
of A with highest value. The functiorsliceat(A; B) returns the elements i\ according
to the list of indicesB. If jJAj j Bj, we return all elements iA.
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Algorithm 9 Implementation ofRL[K]-MMPRWe consider an update at timeand one-
step ahead forecasting at timet 1 under a Gaussian linear model with known observation
variance.

Require: D; = (Xt;Yyt) // current observation

Require: frt(k)lg,*f:1 2f0;:::;t  1g° /I bank of runlengths at time t 1

Require: fqp(rfk)l; D;m)gg:1 /I joint from past hypotheses

K
Require: ﬁk)l; Ek)l)

/I beliefs from past hypotheses

Require: X¢+1 [/ next-stepl)(:ébservation

Require: p(yj ;x)= N(yj !x;R¢) // Choice of (M.1: likelihood)
./l Evaluate hypotheses if there is no changepoint

1

2

a1 41

4 p(ytjrt(k);xt;Dl;t 1) N (ytjx{ Ek)l; x{ fk)lxt + Rt) /I posterior predictive for
k-th hypothesis

50 p(riDue)  plyeirixe;Due 1) p(ri;Dae 1) pr jri*) 1/ update joint den-
sity

k). (k) K) . (k
(M) M )

(Car®y N (¢j 4 1)/ choice of (M.3: prior)
GCor®)y 7 Cor™ypye) 'xGoROIN (o 5 8y g following (3.29)
. end for

© ® N o

10: // Evaluate hypothesis under a changepoint

11 1Yo

12: o E[ ¢jre;ywe 1]/ following (3.55)

130 o E[¢ ljrayee 1] (B[ cireyne i) (E[ ¢jre;yse 1])! // following (3.55) and
(3.56)

14: p(ycjr™ x;D1e 1) N (yejx! i x! ox¢ + Ry) // posterior predictive for k-th
hypothesis P

15: p(r¢™ ;D1) PO % Da 1)y P iDr) pre™Y Y 1)

16: // Extend number of hypotheses toK +1 and keep topK hypotheses

17: Iz = top k(Fp(r® ; Do) pr™ 1 D1t)g; K)

18: fp(r{;Di)gles  sliceat(fp(r{; Dr)git; 11k )

19: £ {97 (gl sliceat(F( {5 (N)alSt s 1ak)

20: // build weight and make prequential prediction

) .p
21 (1) PRl Dr) 'Zj‘) fork=1;::::K
= P(rl iD1:t)

22: Yia1 xlﬂ E:l ‘(rfk)) Ek) /I prequential prediction under a linear-Gaussian model

23: return f( 85 8 8Ng P
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Algorithm 10 Implementation ofRL[1]-OUPR* with update at timet and for one-step
ahead forecasting at timeé + 1, under a Gaussian linear model with known observation
variance.

Require: D; = (Xt;Yyt) // current observation

Require: Xt+1 /I next-step observation

Require: 2 (0;1) // restart threshold

Require: ry 1 2f0;:::;t 1g// runlength at time t 1

Require: ( ; o) // default prior beliefs

Require: ( , ;; t 1) // beliefs from prior step

Require: p(yj ;x)= N(yj 'x;R:) // Choice of (M.1: likelihood)

1 @r®)  (0;rc 1+1) /I choice of (M.2: auxvar)

2 p(yejr®;xe;Dae 1) N (yeix! %! ox¢+ Ry) // posterior predictive at change-
point

3 p(yeir®ix; D 1) N (yeixl , ;5x! ¢ 1xc+ Ry) // posterior predictive if no
changepoint

4 (W) pye ir® xeiDae @)

_ piirP ixeibee D@ )+ pyeir® by 1)
at tlmestept

/I probability of no-changepoint

5:

6: if (r”)> then

7o ¥

. (r ) 1 1

g {0 Y e o1 @)
N S I S &

10: else if (r™)  then
11: e 19

12: {ro) o
13 " 0
14: end if

15: «( ;re) N (¢ ¢ )/l choice of (M.3: prior)

16: q( ;r) /N (o ¢ Opyij "x;RO)IN (¢j 4; 1)/ choice of (A.1: posterior)
via (3.29)

17: Pea xlﬂ ¢ I/ prequential prediction (given linear-Gaussian model)

18: return ( ; t;rt), Yee1

3.5 Experiments

In this section we experimentally evaluate di erent algorithms within the BONE framework
on a number of tasks.

Each experiment consists ofwarmup period where the hyperparameters are chosen,
and adeploy period where sequential predictions and updates are performed. In each
experiment, we X the choice of measurement modelM.1: likelihood) and posterior
inference method (A.1: posterior), and then compare di erent methods with respect to
their choice of (M.2: auxvar), (M.3: prior), and (A.2: weighting). FdDAmethods, we
append the number of hypotheses in brackets to determine how many hypotheses are
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being considered. For examplRL[1]-PR denotes one hypothesi®L[K]-PR denotesk

hypotheses, andRL[inf]-PR denotes all possible hypotheses. In all experiments, unless

otherwise stated, we consider a single hypothesis for choicd3f08ee Table 3.4 for the
methods we compare.

M2-M3 | Eg. | A2 | Description | Sections
static
C-Static (3.16) - This corresponds to the static case with a classical Bayesian update. This| 3.5.3, 4.7.4
method does not assume changes in the environment.
abrupt changes
RL-PR (3.18) | DAJinf] This approach, commonly referred to as Bayesian online changepoint de-| 3.5.1, 3.5.1,
tection (BOCD), assumes that non-stationarity arises from independent | 3.5.2, 3.5.3,
blocks of time, each with stationary data. Estimates are made using data | 4.7.4,
from the current block. See Appendix 3.3.1 for more details.
WOoLF+RL-PRY (3.18) | DA[inf] Special case ofRL-PRwith explicit choice of (M.1: likelihood) which makes | 4.7.4
it robust to outliers.
gradual changes
CPP-OU (3.14) CA Updates are done using a discounted mean and covariance according tg 3.5.1, 3.5.1,
the probability estimate that a change has occurred. 35.2
C-ACI (3.15) - At each timestep, this method assumes that the parameters evolve accord-| 3.5.1, 3.5.1,
ing to a linear map F+, at a rate given by a known positive semide nite | 3.5.2,
covariance matrix Qi .
abrupt & gradual changes
RL-MMPR | (3.57) | DAJinf] Modi cation of CPT-MMPfRat assumes dependence between any two con- 3.5.3
secutive blocks of time and with choice of RL This combination employs
a moment-matching approach when evaluating the prior mean and covari-
ance under a changepoint. See Appendix 3.3.2 for more details.
RL-OUPR (3.19) DA[1] Depending on the threshold parameter, updates involve either (i) a convex| 3.5.1, 3.5.1,
combination of the prior belief with the previous mean and covariance | 3.5.2, 3.5.3

based on the estimated probability of a change (given the run length),
or (i) a hard reset of the mean and covariance, reverting them to prior
beliefs. See Appendix 3.3.3 for more details.

Table 3.4: List of methods we compare in our experiments. The rst column, M.2M.3 , is de ned

by the choices of (M.2: auxvar) and (M.3: prior). The second column, Eq., references the equation
that de ne M.2 M.3. The third column, A.2, determines the choice of (A.2: weighting). The fourth

column, Description, provides a brief summary of the method. The fth column, Sections, shows the
sections where the method is evaluated. The choice of (M.1: likelihood) and (A.1: posterior) are de ned
on a per-experiment basis. (The only exception beingWolF+RL-PR For (M.2: auxvar) the acronyms

are as follows: RL means runlength, CPPmeans changepoint probability, C means constant, and CPT
means changepoint timestep. For (M.3: prior) the acronyms are as follows: PRmeans prior reset, OU
means Ornstein Uhlenbeck, LSSMmeans linear state-space modelStatic means full Bayesian update,
MMRneans moment-matched prior reset, andOUPRneans Ornstein Uhlenbeck and prior reset. We use
the convention in Hu?kova (1999) for the terminology abrupt/gradual changes.

3.5.1 Prequential prediction

In this section, we give several examples of nhon-stationary prequential prediction problems.

Online regression for hour-ahead electricity forecasting

In this experiment, we consider the task of predicting the hour-ahead electricity load before
and after the Covid pandemic. We use the dataset presented in Farrokhabadi et al. (2022),

which has 31,912 observations; each observation contains 7 featyraad a single target

variabley;. The 7 features correspond to pressure (kPa), cloud cover (%), humidity (%),
temperature (C) , wind direction (deg), and wind speed (KmH). The target variable is
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the hour-ahead electricity load (KW). To preprocess the data, we normalise the target
variabley; by subtracting an exponentially weighted moving average (EWMA) mean with
a half-life of 20 hours, then dividing the resulting series by an EWMA standard deviation
with the same half-life. To normalise the featurgs, we divide each by a 20-hour half-life
EWMA. The features are lagged by one hour.

Our choice of measurement modhlis a two-hidden layer multilayered perceptron
(MLP) with four units per layer and a ReLU activation function.

For this experiment, we consid&L[1]-OUPR*(our proposed method)RL[1]-PR (a
classical method)C-ACI (a simple benchmark), an€PP-OUWa modern method). For
computational convenience, we plug in a point-estimate (MAP estimate) of the neural
network parameters when making predictions usimg More precisely, given, we use
h( {;Xt+1) to make a (conditional) prediction, where, =argmax q( ; ;D1:). For
a fully Bayesian treatment of neural network predictions, see Immer et al. (2021); we leave
the implementation of these approaches for future work.

The hyperparameters of each method are found using the rst 300 observations
(around 13 days) and deployed on the remainder of the dataset. Speci cally, during the
warmup period we tune the value of the probability of a changepoint R{1]-OUPR*
and RL[1]-PR. For C-ACI we tune Q¢, and for CPP-OlWve tune the learning rate. See
the open-source notebooks for more details.

In the top panel of Figure 3.2 we show the evolution of the target varighldetween
March 3 2020 and March 10 2020. The bottom panel of Figure 3.2 shows the 12-hour
rolling mean absolute error (MAE) of predictions made by the methods. We see that there
is a changepoint around March 7 2020 as pointed out in Farrokhabadi et al. (2022). This
is likely due to the introduction of Covid lockdown rules. Among the methods considered,
C-ACI and RL[1]-OUPR* adapt the quickest after the changepoint and maintain a low
rolling MAE compared toRL[1]-PR and CPP-OU

Figure 3.2: The top panel shows the target variable (electricity consumption) from March 1 2020 to

March 12 2020. The bottom panel shows the twelve-hour rolling relative absolute error of predictions
for the same time window. The dotted black line corresponds to March 7 2020, when Covid lockdown
began.

Next, Figure 3.3, shows the forecasts made by each method between March 4 2020
and March March 8 2020. We observe a clear cyclical pattern before March 7 2020 but
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less so afterwards, indicating a change in daily electricity usage from diurnal to constant.

Figure 3.3: One day ahead electricity forecasting results for Figure 3.2. The dotted black line corresponds
to March 7 2020.

We also observe thaRL[1]-PR and CPP-OWlow-down their rate of adaptation. One
possible explanation of this behaviour is that the changes are not abrupt enough to be
captured by the algorithms. To provide evidence for this hypothesis, Figure 3.4 shows,
on the lefty-axis, the predictions foRL[1]-PR and the target variabley;. On the right
y-axis, we show the estimated runlength.

Figure 3.4: One day ahead electricity forecasting results forRL[1]-PR together with the target variable
on the left y-axis, and the value for runlength (RD on the right y-axis. We see that after the 7 March
changepoint, the runlength monotonically increases, indicating a stationary regime.

We see thatRL[1]-PR resets approximately twice every day until the time of the
changepoint. After that, there is no evidence of a changepoint (as provided by the
hyperparameters and the modelling choices) Rid1]-PR does not reset which translates
to less adaptation for the period to the right of the changepoint.

Finally, we compare the error of predictions made by the competing methods. This
is quanti ed in Figure 3.5, which shows a box-plot of the ve-day MAE for each of the
competing methods over the whole dataset, from March 2017 to November 2020. Our
new RL[1]-OUPR*method has the lowest MAE.

Online classi cation with periodic drift

In this section we study the performance GtACI, CPP-O|RL[1]-PR, andRL[1]-OUPR*
for the classication experiment of Section 6.2 in Kurle et al. (2019). More precisely,
in this experimentxy; Unif[ 3;3] for i 2 1,29, Xy = (X¢1,Xt2) 2 R?, vy

69



Figure 3.5: Distribution of the 5-day mean absolute error (MAE) for each of the competing methods on
electricity forecasting over the entire period. For this calculation we split the dataset into consecutive
buckets containing ve days of data each, and for a given bucket we compute the average absolute error
of the predictions and observations that fall within the bucket.

Bernoulli{ ( | x¢)) with & =10sin(5 t)and © =10 cos(5 t). Thus the unknown
values of model parameters are slowly drifting deterministically according to sine and
cosine functions. The timesteps go from 0 to 720.

Figure 3.6: Misclassi cation rate of various methods on the online classi cation with periodic drift task.

Figure 3.6 summarises the results of the experiment where we show the misclassi ca-
tion rate (which is one minus the accuracy) for the competing methods. Ruf1]-OUPR*
method works the best, and signifcantly outperforrR&[1]-PR, since we use an OU drift
process with a soft prior reset rather than assuming constant parameter with a hard prior
rset.

We can improve the performance &L[K]-PR if the number of hypotheseK in-
creases, and if we vary the changepoint probability threshaldis shown in Figure 3.7.
However, even then the performance of this method still does not match our method.
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Figure 3.7: Accuracy of predictions for RL[1]-PR as a function of the number of hypothesis and the prior
probability of a changepoint . The black dotted line is the performance of RL[1]-OUPR* reported in
Figure 3.6.

Online classi cation with drift and jumps

In this section we study the performance 6fACI, CPP-OLRL[1]-PR, andRL[1]-OUPR*
for an experiment with drift and sudden changes. More precisely, we assume that the
parameters of a logistic regression problem evolve according to

8

< + wp.1l p;
= t 1t ¢ p p (3.63)

Ul 22 wop.p;

with p =0:01, o U [ 2;2F and . is a zero-mean distributed random vector with
isotropic covariance matrix0:01)? I, (wherel, is a2 2 identity matrix). Intuitively,

this experiment has model parameters that drift slowly with occasional abrupt changes
(at a rate of 0:01).

Figure 3.8: Misclassi cation rate of various methods on the online classi cation with drift and jumps
task.

Figure 3.8 shows the misclassi cation rate among the competing methods. We observe
that C-ACI, CPP-OlandRL[1]-OUPR*have comparable performance, wher&dq1]-PR
is the method with highest misclassi cation rate.
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Figure 3.9: Accuracy of predictions for RL[K]-PR as a function of the number of hypotheses K) and the
probability of a changepoint . The black dotted line is the performance of RL[1]-OUPR* reported in
Figure 3.8.

To explain this behaviour, Figure 3.9 shows the performancRbfK]-PR as a function
of number of hypotheses and prior probability of a changepointWe observe that up
to three hypotheses, the lowest misclassi cation errorRIE[K]-PR is higher than that of
RL[1]-OUPR?* which only considers one hypothesis. However, as we increase the number
of hypotheses, the best performance fBL[K]-PR obtains a lower misclassi cation rate
than RL[1]-OUPR* This is in contrast to the results in Figure 5. Here, we see that with
more hypotheseRL[K]-PR outperforms our new method at the expense of being more
memory intensive.

3.5.2 Contextual bandits

In this section, we study the performance 6fACI, CPP-OLRL[1]-PR, andRL[1]-OUPR*

for the simple Bernoulli bandit from Section 7.3 of Mellor and Shapiro (2013). More
precisely, we consider a multi-armed bandit problem with 10 arms, 10,000 steps per simu-
lation, and 100 simulations. The payo of a given arm is the outcome of a Bernoulli
random variable with unknown probability; = minfmaxf ; ; + 0:03Z;0g; 1g for

fZi Qo 1;2:::: 10,0009 iNdependent and identically distributed standard normal random vari-
ables. We take ¢ Unif[0; 1] and use the same formulation for all ten arms with in-
dependence across arms. The observations are the rewards and there are no features
(non-contextual).

The idea of usindRL[1]-PR in multi-armed bandits problems was introduced in Mellor
and Shapiro (2013). With this experiment, we extend the concept to other members of
the BONE framework. We use Thompson sampling for each of the competing methods.
Figure 3.10 shows the regret of usig+ACIl, CPP-OURL[1]-PR, and RL[1]-OUPR*for
the above multi-armed bandits problem. The results we obtain are similar to those of
Section 3.5.1. This is because both problems have a similar drift structure.
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Figure 3.10: Regret of competing methods on the contextual bandits task. Con dence bands are com-
puted with one hundred simulations.

3.5.3 Segmentation and prediction

In this section, we evaluate methods both in terms of their ability to correctly segment
the observed output signal, and to do one-step-ahead predictions. Note that by correct
segmentation , we mean one that matches the ground truth data generating process.
This metric can only be applied to synthetic data.

Autoregression with dependence across the segments

In this experiment, we consider the synthetic autoregressive dataset introduced in Section
2 of Fearnhead and Liu (2011), consisting of a set of one dimensional polynomial curves
that are constrained to match up at segmentation boundaries, as shown in the top left of
Figure 3.11.

We compare the performance of the three methods in the previous subsection. For
this experiment, we employ a probability of a changepoint 0:01. Since this dataset
has dependence of the parameters across segments, we allow for the choice of (M.1:
likelihood) to be in uenced by the choice of (M.2: auxvar), i.e., our choice of model is
given byh( ¢; t;X¢). For this experiment, we take (M.2: auxvar) to bBL and our
choice of (M.1: likelihood) becomes

h( Groxe) = L h(Xaon); (3.64)

with h(x ;1) =[1; 5 2, =( Xt X),andXx,, X¢. Intuitively this represents
a quadratic curve t to the beginningx,, and end pointsx; of the current segment.
Given the form of (M.1: likelihood) in (3.64), here we do not consid@&ACI nor CPP-OU
Instead, we use runlength with moment-matching prior reset, iRL-MMPRsee Table
3.4) which was designed for segmentation with dependence.

Figure 3.11 shows the results. On the right, we observe tRaf1]-OUPR*has the
lowest RMSE. On the left, we plot the predictions of each method, so we can visualise
the nature of their errors. FORL[1]-PR, the spikes occur because the method has many
false positive beliefs in a changepoint occurring, and this causes breaks in the predictions
due the explicit dependence bfon ry and the hard parameter reset upon changepoints.
For RL-MMBERhe slow adaptation (especially whexy 2 [1;5]) is because the method
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Figure 3.11: The left panel shows a sample run of the piecewise polynomial regression with dependence
across segments. Thex-axis is for the features, the (left) y-axis is for measurements together with the
estimations made by RL[1]-PR, RL-MMPRand RL[1]-OUPR?¥ the (right) y-axis is for the value ofr¢ under
each model. The orange line denotes the true data-generating process and the red line denotes the value
of the hypothesis RL The right panel shows the RMSE of predictions over 100 trials.

does not adjust beliefs as quickly as it should. QRit[1]-OUPR*method strikes a good
compromise.

Figure 3.12: Count of changepoints over an experiment for 100 trials. The orange line shows the true
number of changepoints for all trials.

Figure 3.12 shows the distribution (over 100 simulations) of the number of detected
changepoints, i.e., instances wherg(r;) with ry = 0 is the highest. We observe that
superior predictive performance in Figure 3.11 does not necessarily translate to a better
segmentation capability. For example, the distribution producedRly-MMPRBits around
the actual number of changepoints (better at segmenting) wherBa$l]-OUPR* which
is detecting far fewer changepoints, is the best performing prediction method. This re-
ects the discrepancy between the objectives of segmentation and prediction. For a more
thorough analysis and evaluation of changepoint detection methods on time-series data,
see Van den Burg and Williams (2020).

3.6 Conclusion

We introduced a uni ed Bayesian framework to perform online predictions in non-stationary
environments, and showed how it covers many prior works. We also used our framework
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to design a new methodRL[1]-OUPR* which is suited to tackle prediction problems
when the observations exhibit both abrupt and gradual changes. We hope to explore
other novel variants and applications in future work.
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Chapter 4

Robustness

In this chapter, we derive a novel, provably robust, and closed-form Bayesian update rule
for online learning under a state-space model in the presence of outliers and misspeci ed
measurement models. Our method combines generalised Bayesian (GB) inference with
Itering methods such as the extended and ensemble Kalman lIter. We use the former to
show robustness and the latter to ensure computational e ciency in the case of nonlinear
models.

Robustness to outliers is a critical requirement in sequential online learning, where
noisy or corrupted observations can easily degrade performance. Recent (closed-form)
methods addressing this challenge often rely on variational Bayes (VB), which, while
e ective, tend to be more computationally expensive than standard Kalman lter (KF)
approaches due to the overhead of inner-loop computations. (see e.g., Wang et al. (2018);
Tao and Yau (2023)). Although more classical (low-cost) alternatives exist, they are
typically restricted to linear systems and the results may not extend to nonlinear or high-
dimensional cases.

The method we propose is simple to implement, computationally e cient, and robust
to both outliers and model misspeci cation. It o ers performance comparable to, or better
than, existing robust Itering approaches, including VB-based methods, but at a much
lower computational cost. We demonstrate the e ectiveness of our approach across a
range of online learning tasks with outlier-contaminated observations.

4.1 The method

Our method is based on the GB approach where one modi es the update equation in
(2.3) to use a loss function; : R® ! R in place of the likelihood of the measurement
process. This gives the choice of (A.1: posterior) of the form

a( tjD1e) /7 exp( t( 1)) a( t]D1e 1); (4.1)
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where ( = fg. We propose to gain robustness to outliers in observation space by taking
the loss function to be the model's negative log-likelihood scaled by a data-dependent
weighting term

()= W2y ) logplyd +); 4.2)

with W : R® R°! R,, the weighting function see Section 3.1.6 for examples
and p(y¢j ¢) the choice of likelihood. We call our method theeighted observation
likelihood Iter (WoLF). To specify an instance of our method, ones needs to de ne the
likelihoodp(y:j t) and the weighting functior. In the next subsections, we show the
exibility of WoLF and derive weighted-likelihood-based KF and EKF algorithms. Setting
W (y¢;yt) = 1 trivially recovers existing methods, but we will instead use non-constant
weighting functions inspired by the work of Barp et al. (2019); Matsubara et al. (2022);
Altamirano et al. (2023a,b).

4.2 Linear weighted observation likelihood Iter

In this section, we present the WoLF method under a linear SSM (2.29). In particular, the
following proposition provides a closed-form solution for the update step of WoLF under
a linear measurement function and a Gaussian likelihood.

Proposition 4.1. Consider the linear-Gaussian SS¥.29) with weighting functionW :
R° R° ! R. Then, the update step of WoLF with loss functioft.2) is given by
Proposition 2.15 withR, * replaced byR, * = W2(y¢; %) R, *.

Proof. Let w? := W2(y,;¥4). The loss function takes the form

()= wlogN (yijH: ¢; Ry)

1 w2 0 w2
= E(yt He o) (Rei=wf) “(yt H¢ o) %'09 7t|09JRtJ (4.3)
1
= é(yt He o' Ry Y(ye He 0+ C
with Ry = R¢=w?, and whereC = W‘;" log W7‘2 logjR:j is a term that does not

depend on ;. The remaining follows from the standard KF derivation. Note that the loss
function does not correspond to the log-likelihood for a homoskedastic Gaussian model
sinceR; may depend on all data, including;. O

Figure 4.1 shows the weighted log-likelihood (4.3) for a univari&t€0; 1) Gaussian
density as a function of the weighting termv? 2 (0;1]. We observe that a weighted
log-likelihood resembles a heavy-tailed likelihoodvgr< 1.

The resulting predict and update steps for WoLF under linear dynamics and zero-mean
Gaussians for the state and measurement process are shown in Algorithm 11.

The computational complexity of WoLF under linear dynamics matches that of the
KF, i.e., O(D?®). Alternative robust ltering algorithms require multiple iterations per
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Figure 4.1: Weighted likelihood (unnormalised) for a standard Gaussian.

Algorithm 11 WoLF predict and update step
Require: F¢, Q¢ // predict step
tjit 1 Fo 1
it 1 Ft ot 1Fl+ Q
Require: y¢, H¢, Rt // update step
Yo o He s
Wi ) W(Ytl?f’t) . )
t gt 1T WeHy Ry “Hy
Ke w2 (HIR.?
t g 1t Ke(ye %)

measurement to achieve robustness and stability, making them signi cantly slower; see
Table 4.1 for the computational complexity for the methods we consider, and Figure 4.5
for empirical comparisons.

4.3 Nonlinear weighted observation likelihood lter

The WoLF method readily extends to other learning algorithms. For example, a WoLF
version of the EKF, which is obtained by introducing a weighting function to (2.42)
yielding the approximate choice of (M.1: likelihood):

logp(yij t) = W2(y;ye) logN (yejye; Re): (4.4)

We can also derive a novel outlier-robust exponentially-weighted moving average algorithm
(see Section 4.7.5).

4.4 The choice of weighting function

Weighted likelihoods have a well-established history in Bayesian inference and have demon-
strated their e cacy in improving robustness (Grinwald, 2012; Holmes and Walker, 2017;
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Grinwald and van Ommen, 2017; Miller and Dunson, 2018; Bhattacharya et al., 2019;
Alquier and Ridgway, 2020; Dewaskar et al., 2023). In this context, the corresponding
posteriors are often referred to as fractional, tempered, or power posteriors. In most
existing work, the determination of weights relies on heuristics and the assigned weights
remain constant across all data points so th# (y;¥:) = w 2 R for all t. In con-
trast, we dynamically incorporate information from the most recent observations without
incurring additional computational costs by de ning the weight as a function of the cur-
rent observationy; and its predictiongy = hi( ; 1), which is based on all of the past
observations.

To de ne the weighting function, we take inspiration from previous work for deal-
ing with outliers. In particular, Wang et al. (2018) proposed classifying robust Itering
algorithms into two main types:.compensation-basealgorithms, which incorporate in-
formation from tail events into the model in a robust way (see, e.g., Huang et al., 2016;
Agamennoni et al., 2012), andetect-and-rejectalgorithms, which assume that outlier
observations bear no useful information and thus are ignored (see, e.g., Wang et al., 2018;
Mu and Yuen, 2015). Below we show how both of these strategies can be implemented
using our WoLF method by merely changing the weighting function.

Inverse multi-quadratic weighting function: As an example of a compensation-based
method, we follow Altamirano et al. (2023b) and use the Inverse Multi-Quadratic (IMQ)
weighting, which in our SSM setting is

1=2

W(y )= 1+ 2

wherec > 0 is the soft threshold and k, denotes thd, norm. We call WoLF with IMQ
weighting WoLF-IMQ.

Mahalanobis-based weighting function:  The |, norm in the IMQ can be modied to
account for the covariance structure of the measurement process by replacing it with the
Mahalanobis distance betwegn and y\:

!
kR Py YK
2

Wy )= 1+

(4.6)

We call WoLF with this weighting function the WoLF-MD method. This type of weighted
IMQ function has been used extensively in the kernel literature (see e.g. Chen et al., 2019;
Detommaso et al., 2018; Riabiz et al., 2022).
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Figure 4.2: First state component of the SSM (4.42). The grey dots are measurements sampled from

(4.42) and the red crosses are measurements sampled from an outlier measurement process. The dotted
blue line shows the KF posterior mean estimate and the shows our proposed WoLF
posterior mean estimate. The regions around the posterior mean cover two standard deviations. For

comparison, the dashed black line shows the true sampled state process.

Threshold Mahalanobis-based weighting function:  As an example of a detect-and-
reject method, we consider

8
<1 ifkR, Ty, YOKE

W(yet) = | Cor R 4.7)
- 0 otherwise

with ¢ > 0 the xed threshold. The weighting function (4.7) corresponds to ignoring
information from estimated measurements whose Mahalanobis distance to the true mea-
surement is larger than some prede ned threshaldin the linear setting, this weighting
function is related to the benchmark method employed in Ting et al. (2007). We refer to
WoLF with this weighting function as WoLF-TMD.

The proposed weighting functions the IMQ, the MD, and the TMD are de ned
such thatW : R°® R°! [0;1] and therefore can only down-weight observations. This
means that our updates are always conservative, i.e., our posteriors will be wider in the
presence of outliers (see Figure 4.2 for an example).

4.5 Robustness properties

In this section, we prove the outlier-robustness for WoLF-type methods. We use the
classical framework of Huber (1981). Consider measuremagnts. We measure the

in uence of a contaminationyf by examining the divergence between the posterior with
the original observatiory; and the posterior with the contaminatiog ¢, which is allowed

to be arbitrarily large. As a function of £, this divergence is called theosterior in uence
function (PIF) and was studied in Matsubara et al. (2022); Altamirano et al. (2023a,b).
Following Altamirano et al. (2023b), we consider the Kullback-Leibler (KL) divergence.
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g. The posterior in uence function (PIF) of the measurement under g, given the
datasetD,, is de ned by

PIFq(y;D1:t) = Dk (A( +JD5)jia( ¢jD1x)): (4.8)

De nition 4.3 (outlier robust posterior) We denote the choice of (A.1: posteriog to
be outlier robust to measurements (or simply outlier robust) if, for any given2 RM ,
the e ect of the contaminationy¢ is bounded, i.e.,

sup PIFq(y¢;Dyt) < 1: (4.9)
yi2Re

Theorem 4.4. Let g be the linear Gaussian update function shown in Section 2.6.1,
then, g has an unbounded PIF and is not outlier robust.

Theorem 4.5. Letgw e be the generalised posterid:.1) with loss function(4.3) and
weight W such thatsup,, ;ge W(yt; %) < 1 andsup,, ;g W (ye; )  kyiko < 1 for
k 2 Then,qyv Lc has a bounded PIF and is, therefore, outlier robust.

In particular, the conditions are satis ed whew is (4.5), (4.6), or (4.7), which are
the focus of this work.

4.6 Proof of robustness

In this section, we prove Theorems 4.4 and 4.5 stated above. We begin by stating some
remarks that we use to prove the theorems.

Remark4.6. Let A be aD D Hermitian matrix. By the spectral theorem, the eigenvalues
of A are real (Tao, 2010). We denote these eigenvalues gg(A) = 1(A)

p(A) = nmin(A), where nax(A) and nin (A) represent the largest and smallest
eigenvalues, respectively.

Remark4.7. Let A be aD D positive semide nite matrix. Then, for every 2 RP,

[ i} i} P
xI'Ax = kKA xk, k A¥kokxks = max (A) kxko: (4.10)

Here, kAk, = P max (A A ) is the spectral norm. See Coppersmith et al. (1997) for

details.

Remark4.8. Let A be aD D positive semide nite matrix. Then,
KAkZ =Tr( AA) Tr(A)% (4.12)

See Lemma 2.3 in Yang and Feng (2002) for details.

Remark4.9. The Frobenius norm is a submutiplicative matrix norm and compatible with
the L2 vector norm, i.e., for any tw®@ D Hermitian matricesA and B, and a vector
z2RP,kAB ke k Akr kBkr andkAxky k Akg kxks.
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See Section 5.6 in Horn and Johnson (2012) for a proof on submultiplicativity. Next,
compatibility follows from Remark 4q7 and properties of the trace. In particulek x ks

- P
KAkokxky = © o (AA Y kxko D, 4(AA)= KAKe kxk,.

Remark4.10. Let A and B be D D Hermitian matrices. From Weyl's inequality, it
follows that
min(A+B) % (min(A)+ min(B) T (4.12)

See Tao (2010) for details.

Remark4.11 For any two positive semi-de nite matrice& andB,
jAj+jBj j A+ Bj: (4.13)

The result follows fromA + Bj = jAjjlp + A 'Bj j Aj(1+ jA Bj) = jAj+ jBj,
where we used the fac(t?that, for a matri€, 4(C + cbz c+ ¢(C)ford2f1;:::;Dg.
SothatjA 1B +1j= ~0, (1+ 4(A 'B)) 1+ "D, 4(A 'B)=1+jA 1Bj.

4.6.1 Proof of Theorem 4.4 KF is not outlier-robust

Letaa( ¢jD1)= N(¢j ¢ o) andae( ¢jD§)= N(j ( ) be the posterior
densities underg g, conditioned on the uncorrupted datasdd;.; and the corrupted
datasetD{.;, respectively. Furthermore, to avoid cases where the PIF is bounded through
the choice ofH, suppose thatkkK ke 6 0 ) H: 6 0.

We show thatq ¢ is not outlier robust, i.e.,

SupPIF g (Yf;D1t) = 1: (4.14)
e
To establish this, we rst derive the explicit form of the PIF under the choicegaf . The
result is presented in the lemma below.

Lemma 4.12. The PIF between the posterior densityg under the corrupted and un-
corrupted dataset takes the form

PIFqe (y&D1) = SKe(ye yOI' (‘[KeQye yOI: (4.15)
whereK; = (HIR,?

Proof. Following proposition 2.15, the update equations for the contaminated and un-
contaminated densities take the form

= g1t Kelye ) t= e 1t Ke(ye Y

1_ 1 I 1 . 1_ 1 | 1y -
07 gt HRCHE o = o ot He R THG

(4.16)

where we observe that, = .
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Next, following Proposition 2.8, we write the PIF as

1 det
PIFae Ufiyz)= 5 Tt o D+( o D M0 D+ ga
=Tr(lp) D+3C O (¢ 9
:%(Yt th)lKl tht(yt yi)
= LKelye yOl' (UIKeGye YR
(4.17)

Proof of Theorem 4.4

Proof. First write an upper bound for the PIF following Lemma 4.12, Remark 4.9, and
Remark 4.9:

IKe(ye yOI' (MIKe(ye vy
Lo (KK (e YEKS
1
2

PIFQLG (ytcv Dl:t)

1 ) o (4.18)
max (¢ KK Kg Kyt y7ks
= Cikyy yoks:
Then, sincekK (kZ 6 0 by assumption,
SUpPIF g, (yf;D11) supCiky, yfki=1: (4.19)
y¢ yi
O

4.6.2 Proof of Theorem 4.5 WOoLF is outlier-robust

LetW be a weighting function such thatup, ,g. W (yt;¥t) < 1 andsup,, ;go W (y¢; $)K Ky,
Yiko < 1 fork 2. For simplicity, denotew; := W (y;¥) andw; := W(y¢; ). Let
aw e( tjDut)= N(+tj v t)andaw we( tJDfy)= N( tj ¢ ) be the poste-
rior densities undeqy g, conditioned on the uncorrupted datasBt;.; and the corrupted
datasetD¢.;, respectively, using the weighting function .

Our goal is to show thaty g is outlier robust, i.e.,

supPIFg, . (Yf;D1t) < 1: (4.20)
ye

To establish this, we rst derive the explicit form of the PIF under the choicegaf ¢ .
The result is presented in the lemma below.

Lemma 4.13. The PIF between the posterior densityy ¢ under the corrupted and
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uncorrupted dataset takes the form

1 1 1 det
PIFqy o (6iDu)= 5 T "0 D ) (o J+log =
2 | {Z } { et t
(T:2) | z—}
(T:1) (T:3)
(4.21)
where
t = tjt 1P WEK(Ye W) t =t L WEK (e )
1 1 201 1 1 1 24l 1 (4.22)
t T gt 1P WiH{ Ry “Hy; tT gt 1P W H Ry “Hy;

Proof. The proof follows directly from Algorithm 11 and Proposition 2.8 on the KL di-
vergence between two multivariate Gaussian densities. O

Lemma 4.13 establishes that if the PIF undgy, ¢ is outlier-robust, then each of
the terms (T:1), (T:2), and (T:3) must remain nite (bounded) under the supremum
over all possible values gf. Before demonstrating that this is indeed the case, we rst
present two auxiliary lemmas that will assist in proving the boundedness of these terms.

Lemma 4.14. The Frobenius norm of the corrupted posterior covariance shown in
(4.22) is bounded above by

D

k tk|: :
min( tjtl 1)+ Wt2 min (Hl Rt 1Ht))

(4.23)

Proof. Let . be the posterior covariance under the corrupted databBdt,. Following
Remark 4.6, Remark 4.8, and the properties of the trace, we obtain

Y
k tke Tr = d ) D max( 1) (4.24)
d=1

Next, an upper bound for nax () is given by

— 1 2 1
max( t)— max tjt 1+WtH|th Hi

= min tjt11+Wt2H{Rt1Ht (4.25)

=

1 2 1
min ( tjt 1)"' min WtHlRt H¢

1 2 1
min ( tjt D+t We min HlRt H¢

In (4.25), the second equality is a consequence of the positive de niteness (symmetry) of
t, and the upper bound follows from Remark 4.10.
The desired result follows as a consequence of (4.24) and (4.25). O
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Lemma 4.15. The L2 norm of the di erence between the corrupted and uncorrupted
posterior mean is bounded above by

k. k& Cs wky® Wk >+ Cy; (4.26)

whereC; and C3 are real-valued elements that do not depend yh

Proof. We begin by expanding (4.26):

ko =kKe(ye ) Ke(yP 0K

kK Ke(yr  $oOks+ kK (yf Pk
kw? i 1H R Y(YE POk + G
=Wk i 1HiR P(y§ K3+ Cy;

(4.27)

whereC; = kK (yr  Yt)k3 does not depend og¢.
Next, following Remark 4.9, we boung{k ;i 1H{R; *(y¢ ¥4)K3 as follows

Wik i 1 HeR T(YE K3
Wik g 1kE kKH¢ Ry k3 ky¢ Y 2k5 (4.28)
= Cowfk i 1kE kyf  WK3;

whereC, = kH{ R, 'K3.
Finally, using Lemma 4.14, an upper bound for (4.28) is given by

Cowtk e 1kE kyS K3

P

D
Cowy kyS k3
‘ min( tjtl 1)+ Wtz min (H{ Rt lHt)) t e
4
= C,D? o 2 kyS ks
min( tjtl 1)+ Wt2 min (Hl Rt 1Ht)) (4 29)
= CD° - kP 9k
Wi 2 min( tjtl 1)+ min (Hl Rt 1Ht))
C,D?2
e wikyf G+ G
min ( tjt )
_ 2 |, C 2,
= Csz wrkyy ¥Yiko
whereCy = —C2D% O

min( tjt ]_)

With the auxiliary lemmas established and following the remarks above, we now pro-
ceed to demonstrate that each of the ternf$ :1), (T :2), and (T :3) are indeed bounded,
as required for outlier robustness. Since the key components of the following propositions
were already de ned in Proposition 4.13, we proceed directly by stating each term and
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showing that it is bounded over all possible valuesyff

Proposition 4.16 (Bound for T:1).

supTr ! ¢ <1: (4.30)
ye

Proof. Using (4.22),(T:1) in (4.21) can be written as
h i

1
T ¢ ¢ =Tr g it WEHER T H
(4.31)
=Tr g 0 FWST H{ R M"He
Sincesupw w; is bounded, it follows that
supTr =~ ¢ <1: (4.32)
ye
O]
Proposition 4.17 (Bound for T:2).
1
sup( t)l v (y <1 (4.33)
ye

Proof. Begin by expanding the left hand side of (4.33):

(o 08 e
=( ¢ O gt WEHER MHL () (4.34)
=( ¢ o tjtl G O+ OF WEHER MHe (¢ o)

Next, we bound each of the terms in (4.34).

For the rst term, we obtain

(o O gl

max (g DK ¢ (K

max( i 1) Cs WZkyS hke “+ Cp
= Cs Wi kyf ko 24 Ce;

(4.35)

where we make use of Remark 4.7 and Lemma 4.15.

By assumption,supyIc wZky? y¢k < 1, which ensures that the supremum ovgf
for (4.35) is bounded.
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Similarly, for the second term, suppOS%aX(H{ R, *H{) > 0, then

(¢ t)l WtZH{ RtlHt ( ¢ t)
2
W2 na(HI Ry THY) Cs wlkyS ¢k “+ Cp (4.36)

2
C,; Wt3 kytc ytkz + Cg:

Again, by assumptionsupyrc wiky? yik < 1, which ensures that the supremum over
y¢ for (4.36) is bounded. O

Proposition 4.18 (Bound for T:3).

suplog Q <1 (4.37)
ye It

Proof. We rst expand (T :3) to obtain

log H =logj « logj i (4.38)
t

which shows that we only to bountbgj :j. For this, consider

logj «j=logj( i 1+ W2H! R TH) Y
= logj &+ WEHL Ry MHyj
(4.39)

log | i 4+ IWEHL R, THyj

log j i 4i+ WPiHI R M Hyj

Since ml , is positive de nite andH{ R, 1 H, is positive semide nite, we upper bound

(4.39) further by taking the minimum of the two terms, i.e.,
logj «j  log minfi ! i wPjHI R THig (4.40)

If the smallest determinant is given by the posterior predictive covariangg 1, then
(4.39) is bounded. Conversely, if the smallest determinamS j H{ R, 1 H¢j, we obtain

logj «  log W jH! R, 1Hyj

(4.412)
= 2Dlog(w;) logjH! R, *Hyj:

Finally, note thatsupw wy < 1 impliessupw logw; < 1 . So that (4.41) is bounded.
O

Proof of Theorem 4.5

Proof. The proof follows from Propositions 4.16, 4.17, and 4.18. O
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4.7 Experiments

In this section, we study the performance of the WoLF algorithm in multiple experiments.

For our robust baselines, we make use of three methods that are representative of re-
cent state-of-the-art approaches to robust ltering: the Bernoulli KF of Wang et al. (2018)
(KF-B), which is an example of a detect-and-reject strategy; and the inverse-Wishart lter
of Agamennoni et al. (2012)KF-IW), which is an example of a compensation-based strat-
egy. TheKF-B and KF-IW are deterministic and optimise a VB objective to compute a
Gaussian approximation to the state posterior. For the neural network tting problem, we
also consider a variant of online gradient desce@t3pbased on Adam (Kingma and Ba,
2015), which uses multiple inner iterations per step (measurement). This method does
scale to high-dimensional state spaces, but only gives a maximum a posteriori (MAP)
estimate and is not as sample e cient as a robust Bayesian lIter.

For experiments where KF or EKF is used as the baseline, we consider the follow-
ing WoLF variants: (i) the WoLF version with inverse multi-quadratic weighting func-
tion (WoLF-IMQ (ii) the thresholded WoLF with Mahalanobis-based weighting function
(WoLF-TMD

Method Cost #HP  Ref

KF o(MD3* o Kalman (1960)

KF-B o(D3 3 Wang et al. (2018)
KF-IW oD% 2 Agamennoni et al. (2012)
OGD o(D?%» 2 Bencomo et al. (2023)
WOLF-IMQ O(D?®) 1 (Ours)

WOLF-TMD O(D?) 1 (Ours)

Table 4.1: Computational complexity of the update step, assumingd D and assuming linear dynamics.
Here, | is the number of inner iterations, #HP refers to the number of hyperparameters we tune, and
Cost refers to the computational complexity.

4.7.1 Robust KF for tracking a 2D object

We consider the classical problem of estimating the position of an object moving in 2D
with constant velocity, which is commonly used to benchmark tracking problems (see e.g.,
Example 8.2.1.1 in Murphy (2023) or Example 4.5 in Sarkka and Svensson (2023)). The
SSM takes the form
P(tjt )=N(CtjFt ¢ 15Q0);
P(yd )= N (YejHe ¢ Ro);

whereQ = ql4, Rt = rla, ( ox; 1) is the position,( 2.; 3:) is the velocity,
0 1

(4.42)

A

th

o
o o r o
=)
o
>0
I
n
o
P O
o o
o o

o
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=0 :1is the sampling rateq = 0:10 is the system noise; = 10 is the measurement
noise, and isaK K identity matrix. We simulate 500 tri@llsp each with 1,000 steps.
For each method, we compute the scaled RMSE mefig = thl( ti wi )2 for
i 2f0;1;2; 3g as well as the total running time (relative to thKR.
In our experiments, the true data generating process is one of two variants of (4.42).
The rst variant (which we callStudent observations) corresponds to a system whose
measurement process comes from the Student-t likelihood:

p(Ytj t):SZt(ytht t; Re; 1)
1 (4.43)
= N ytht t,& Gam J ! ! d,

. 22
with Gam( ja;b) the Gamma density function with shape and rateb, and = 2:0L
The second variant (which we cathixture observations) corresponds to a system where
the mean of the observations changes sporadically. Instances of this variant can occur as a
form of human error or a software bug in a data-entry program. To emulate this scenario,
we modify (4.42) by using the following mixture model for the observation process:

p(ytj ) = g (Yeimy; Ry);
SH { wp1l p; (4.44)
m: =,
" 2Hy + w.p.p;

wherep =0:05.

Figure 4.3: The left panel shows a sample path using the Student variant and the right panel shows a
sample path using the mixture variant. The top left gure on each panel shows the true underlying state
in black, and the measurements as grey dots.
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Results Figure 4.3 shows a sample of each variant along with the Itered state for each
method. For the Student variant (left panel), th&VoLF-IMGnd the WoLF-TMBstimate

the true state more closely than the competing methods. Both #E-IW and the KF-B
look comparable to theKF, which are not robust to outliers. For the mixture variant
(right panel). the WoLF-IMQthe WoLF-TMIand the KF-B lIter the true state correctly.

In contrast, theKF-IW and the KFare not robust to outliers.

Figure 4.4: Distribution (across 500 2d tracking trials) of RMSE for rst component of the state vector,
J1.0. Left panel: Student observation model. Right panel: Mixture observation model.

The results in Figure 4.3 hold for multiple trials as shown in Figure 4.4, which plots
the distribution of the errors in the rst component of the state vector. As a benchmark,
we include the particle- Iter-based method of Boustati et al. (2020), which we denote
RBPF The RBPFperforms comparably to our proposed method; however, it has much
higher computational cost and does not have a closed-form solution.

Method | Student  Mixture
KF-B 2.0x 3.7x
KF-IW 1.2x 5.3x

WoLF-IMQours) 1.0x 1.0x
WoLF-TMurs) 1.0x 1.0x

Table 4.2: Mean slowdown rate overKFE

Table 4.2 shows the median slowdown (in running time) to process the measurements
relative to theKF The slowdown for methoX is obtained dividing the running time of
method X over the running time of th&KF Under the Student variant, th&VoLF-IMQthe
WoLF-TMRnd theKF-IWhave similar running time to th&F In contrast, theKF-Btakes
twice the amount of time. Under the mixture variant, théF-Band theKF-IWare almost
four times and ve times slower than th&Frespectively. The changes in slowdown rate
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are due the number of inner iterations that were chosen during the rst trial.

4.7.2 Online learning of a neural network in the presence of outliers

In this section, we benchmark the methods using a corrupted version of the tabular UCI
regression datasets. Here, we consider a single-hidden-layer multi-layered perceptron
(MLP) with twenty hidden units and a real-valued output unit. In this experiment, the
state dimension (number of parameters in the MLP)Os= (n;; 20+20)+(20 1+1),
wherenj, is the dimension of the featurg;. In Table 4.3, we show the the values that
nin takes for each dataset.

#Examples T #Features o #Parameters D
Dataset

Boston 506 14 321
Concrete 1;030 9 221
Energy 768 9 221
Kin8nm 8; 192 9 221
Naval 11; 934 18 401
Power 9; 568 5 141
Protein 45; 730 10 241
Wine 1;599 12 281
Yacht 308 7 181

Table 4.3: Description of UCI datasets. Number of parameters refers to the size of the one-layer MLP.

Below, we take the static cas®: = 0 Ip, so that the prior predictive meanis; ; =
t 1

Each trial is carried out as follows: rst, we randomly shu e the rows in the dataset;
second, we divide the dataset into a warmup dataset (10% of rows) and a corrupted
dataset (remaining 90% of rows); third, we normalise the corrupted dataset using min-
max normalisation from the warmup dataset; fourth, with probabiljty = 0:1, we replace
a measuremeny; 2 R with a corrupted data pointu; U [ 50;50], and fth, we run
each method on the corrupted dataset.

For each dataset and for each method, we evaluate the prior predictive RMedSE

q
RMedSE = medianf(yr  he( 4 1))290 (4.45)

which is the squared root of the median squared error between the measureypeartd

the prior predictivehe( ; 1) = h( 1:Xt).? Here, h is the MLP. We also evaluate
the average time step of each method, i.e., we run each method and divide the total
running time by the number of samples in the corrupted dataset.

Figure 4.5 shows the percentage change of the RMedSE and the percentage change
of running time with respect to those of th@GDor all corrupted UCI datsets. Given the
computational complexity of the remaining methods, ideally, a robust Bayesian alternative
to the OGBhould be as much to the left as possible on thexis (rel. time step) and
as low as possible on thgaxis (rel. RMedSE). We observe that th&/oLF-IM@nd the

1The dataset is available at https:/github.com/yaringal/DropoutUncertaintyExps
2We use median instead of mean because we have outliers in measurement space.
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Figure 4.5: RMedSE versus time per step (relative to theOGDninus 1) across the corrupted UCI datasets.

WoLF-TMBave both of these traits. In particular, we observe that the only two points in
the third quadrant are those of th&/oLF-IMQ@nd the WoLF-TMDNote that the EKF-IW
and the EKF-Bhave much higher relative running time and thieKFhas much higher
relative RMedSE.

4.7.3 Robust EKF for online MLP regression (1d)

In this section, we consider an online nonlinear 1d regression, with the training data
coming either from an i.i.d. source, or a correlated source. The latter corresponds to a
non-stationary problem.

We present a stream of observatiols"®™ = (y1;x1);:::(yr;x7) with y; 2 R the
measurementsyx; 2 R the exogenous variables, afid= 1500. The measurements and
exogenous variables are sequentially sampled from the processes

8

< 3 .
X cos( ;X + X7+ Vi w.p.l ;
= P 2eos()r o Mowpd P (4.46)
- U W.p. p;

where the parameters of the observation model are= (0:2; 10; 1:0; 1:0), the inputs
arex; U [ 3;3], and the noise is4 N (0;3), Uy U [ 40,40}, andp =0:05.

We consider four con gurations of this experiment. In each experiment the data is
either sorted byx; value (i.e, the exogenous variable satis&s < x; for all i < j ,
representing a correlated source) or is unsorted (representing an i.i.d. source), and the
measurement function is either a clean version of the true data generating process (i.e.,
(4.46) with p = 0 and unknown coe cients ), or a neural network with unknown
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parameters . Speci cally, we use a multi-layered perceptron (MLP) with two hidden
layers and 10 units per layer:

h( x)=w®  w®  w®x + b +b? +p®; (4.47)

with activation function (u) = max f0;ug applied elementwise. Thus the state vector
encodes the parameters:

t:(Wt(l) 2 R10 lth(z) 2 R10 lO;Wt(S) 2 R! 1°;b§1) 2 Rlo;b£2) 2 Rlo;b§3) 2 R)

and has size so that 2 R, Note that in this experimenth;( ) = h( ;x;). We set
Q: = 10 “1, which allows the parameters to slowly drift over time and provides some
regularisation.

For each method, we evaluate the RMedSE. TBEKF-IWand the EKF-Bmethods are
taken with two inner iterations, which implies that their computational complexity is twice
that of the WoLF methods.

MLP measurement model Figure 4.6 shows results when the data are presented in
sorted order ofx;. We show the performance on 100 trials. The left panel shows the
mean prior-predictivén( ;; 1;Xt) of each method, and the underlying true state process,

for a single trial. The right panel shows the RMedSE after multiple trials. We observe on

Figure 4.6: Results with sorted data. Left panel shows a run of each Iter on the 1d regression, with
the true underlying data-generating function in solid black line and the next-step predicted observation
as dots. Right panel shows the RMedSE distribution over multiple trials.

the right panel that theWoLF-IM@nd the EKF-IWhave the lowest mean error and lowest
standard deviation among the competing methods. However, Eé&--IWtakes twice as
long to run the experiment. For all methods, the performance worse on the left-most side
of the plot on the left panel, which is a region with not enough data to determine whether
a measurement is an inlier or an outlier.

Figure 4.7 shows the results when data are presented in random ordey. dVe show
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Figure 4.7: Results with unsorted inputs. The left panel shows a run of each Iter with the underlying
data-generating function in solid black line and the next-step predicted observation as dots. The right
panel shows the distribution of Gt for multiple runs. We remove all values of Gy that have a value
larger than 800.

results for a single run on the left panel and the the RMedSE after multiple trials on
the right panel. Similar to the sorted con guration, we observe that th&KF-IWand the
WoLF-IMQare the methods with lowest RMedSE. However, tBKF-IWhas longer tails
than the WoLF-IMQ

True measurement model We modify the experiment above by taking the measure-
ment function to beh¢( ) = h( ;X)) = 11Xt £2C0S( t3Xy )+ t4X$, with state

t 2 R*and ¢ thei-th entry of the state vector ;. Figure 4.8 shows a single run of
the ltering process when the data is presented unsorted (left panel) and sorted (right
panel). We observe that the behaviour of tWgoLF-IMQthe WoLF-TMIand the EKF-IW

Figure 4.8: The gure shows a run of each lter with the underlying data-generating function in solid
black line and the evaluation of h(' ;; 1;xt) in points. The left panel shows the con guration with
unsorted xt values and the right panel shows the con guration with sorted x; values.

have similar performance. However, tiiKF-IWtakes twice the amount of time to run.
The OGDand the EKFare not able to correctly Iter out outlier measurement at the

94



tails. Finally, theEKF-Bover-penalises inliers and does not capture the curvature of the
measurement process.

4.7.4 Non-stationary heavy-tailed regression

In this experiment, we make use of the BONE framework developed in Chapter 3 and
the WoLF Iter discussed in this chapter to develop an outlier-robust method for linear
regression with heavy-tailed noise and changing model parameters.

It is well-known that the combinatiorRL-PRis sensitive to outliers if the choice of
(M.1: likelihood) is misspeci ed, since an observation that is unusual may trigger a
changepoint unnecessarily. As a consequence, various works have proposed outlier-robust
variants to the RL[inf]-PR for segmentation (Knoblauch et al., 2018; Fearnhead and
Rigaill, 2019; Altamirano et al., 2023c; Sellier and Dellaportas, 2023) and for ltering
(Reimann, 2024). In what follows, we show how we can easily accommodate robust
methods into the BONE framework by changing the way we compute the likelihood
and/or posterior. In particular, we consider the WoLF-IMQ method of Duran-Martin
et al. (2024)2 We use WoLF-IMQ because it is a provably robust algorithm and it is a
straightforward modi cation of the linear Gaussian posterior update equations. We denote
RL[inf]-PR with (A.1: posterior) taken to beLGas LG+RL[inf]-PR and RL[inf]-PR
with (A.1: posterior) taken to be WoLF-IMQ a¥VoLF+RL[inf]-PR*.

To demonstrate the utility of a robust method, we consider a piecewise linear re-
gression model with Studertt-errors, where the measurement are sampled according
toxy UJ 22] vy St (x¢)! ;1; 2201 a Studentt distribution with location

(x¢)! {, scalel, degrees of freedor:01, and (x;) = (1; x; x2). At every timestep,
the parameters take the value

8

< w.p. 1 :
= t 1 p p (4.48)
DUl 33F wp.p:

with p =0:01, and o U [ 3;3P. Intuitively, at each timestep, there is probability
of a changepoint, and conditional on a changepoint occurring, the each of the entries of
the new parameters; are sampled from a uniform ip 3;3]. Figure 4.9 shows a sample
data generated by this process.

To process this data, our choice of (M.1: likelihood)h$ ;X¢) = { (xt) with

‘(Y ux)= W2 ygh( xe) logN (yejh( ¢ xq); 1:0); (4.49)

a weighted Gaussian log-likelihood aWd(u;z) = (1 + (”0722)2) %2 the inverse multi-
quadratic (IMQ) function with soft threshold value = 4, representing four standard
deviations of tolerance to outliers. Herez 2 R.

SWe set the soft threshold value to 4, representing four standard deviations of tolerance before declaring
an outlier.
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