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Abstract

In this thesis, we introduce Bayesian filtering as a principled framework for tackling di-
verse sequential machine learning problems, including online (continual) learning, pre-
quential (one-step-ahead) forecasting, and contextual bandits. To this end, this thesis
addresses key challenges in applying Bayesian filtering to these problems: adaptivity to
non-stationary environments, robustness to model misspecification and outliers, and scala-
bility to the high-dimensional parameter space of deep neural networks. We develop novel
tools within the Bayesian filtering framework to address each of these challenges, includ-
ing: (i) a modular framework that enables the development adaptive approaches for online
learning; (ii) a novel, provably robust filter with similar computational cost to standard
filters, that employs Generalised Bayes; and (iii) a set of tools for sequentially updat-
ing model parameters using approximate second-order optimisation methods that exploit
the overparametrisation of high-dimensional parametric models such as neural networks.
Theoretical analysis and empirical results demonstrate the improved performance of our
methods in dynamic, high-dimensional, and misspecified models.
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“You know, allowing awareness for something that’s unlikely is not a dis-
ease,” she said. “If you’re talking about a filter, you should understand how
they work. Optimal filters will still block a few things that you actually wanted
to go through—and will still allow for some things that you wanted to block
to instead go through. That’s for an optimal filter.” [...] A species like ours,
with survival so clearly based on intelligence and information, should not block
the risk of blocking and throwing away potentially valuable ideas.

–Professor Karl Deisseroth, “Connections”
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Chapter 1

Introduction

Sequential problems are central to machine learning and arise in a variety of settings,

including test-time adaptation (Schirmer et al., 2024), prequential forecasting (Gama

et al., 2008), neural bandits (Riquelme et al., 2018), online continual learning (Dohare

et al., 2024), and deep reinforcement learning (Asadi et al., 2024). These problems can

be formulated as online learning tasks, where an agent observes a time-indexed sequence

of data and predicts the next unobserved value in the sequence (Zhang, 2023, Chapter

1). Typically, predictions are informed by past observations and may depend on additional

exogenous variables, referred to asfeatures.

Filtering methods provide a principled framework for tackling such challenges in se-

quential decision-making. These methods focus on inferring the unknown state of a

dynamic system from noisy observations, making them well-suited for parametric online

learning tasks where the unknown state are taken to be the model parameters. Among

�ltering methods, the Kalman �lter (KF) has been particularly in�uential, serving as a

foundational algorithm that has inspired numerous extensions and applications (Leondes,

1970; Grewal and Andrews, 2010). Figure 1.1 presents an example of a two-dimensional

dynamical system (top panel), which seeks to recover from a one-dimensional projection

(bottom panel).

Arguably, the widespread appeal of �ltering methods stems from three key properties:

extensibility, a Bayesian foundation, and broad applicability. First, the extensibility of

�ltering algorithms has enabled researchers to develop numerous variants of the KF. For

instance, extensions have made the KF (i)robust to outlier measurements (West, 1981),

(ii) adaptive to non-stationary environments (Mehra, 1972), and (iii)scalableto high-

dimensional state and observation spaces (Evensen, 1994). Variants of the KF remain

an active area of research, with e�orts to further improve robustness, adaptability, and

scalability (see e.g., Tao and Yau, 2023; Zhu et al., 2022; Vilmarest and Wintenberger,

2024; Chen et al., 2022; Schmidt et al., 2023; Greenberg et al., 2023).

Second, the Bayesian interpretation of �ltering methods, commonly referred to as

Bayesian �lters (Särkkä and Svensson, 2023, Chapter 1), provides a probabilistic frame-

16



Figure 1.1: One-dimensional projection of a noisy-two dimensional dynamical system. In the top panel,
the gray arrows represent the underlying evolution of the system and the black dots show the sampled (but
unknown) locations of the system. In the bottom panel, the red dots show the observed measurements
projected onto a one-dimensional plane. The red vertical lines denote the projection from latent space to
observation space.

work for sequential decision-making. This perspective has inspired algorithms such as par-

ticle �lters (Doucet et al., 2009) and variational-Bayes �lters (Sarkka and Nummenmaa,

2009), which extend the applicability of Bayesian �lters to non-linear and non-Gaussian

systems.

Third, �ltering methods are widely applicable beyond their traditional use in phys-

ical systems. Applications include �nancial modelling (Wells, 2013), signal processing

(Basseville et al., 1993, Chapter 3), and other domains where dynamic systems must be

monitored and predicted.

Motivated by these three properties, in this thesis, we advocate for a more prominent

role of �ltering methods in machine learning. Speci�cally, we leverage �ltering tech-

niques to design novel online learning algorithms that are (i) robust, (ii) adaptive, and

(iii) scalable. Our approach treats the Bayesian framework as an algorithmic tool for

�rationalising and formalising experience accumulation� (Peterka, 1981; Breiman, 2001).

In contrast to the classical �ltering perspective, we do not assume expert knowledge of

the data-generating process. Instead, the resulting methods aim to maximise predictive

performance by dynamically learning parametric (and potentially non-linear) models based

solely on available observations and features.

The methods and frameworks developed in this thesis build upon the foundational prin-

ciples discussed above, extending them to address challenges in robustness, adaptability,

and scalability within online learning. The rest of this thesis is organised as follows:

Chapter 2 introduces basic concepts used throughout the thesis, including prequential

forecasting and Bayes' rule as a mechanism for sequentially updating model parameters.

This chapter revisits classical results in recursive statistical learning, extends these results
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to non-linear observation models such as neural networks, and examines recent advances

in recursive estimation.

Chapter 3 develops a framework for adaptive online learning, building on hierarchical

Bayesian models and �ltering methods, as outlined in Duran-Martin et al. (2025).

Chapter 4 focuses on the robustness of the methods introduced in Chapters 2 and

3 against outliers and misspeci�ed observation models. After reviewing prior work in

this area, we present a lightweight approach proposed in Duran-Martin et al. (2024),

which leverages the generalised-Bayes principle by replacing the traditional log-likelihood

in posterior computation with a more �exible loss function.

Chapter 5 addresses the scalability challenges of Bayesian �ltering methods for online

learning. Drawing from the work in Duran-Martin et al. (2022); Cartea et al. (2023b);

Chang et al. (2023), we propose three novel strategies: training a linear subspace of

model parameters, using low-rank posterior covariance matrices, and employing last-layer

methods to separate feature transformation from observation approximation.

Finally, Chapter 6 summarises the key �ndings of this thesis and outlines directions

for future research.
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Chapter 2

Recursive Bayesian online

learning

In this chapter, we approach the problem of parametric online learning from a Bayesian

�ltering perspective. Here, the focus is the recursive estimation of the posterior density

over model parameters. We review how the Kalman �lter can be viewed as a form of

Bayesian online learning for linear models, and explore methods to incorporate non-linear

measurement models, such as those used in neural networks.

The remainder of this chapter establishes the foundations for both sequential closed-

form and �xed-point methods to compute or approximate the posterior density.

Section 2.1 introduces the problem of prequential inference and the recursive estima-

tion of model parameters. Section 2.2 reviews the multivariate Gaussian and its properties,

which we use throughout the thesis. Section 2.3 presents a recursive approach for up-

dating model parameters assuming that both, the parameter dynamics model and the

measurement model, are Gaussian and linear. This includes a recursive variant of the

Ridge regression algorithm. Section 2.4 relaxes the assumptions of linear and Gaussian

measurement models and presents various methods to obtain closed-form approximations

of the posterior density under non-linear measurement models. Section 2.5 introduces

state-space models in the context of sequential learning and demonstrates how �ltering

generalises probabilistic sequential learning of model parameters. Finally, Section 2.8

concludes the chapter with an outlook for the remainder of this thesis.

2.1 Recursive Bayesian inference

Consider a sequence of measurementsy1:t = ( y1; : : : ; y t ) with y i 2 Y � Ro and features

x 1:t = ( x 1; : : : ; x t ) with x i 2 RM , whereo; M 2 N. Let Dt = ( x t ; y t ) be a datapoint

andD1:t = ( D1; : : : ; Dt ) be the dataset at timet. We are interested in the one-step-ahead

(prequential) forecast (Gama et al., 2008) fory t +1 conditioned on the featurex t +1 and
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the data up to timet, i.e., D1:t . In our setting, one observesx t +1 just before observing

y t +1 ; thus, to make a prediction abouty t +1 , we have bothD1:t andx t +1 at our disposal.1

To establish a link between the featuresx t +1 and the measurementy t +1 , we consider

a probability density of the measurementp(y t +1 j � ; x t +1 ) such that

Z
y t p(y t j � t ; x t )dy t = h(� ; x t ): (2.1)

Hereh : RD � RM ! Ro is called the measurement function. Following a probabilistic

approach, an estimate fory t +1 , having dataD1:t , featuresx t +1 , and the measurement

function h is given by the posterior predictive mean

ŷ t +1 := Ep[h(� ; x t +1 ) j D1:t ] =
Z

h(� ; x t +1 ) p(� j D1:t )d� ; (2.2)

wherep(� j D1:t ) is the posterior density over model parameters.

Throughout this work, the notationp(y t j � ; x t ) represents the probability density

of the measurementy t , given the latent (unknown) model parameters� 2 RD and

the featuresx t . Similarly, p(� j D1:t ) represents the probability density of the model

parameters� given the data up to timet�it re�ects the belief over the model parameters

after having seent datapoints.

A natural approach to construct the posterior densityp(� j D1:t ), wheneverD1:T arrives

in a stream, i.e., one datapointDt at a time, is through Bayes' rule�suppose we have

access top(� j D1:t � 1), with t < T , and we are presented withDt = ( x t ; y t ), which we

model through the likelihoodp(y t j � ; x t ) Then,

p(� j D1:t ) / p(� j D1:t � 1) p(Dt j � )

= p(� j D1:t � 1)
| {z }

prior density

p(y t j � ; x t )| {z }
likelihood

; (2.3)

where the second line in (2.3) follows from the assumption of an exogenousx t .

Given the initial conditionp(� ) = p(� j D1:0 ), with D1:0 = fg , recursive and closed-

form estimation of (2.3) is obtained wheneverp(� j D1:t � 1) andp(y t j � ; x t ) are conjugate,

i.e., the functional form ofp(� j D1:t ) is that of p(� j D1:t � 1) (Robert et al., 2007, Section

3.3). As a consequence, the parameterisation over model parameters is characterised in

such a way that it only depends on a set of parameters, which are recursively updated.

2.1.1 Example tasks

Here, we give some examples of machine learning tasks which can be tackled using recur-

sive inference. We group these examples into unsupervised tasks and supervised tasks.

1The features x t +1 and measurementsy t +1 can span di�erent time-frames. For example, x t +1 can
be the state of the stock market at a �xed date and y t +1 is the return on a stock some days into the
future.
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Unsupervised tasks

Unsupervised tasks involve estimating unobservable quantities of interest from the data

D1:t . Below, we present three common tasks in this category.

Segmentation Segmentation involves partitioning the data stream into contiguous sub-

sequences or �blocks�fD 1:t 1 ; Dt 1 +1: t 2 ; : : :g, where the DGP for each block is governed by

a sequence of unknown functions (Barry and Hartigan, 1992). The goal is to determine

the points in time when a new block begins, known as changepoints. This is useful in

many applications, such as �nance, where detecting changes in market trends is critical

(see e.g., Arroyo et al. (2022)). In this setting, non-stationarity is assumed to be abrupt

and occurring at unknown points in time. We study an example in Section 3.5.3. For a

survey of segmentation methods, see e.g, Aminikhanghahi and Cook (2017); Gupta et al.

(2024).

Filtering using state-space models (SSM ) Filtering estimates an underlying la-

tent state � t that evolves over time (often representing a meaningful concept). The

posterior estimate of� t is computed by applying Bayesian inference to the corresponding

state space model (SSM), which determines the choice of (M.1: likelihood), and how the

state changes over time, through the choice of (M.3: prior). Examples include estimating

the state of the atmosphere (Evensen, 1994), tracking the position of a moving object

(Battin, 1982), or recovering a signal from a noisy system (Basseville et al., 1993). In this

setting, non-stationarity is usually assumed to be continuous and occurring at possible

time-varying rates. For a survey of �ltering methods, see e.g., Chen et al. (2003).

Segmentation using Switching state-space models (SSSM) In this task, the mod-

eller extends the standard SSM with a set of discrete latent variables t 2 f 1; : : : ; K g,

which may change value at each time step according to a state transition matrix. The

parameters of the rest of the DGP depend on the discrete state t . The objective is to

infer the sequence of underlying discrete states that best �explains� the observed data

(Ostendorf et al., 1996; Ghahramani and Hinton, 2000; Beal et al., 2001; Fox et al., 2007;

Van Gael et al., 2008; Linderman et al., 2017). In this context, non-stationarity arises

from the switching behaviour of the underlying discrete process.

Supervised tasks

Supervised tasks involve predicting a measurable outcomey t . Unlike unsupervised tasks,

this allows the performance of the model to be assessed objectively, since we can compare

the prediction to the actual observation. We present three common tasks in this category

below.

21



Prequential forecasting Prequential (or one-step-ahead) forecasting (Gama et al.,

2008) seeks to predict the valuey t +1 given D1:t and x t +1 . This is distinct from time-

series forecasting, which typically does not consider exogenous variablesx t , and thus can

forecast (or �roll out�) many steps into the future. We study an example in Section 3.5.1.

For a survey on prequential forecasting under non-stationarity, see e.g., Lu et al. (2018).

Online continual learning (OCL) OCL is a broad term used for learning regression

or classi�cation models online, typically with neural networks. These methods usually

assume that the underlying data generating mechanism could shift. The objective of

OCL methods is to train a model that performs consistently across both past and future

data, rather than just focusing on future forecasting (Cai et al., 2021). The changepoints

(corresponding to di�erent �tasks�) may or may not be known. This setting addresses

the stability-plasticity dilemma, focusing on retaining previously learned knowledge while

adapting to new tasks. We study an example of OCL for classi�cation, when the task

boundaries are not known, in Section 3.5.1. For a survey on recent methods for OCL, see

e.g., Gunasekara et al. (2023).

Contextual bandits In contextual bandit problems, the agent is presented with fea-

tures x t +1 , and must choose an action (arm) that yields the highest expected reward (Li

et al., 2010). We lety t +1 2 RA whereA > 2 is the number of possible actions; this

is a vector where thea-th entry contains the reward one would have obtained had one

chosen arma. Let y (a)
t be the observed reward at timet after choosing arma, i.e., the

a-th entry of y t . A popular approach for choosing the optimal action (while tackling

the exploration-exploitation tradeo�) at each step is Thomson sampling (TS) (Thomp-

son, 1933), which in our setting works as follows: �rst, sample a parameter vector from

the posterior, ~� t from p(� t j D1:t ); then, greedily choose the best arm (the one with the

highest expected payo�),at +1 = arg max a ŷ (a)
t +1 , whereŷ t +1 = h( ~� t ; x t +1 ); and ŷ (a)

t +1 is

the a-th entry of ŷ t +1 ; �nally, receive a rewardy (a t +1 )
t +1 . The goal is to select a sequence

of armsf a1; : : : ; aT g that maximises the cumulative reward
P T

t =1 y (a t )
t . TS for contex-

tual bandits has been used in a number of papers, see e.g., Mellor and Shapiro (2013);

Duran-Martin et al. (2022); Cartea et al. (2023a); Alami (2023); Liu et al. (2023).

2.2 The multivariate Gaussian

An important concept that we use throughout this thesis is that of the multivariate

Gaussian density.

De�nition 2.1. Let x 2 Ro, � 2 Ro, and � an (o � o) positive-de�nite matrix. The

density function of a multivariate Gaussian with mean� and covariance matrix� is

N (x j � ; � ) = (2 � ) � o=2 j� j � 1=2 exp
�

�
1
2

(x � � ) | � � 1(x � � )
�

: (2.4)
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Gaussian densities are, in many cases, used for computational reasons. This is because

it has mathematical properties that allows us to work with equations of the form (2.2) and

retain a Gaussian structure. In particular, the following two propositions will be extensively

used through this chapter to derive recursive updates.

Proposition 2.2. Let x 2 RM and y 2 Ro be two random vectors such thatp(x ) =

N (x j m ; P) and p(y j x ) = N (y j H x + b; S). The joint density for (x ; y ) is also

multivariate Gaussianp(x ; y ) = N
�
(x ; y ) j � x ;y ; � x ;y

�
with

� x ;y =
h
m H m + b

i
; (2.5)

� x ;y =

"
P P H |

H P H PH | + S

#

: (2.6)

Proof. See Appendix A in Särkkä and Svensson (2023).

Proposition 2.3. Let x 2 RM and y 2 Ro be two random vectors with joint density

function

p(x ; y ) = N

 "
x

y

# �
�
�

"
a

b

#

;

"
A C |

C B

#!

: (2.7)

Then

p(x ) = N (x j a; A ); (2.8)

p(y ) = N (y j b; B ); (2.9)

p(x j y ) = N (x j a + CB � 1(y � b); A � CB � 1C | ); (2.10)

p(y j x ) = N (y j b + C | A � 1(x � a); B � C | AC ): (2.11)

Proof. See Appendix A in Särkkä and Svensson (2023).

2.3 Linear and Gaussian measurement models

In this section, we present an algorithm to compute recursive updates whenever the prior

density at timet is Gaussian, i.e.,p(� j D1:t � 1) = N (� j � t � 1; � t � 1), and the measure-

ment model is linear and univariate Gaussian, i.e.,p(yt j � ; x t ) = N (yt j x |
t � ; � 2) with

known variance� 2. Here h(� ; x t ) = x |
t � and, as we will show,Ep[h(� ; x t ) j D1:t ] =

h(� t ; x t ) = x |
t � t . The assumption of Gaussianity is convenient because it (i) provides

a prior over each model parameter that spans the real line, (ii) preserves closed-form up-

dates to the posteriorp(� j D1:t ), and (iii) its �rst and second moments fully characterise

the density.

A classical statistical model that can be interpreted having a Gaussian prior for the

model parametersp(� ) and Gaussian measurement modelp(yt j � ; x t ) is Ridge regression.

We recall the Ridge regression in the proposition below.
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Proposition 2.4 (Ridge regression). Consider the datasetD1:T such that Dt = ( x t 2

RM ; yt 2 R), with measurement modelp(yt j � ; x t ) = N (yt j x |
t � ; � 2), with � > 0, and

and prior p(� ) = N
�
� j 0; � 2 I

�
, for � > 0. SupposeCov (yi ; yj j � ; x i ; x j ) = 0 for all

i 6= j . Then,

�̂ T := E[� j D1:T ] = ( X | X + � I ) � 1X | Y (2.12)

with X = [ x |
1 ; : : : ; x |

T ]| , Y = [ y1; : : : ; yT ]| , and � = � 2=� 2.

Proof. See Section 3.4.1 in Hastie et al. (2009).

If the data D1:T arrives in a stream, we can estimate the posterior densityp(� j D1:t )

for t = 1 ; : : : ; T using Bayes' rule (2.3).

Proposition 2.5 (Multivariate recursive Bayesian linear regression). Consider the dataset

D1:T with Dt = ( x t 2 RM ; y t 2 Ro), and the measurement modelp(y t j � ; x t ) =

N (y t j x |
t � ; R t ) with known covariance matrixR t . SupposeCov (y i ; y j j � ) = 0 for

i 6= q. Let p(� ) = N (� j � 0; � 0) be the initial prior density over the model parameters.

Then, the posterior density at timet takes the formp(� j D1:t ) = N (� j � t ; � t ) with

St = x |
t � t � 1x t + R t ;

K t = � t � 1x t S� 1
t ;

� t = � t � 1 + K t (y t � x |
t � t � 1);

� t = ( I � K t x t ) � t � 1:

(2.13)

Proof. Following an induction argument, supposep(� j D1:t � 1) = N (� j � t � 1; � t � 1).

From proposition 2.2, the joint density for(� ; y t ), conditioned onD1:t � 1 and x t takes

the form of a Gaussian density with mean

h
� |

t � 1 x |
t � t � 1

i |
(2.14)

and covariance matrix "
� t � 1 � t � 1 x t

x |
t � t � 1 x |

t � t � 1x t + R t

#

: (2.15)

Then, by Proposition 2.3, the density for� conditioned onD1:t � 1, x t and y t is Gaussian

with mean and covariance matrix given by

St = x |
t � t � 1x t + R t ;

� t = � t � 1 + � t � 1x t S� 1
t (y t � � |

t � 1x t );

� t � 1 = � t � 1 � � t � 1x | � � 1
t x | � t � 1:

(2.16)

Proposition 2.6. The estimate of the mean� T in (2.13) is the exact posterior mean,

i.e., � T = E[� j D1:T ], and matches the Ridge regression estimate(2.12) whenevero = 1 ,
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� 0 = 0, � 0 = � 2 I , and R t = � 2 for all t 2 f 1; : : : ; Tg.

Proof. See Kelly (1990); Ismail and Principe (1996).

Proposition 2.6 shows that, in the linear and Gaussian case, the �nal estimate of

the recursive update of model parameters matches theo�ine batch estimate of model

parameters. We summarise the recursive Bayesian linear regression method in Algorithm

1.

Algorithm 1 Pseudocode for the recursive Bayesian linear regression.
Require: D1:T , p(� ) = N (� j � 0; � 0)

1: for t = 1 ; : : : ; T do
2: St = x |

t � t � 1x t + R t

3: � t  � t � 1 + � t � 1x t S� 1
t (y t � � |

t � 1x t )
4: � t  � t � 1 � � t � 1x |

t � � 1
t x |

t � t � 1

5: p(� j D1:t ) = N (� j � t ; � t )
6: end for

The following example shows a numerical analysis of the results in Proposition 2.4

and Proposition 2.5

2.3.1 Example: recursive and batch Ridge regression

Consider the datasetD1:T with Dt = ( x t 2 R2; yt 2 R) such that yt = x |
t � + et , with

� 2 R2 the true model parameters andp(et ) = N (et j 0; 1). The left panel in Figure

2.1 shows the estimate for� t 2 R2 along with the Ridge estimatê� t . The right panel

in Figure 2.1 shows the root mean squared error (RMSE) evaluated over aheld-out test

set D̂1:t for the Ridge estimate and the recursive-Bayes estimate� t as a function of the

number of datapoints processed. We observe that the parameters of the recursive-Bayes

Figure 2.1: (Left panel) Mean estimate of the parameters. The solid lines correspond to the recursive-
Bayes estimate of the mean. The dashed lines correspond to the o�ine estimate of the mean using Ridge
regression. (Right panel) RMSE on a held-out test set.

estimate� t tend to, and eventually match, the Ridge estimate of model parameters. As a

consequence, the RMSE on the held-out set for the recursive-Bayes estimate match that

of the Ridge estimate atT.
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2.4 Non-Gaussian and non-linear measurement models

In some scenarios, the assumption of a linear Gaussian measurement model can be overly

restrictive. For instance, when the measurement modelht is parametrised by a neural

network, ht is a non-linear function of� . Alternatively, in linear classi�cation problems,

the measurement model is best represented by a Bernoulli mass function, with mean

� (� | x t ), where� : R ! [0; 1] is the sigmoid function.

In these scenarios� when the measurement model is either non-Gaussian or non-

linear�the likelihood is no longer conjugate to a Gaussian prior over the model parameters.

As a result, the posterior density, such as those that use (2.13), are no longer available.

To address this challenge, we rely on approximations to the posterior density or Monte

Carlo (MC) methods.

MC methods are commonly used to sample from (2.3) when an analytical form is either

unknown or intractable. In these cases, (2.2) is approximated by the samples from the

posterior. A wealth of literature exists on sample-based approaches for posterior inference.

For detailed discussions, see Barbu et al. (2020) for Markov Chain Monte Carlo methods,

Doucet et al. (2009) for online particle �ltering, and Naesseth et al. (2019) for batch

sequential Monte Carlo (SMC) techniques.

Functional approximations to the posterior, which is the primary focus in this thesis,

include techniques such as variational Bayes or linearisation schemes. These computations

are more tractable in many practical scenarios. We will nonetheless provide examples

where sample-based methods are employed.

2.4.1 Variational Bayes

A popular approach to approximate the posterior density is through the use of variational

Bayes (VB). In VB, the posterior density is typically written as an optimisation problem

over a set ofcandidatedensities living in a setQ that most closely resembles the posterior

density p(� j D1:t ) up to a normalisation constant. In this text, our notion of closeness

between the densityq 2 Q and the posterior density is based on the Kullback-Leibler

(KL) divergence (Kullback and Leibler, 1951) which we recall below.

De�nition 2.7. (Kullback-Leibler divergence) Let p and q be probability densities

de�ned over the same domain. Then, the KL divergence ofq from p is de�ned as

D KL (q(� ) jj p(� )) := Eq

�
log

�
q(� )
p(� )

��
=

Z
q(� )

�
log

�
q(� )
p(� )

��
d� : (2.17)

See Soch et al. (2020).

A useful result that we will use throughout the thesis is that of the form of the KL

divergence between two multivariate Gaussians.

Proposition 2.8. Let p1(x ) = N (x j m 1; S1) and p2(x ) = N (x j m 2; S2) be two M -

dimensional multivariate Gaussian densities. Then, the KL divergence betweenp1 and p2
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takes the form

D KL (p1(x ) jj p2(x ))

= D KL (N (x j m 1; S1) jj N (x j m 2; S2))

=
1
2

�
Tr

�
S� 1

2 S1
�

+ ( m 2 � m 1) | S� 1
2 (m 2 � m 1) � M + log ( jS2j=jS1j)

�
:

(2.18)

Proof. See Section 6.2.3 in Murphy (2022).

Armed with a notion of closeness, we now de�ne the objective of a VB method.

De�nition 2.9. (variational approximation) Let p be a density with supportdom(p)

and Q a collection of candidate densities withdom(q) = dom(p) for all q 2 Q . The

variational approximation ofp, under a KL divergence, selectsq� 2 Q according to the

criterion

q� (� ) = arg min
q2Q

D KL (q(� ) jj p(� )) : (2.19)

Criterion 2.19 recovers exact Bayesian updating (2.3) ifQ includes the Bayesian pos-

terior within its family, i.e.,q� (� ) = p(� ) if p 2 Q (Knoblauch et al., 2022).

Examples of VB for estimation of model parameters include the Bayes-by-backpropagation

method (BBB) of Blundell et al. (2015), which assumes a diagonal posterior covariance

(more expressive forms are also possible). Nguyen et al. (2017) extended BBB to non-

stationary settings. More recent approaches involve recursive estimation, such as the

recursive variational Gaussian approximation (R-VGA) method of Lambert et al. (2022)

which uses a full rank Gaussian variational approximation (see Section 2.4.2); the limited-

memory RVGA (L-RVGA) method of Lambert et al. (2023), which uses a diagonal plus

low-rank (DLR) Gaussian variational approximation; the Bayesian online natural gradi-

ent (BONG) method of Jones et al. (2024), which combines the DLR approximation

with EKF-style linearisation for additional speedups; and the natural gradient Gaussian

approximation (NANO) method of Cao et al. (2024), which uses a diagonal Gaussian

approximation similar to VD-EKF in Chang et al. (2022).

The following section outlines an important VB method for recursive estimation of a

Gaussian density under non-linear measurement functions and non-Gaussian measurement

models.

2.4.2 The recursive variational Gaussian approximation

The recursive variational Gaussian approximation (R-VGA), introduced in Lambert et al.

(2022), constructs a sequence of variational Gaussian approximations. We outline this

method below

De�nition 2.10 (R-VGA). Consider the datasetD1:T with Dt = ( x t 2 RM ; y t 2 B �

Ro). Let q0(� ) = N (� j � 0; � 0) with prior mean� 0 2 RD and(D � D) covariance matrix
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� 0. The R-VGA method estimates a VB density for they t measurement according to

qt (� ) = arg min
q2Q

D KL (q(� ) jj p(y t j � ) qt � 1(� ) = Zt ) ; (2.20)

whereQ is the family of multivariate Gaussian densities andZ t =
R

p(y t j � ) qt � 1(� )d� .

Because the Gaussian density is characterised by its mean and covariance matrix, the VB

criteria (2.20) can be written as

� t ; � t = arg min
� ;�

D KL
�
N (� j � ; � ) jj p(y t j � ) N (� j � t � 1; � t � 1) = Zt

�
: (2.21)

If the measurement model is absolutely continuous with respect to the model param-

eters� and the observationsy1:T are independent conditionally on� , then the R-VGA is

show to have updates forqt (and hence� t and � t ) as

� t = � t � 1 + � t � 1 Eqt [r � logp(y t j � ; x t )];

� � 1
t = � � 1

t � Eqt

�
r 2

� logp(y t j � ; x t )
�

:
(2.22)

See Theorem 1 in Lambert et al. (2022) for a proof.

The right hand side of (2.22) requires the computation of the expected gradient and

hessian of the log-likelihood according to the variational approximation at timet. In this

sense, (2.22) correspond to an implicit update, i.e., the estimate ofqt is obtained after

multiple inner iterations of (2.22). We summarise the R-VGA method in Algorithm 2.

In Algorithm 2, the termsEqt [r � logp(y t j � ; x t )] and Eqt [r
2
� logp(y t j � ; x t )] can be

Algorithm 2 Pseudocode for the R-VGA.
Require: datasetD1:T with Dt = ( x t ; y t )
Require: initial state of model parametersq0(� ) = N (� j � 0; � 0)
Require: number of iterationsI � 1

1: for t = 1 ; : : : ; T do
2: // Initialise � t and � t

3: � t  � t � 1
4: � t  � t � 1

5: qt (� ) = N (� j � t ; � t )
6: for i = 1 ; : : : ; I do
7: � t  � t � 1 + � t � 1 Eqt [r � logp(y t j � ; x t )]
8: � � 1

t  � � 1
t � Eqt [r

2
� logp(y t j � ; x t )]

9: qt (� ) = N (� j � t ; � t )
10: end for
11: end for

estimated through sampling�becauseqt (� ) = N (� j � t ; � t ), then

Eqt [g(� )] �
1
S

SX

s=1

g
�

� (s)
�

; (2.23)
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whereg : RD ! RK , K � 1, S � 1 is the number of samples, and� (s) is a sample from

a multivariate Gaussian with mean� t and covariance matrix� t .

The terms in (2.22) resemble those in (2.16). In fact, the next proposition shows that

R-VGA has the Bayesian recursive linear regression as a special case.

Proposition 2.11. Consider a linear Gaussian model fory t 2 Ro, so that p(y t j � ; x t ) =

N (y t j x |
t � ; R t ). Then the R-VGA update(2.22) matches that of (2.13). As a conse-

quence, it also matches the true posterior densityp(� t j D1:t ).

Proof. See Theorem 2 in Lambert et al. (2022).

As we have seen, the R-VGA method provides a recursive approach to approximate the

posterior density whenever the �rst- and second-order derivates of the log-measurement

density are de�ned. In the following two experiments, we evaluate the R-VGA methods.

Example 2.4.3 sequentially estimates the parameters of a logistic regression model and

Example 2.4.4 sequentially estimates the parameters of a neural network to tackle a non-

linear classi�cation problem.

2.4.3 Experiment: R-VGA for logistic regression

In this experiment, we consider the problem of sequential estimation of model parameters

for a binary classi�cation problem. Assume that we observe a sequence of datapoints

D1:T with Dt = ( x t 2 RM ; y t 2 f 0; 1g). We model the measurementsy t as Bernoulli

with mean� (h(� ; x t )) , i.e.,

p(y j � ; x ) = Bern ( y j � (h(� ; x )) : (2.24)

Here, � (z) = (1 + exp( � z)) � 1 is the sigmoid function andBern(y j p) = py (1 � p)1� y

is the Bernoulli probability mass function. For the logistic regression, we haveh(� ; x ) =

� | x . As a consequence, the log-likelihood is given by

log p(y t j � ; x t ) = y t log � (� | x t ) + (1 � y t ) log(1 � � (� | x t )) : (2.25)

To apply the R-VGA to the logistic regression model (2.24), we require to compute the

�rst and second-order derivatives of (2.25), which can be readily done either explicitly

or implicitly with the use of autodi�erentiation computer libraries such as Jax (Bradbury

et al., 2018), as well as sampling from the posterior density, as shown in (2.23). For this

experiment, we takep(� 0) = N (� j 0; I ).

Figure 2.2 shows the decision boundaries for the logistic regression model as a function

of the number of processed measurements. Next, Figure 2.3 shows the evolution of

the mean estimate of the model parameters for the logistic regression and two standard

deviations. We observe that the model parameters gradually convergence to the batch

(o�ine) version of logistic regression. For details on the o�ine version, see Section 10.2.7

in Murphy (2022).
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Figure 2.2: Decision boundaries for the logistic regression model as a function of the number of processed
measurements.

Figure 2.3: The solid lines show the posterior mean estimate of model parameters and two standard
deviations. The dashed lines show the batch estimate of the logistic regression parameters.

2.4.4 Experiment: recursive learning of neural networks

Because the R-VGA update equations (2.22) require only the computation of the Jaco-

bian and the hessian of the log-likelihood, we can apply the R-VGA methodology to any

probabilistic model whose Jacobian and hessian of the log-likelihood are de�ned.

In this example, we consider the problem of non-linear binary classi�cation problem.

We consider a Bernoulli measurement model, whose log-likelihood is given by

logp(y t j � ; x ) = y t log � (h(� ; x )) + (1 � y t ) log (1 � � (h(� ; x ))) ; (2.26)

with h : RD � RM ! R a neural network. In particular, we consider a three-hidden-layer

multi-layered perceptron with5 units per layer andleakyReLU activation function. We

run the R-VGA algorithm withI = 4 inner iterations andS = 1 ; 000 samples following

(2.23). To make a prediction at timet, we take the previous mean, i.e.,� t � 1 and use

this value to make a forecast with the featuresx t , i.e., ŷ t = h(� t � 1; x t ).

Figure 2.4 shows the predictions made by the decision boundary� (h(� t ; x )) for x 2

[� 2; 2]2 as a function oft. The orange and blue dots represent the past datapoints and

the cyan-coloured datapoints represents the datapoint observed att.
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Figure 2.4: Decision boundaries for the classi�cation problem using a neural network trained using the
R-VGA. The crimson line shows the decision boundary at0:5. The dot coloured in cyan shows the
observation seen at timet .

Next, Figure 2.5 shows the expanding prequential accuracy as a function of the number

of processed observations. We de�ne the prequential accuracy as1:0 if ŷ t = y t and 0:0

otherwise. For this experiment, we observe that accuracy of the R-VGA rapidly increases,

Figure 2.5: Cumulative prequential accuracy for the non-linear classi�cation problem trained using the
R-VGA.

and then plateaus for100 steps before its predictive power starts to increase.

2.5 State-space-models for sequential supervised learn-

ing

The methods introduced in Sections 2.3 and 2.4 assume that the measurement model

accurately represents the true data-generating process. This assumption allows us, given

access tox andp(� j D1:t ), to sample random variableŝy whose density isp(y j � ; x ). As

a consequence, and under certain conditions, the Bayesian posterior density can be shown

to converge to a point estimate (Van der Vaart, 2000, Sec. 10.2).

However, the assumption of a well-speci�ed likelihood may not always hold in prac-

tice. For instance, in neural network training (as discussed in Example 2.4.4), the choice

of measurement modelh is often driven by practical considerations rather than precise
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knowledge of the true data-generating process. In these scenarios, we must adapt to the

changing environment or adjust our misspeci�ed model to make accurate predictions.

One such adaptation scheme involves the assumption of time-varying parameters.

Instead of assuming a random vector� , whose posterior density we wish to estimate, we

now assume that the model parameters follow a stochastic process that evolve over time

according to astate-transitionfunction f : RD ! RD , perturbed by zero-mean dynamic

noiseu t 2 RD with Var( u t ) = Q t . This is commonly referred to as the state-space

model assumption. We de�ne a state-space model below.

De�nition 2.12 (state-space model). A state-space model (SSM) is a signal plus noise

model of the form
� t = f (� t � 1) + u t ;

y t = h(� t ; x t ) + et ;
(2.27)

with f : RD ! RD the state-transition function,h : RD � RM ! Ro the measurement

function, Var( u t ) = Q t a D � D positive semide�nite matrix,Var( et ) = R t a o � o

positive de�nite matrix, andx t 2 RM exogenous features.

If one assumes zero-mean Gaussian priors with known covariance matrices foru t and

et , the terms (2.27) can be represented as

p(� t j � t � 1) = N (� t j f (� t � 1); Q t );

p(y t j � t ) = N (y t j h(� t ; x t ); R t ):
(2.28)

2.5.1 Linear SSMs and the Kalman �lter

A well-known choice of SSM is that of linear SSMs with known dynamics covarianceQ t ,

measurement covarianceR t . In this scenario, the SSM takes the form

� t = F t � t � 1 + u t ;

y t = H t � t + et ;
(2.29)

whereF t is the (D � D) transition matrix andH t is the (o � D ) projection matrix.

The next proposition shows that estimation of the posterior densityp(� t j D1:t ) assum-

ing (2.29) can be done recursively following the so-called Kalman �lter (KF) equations.

Proposition 2.13. Assume an initial Gaussian prior density for model parametersp(� 0) =

N (� 0 j � 0; � 0) and knownQ t , R t for all t. Then, the posterior predictive density for

model parameters conditioned onD1:t � 1 is Gaussian of the form

p(� t j D1:t � 1) = N
�

� t j � t j t � 1; � t j t � 1

�
; (2.30)

with predictive mean and predictive covariance

� t j t � 1 = F t � t � 1;

� t j t � 1 = F t � t � 1 F |
t + Q t :

(2.31)
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Furthermore, the density for model parameters, conditioned onD1:t is Gaussian of the

form

p(� t j D1:t ) = N (� t j � t ; � t ) ; (2.32)

with
St = H t � t j t � 1 H |

t + R t ;

K t = � t j t � 1H |
t S� 1

t ;

� t = � t j t � 1 + K t (y t � H t � t j t � 1);

� t = ( I � K t H
|
t ) � t j t � 1:

(2.33)

Here,� t and � t are the posterior mean and covariance matrix respectively andK t is the

gain matrix.

Proof. The result follows as a direct consequence of Proposition 2.2 and Proposition 2.3.

For details, see Theorem 6.6 in Särkkä and Svensson (2023).

Remark 2.14. Proposition 2.13 withH t = x |
t and Q t = 0 I recovers the recursive

Bayesian linear regression shown in Algorithm 1.

Algorithm 3 Predict and update steps for the Kalman �lter fort � 1 and given prior
mean� t � 1 and covariance� t � 1.

Require: Dt = ( x t ; y t ) // datapoint
Require: (� t � 1; � t � 1) // previous mean and covariance
Require: H t // projection matrix
Require: Q t ; R t // dynamics covariance and measurement-noise covariance

1: // predict step
2: � t j t � 1  F t � t � 1
3: � t j t � 1  F t � t � 1F |

t + Q t

4: //update step
5: St = H t � t � 1H |

t + R t

6: K t = � t j t � 1H |
t S� 1

t
7: � t  � t � 1 + K t (y t � H t � t j t � 1)
8: � t  � t j t � 1 � K t H

|
t � t j t � 1

9: return (� t ; � t )

An alternative formulation of the KF update equations is expressed through a rule

that updates the posterior prediction matrix� � 1
t . We formalise this result below.

Proposition 2.15 (Kalman �lter with precision matrix updates). Assume an initial Gaus-

sian prior density for model parametersp(� 0) = N (� 0 j � 0; � 0) and knownQ t , R t for

all t. Then, the density for model parameters, conditioned onD1:t is Gaussian of the form

p(� t j D1:t ) = N (� t j � t ; � t ) ; (2.34)
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with
� � 1

t = � � 1
t j t � 1 + H |

t R � 1
t H t ;

K t = � t H |
t R � 1

t ;

� t = � t j t � 1 + K t (y t � H t � t j t � 1);

(2.35)

Proof. Let � � 1
t j t � 1 be a precision matrix,H t 2 Ro� D , and R t the covariance of the

measurement process. First, we show that� � 1
t = � � 1

t j t � 1 + H |
t R � 1

t H t .

By algebraic manipulation of the of the posterior covariance (2.33), the Woodbury

identity, and the de�nition of St , it follows that

� � 1
t =

�
(I D � K t H |

t ) � t j t � 1
� � 1

= � � 1
t j t � 1

�
I D � � t j t � 1 H |

t S� 1
t H t

� � 1

= � � 1
t j t � 1

�
I D + � t j t � 1 H |

t (St � H t � t j t � 1 H |
t ) � 1H t

�

= � � 1
t j t � 1

h
I D + � t j t � 1 H |

t (H t � � 1
t j t � 1 H |

t + R t � H t � t j t � 1 H |
t ) � 1H t

i

= � � 1
t j t � 1

�
I D + � t j t � 1 H |

t R � 1
t H t

�

= � � 1
t j t � 1 + H |

t R � 1
t H t :

Next, let � � 1
t be the posterior precision matrix andR � 1

t be the precision matrix of

the observation at timet. The precision matrix of the innovations take the form

S� 1
t = R � 1

t � R � 1
t H t � � 1

t H |
t R � 1

t : (2.36)

To see this, observe that� � 1
t j t � 1 = � � 1

t � H |
t R � 1

t H t , and thus

S� 1
t =

�
H t � t j t � 1 H |

t + R t
� � 1

= R � 1
t � R � 1

t H t

�
� � 1

t j t � 1 + H |
t R � 1

t H t

� � 1
H |

t R � 1
t

= R � 1
t � R � 1

t H t
�
� � 1

t � H |
t R � 1

t H t + H |
t R � 1

t H t
� � 1

H |
t R � 1

t

= R � 1
t � R � 1

t H t �
� 1
t H |

t R � 1
t :

Finally, the Kalman gain matrix takes the form

K t = � t H |
t R � 1

t : (2.37)

This is because

� t j t � 1 =
�
� � 1

t � H |
t R � 1

t H t
� � 1

= � t + � t H |
t (R t � H t � t H |

t ) � 1 H t � t ;
(2.38)
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and, following Proposition 2.13, the Kalman gain matrix takes the form

K t

= � t j t � 1 H |
t S� 1

t

=
�

� t + � t H |
t (R t � H t � t H |

t ) � 1 H t � t

�
H |

t S� 1
t

= � t H |
t R � 1

t + � t H � 1
t R � 1

t

�
� H t � t H |

t R � 1
t + ( I o � H t � t H |

t R � 1
t ) � 1 H t � t H |

t S� 1
t

�
:

(2.39)

We need to show that the second term is a zero-valued matrix. This amounts to showing

that � H t � t H |
t R � 1

t + ( I o � H t � t H |
t R � 1

t ) � 1 H t � t H
|
t S� 1

t = 0. To show this, note

that

� H t � t H |
t R � 1

t + ( I o � H t � t H |
t R � 1

t ) � 1 H t � t H |
t S� 1

t

= � H t � t H |
t R � 1

t + ( I o � H t � t H |
t R � 1

t ) � 1 H t � t H |
t R � 1

t

�
I o � H t �

� 1
t H |

t R � 1
t

�

= � I o + ( I o � H t � t H |
t R � 1

t ) + ( I o � H t � t H |
t R � 1

t ) � 1 H t � t H |
t R � 1

t

�
I o � H t �

� 1
t H |

t R � 1
t

�

= � I o +
�
I o + ( I o � H t � t H |

t R � 1
t ) � 1 H t � t H

|
t R � 1

t

�
(I o � H t � t H |

t R � 1
t )

= � I o + ( I o � H t � t H |
t R � 1

t ) � 1 �
I o � H t � t H |

t R � 1
t + H t � t H

|
t R � 1

t

�
(I o � H t � t H |

t R � 1
t )

= � I o + ( I o � H t � t H |
t R � 1

t ) � 1 (I o � H t � t H |
t R � 1

t )

= 0;
(2.40)

which concludes the proof.

Algorithm 4 predict and update steps at timet for the Kalman �lter under precision
updates.
Require: Dt = ( x t ; y t ) // datapoint
Require: (� t � 1; � � 1

t � 1) // previous mean and precision matrix
Require: H t // projection matrix
Require: Q t ; R t // dynamics covariance and measurement-noise covariance

1: // predict step
2: � t j t � 1  F t � t � 1
3: � t j t � 1  F t � t � 1F |

t + Q t

4: //update step
5: � � 1

t  � � 1
t j t � 1 + H |

t R � 1
t H t

6: K t = � t H
|
t R � 1

t
7: � t  � t � 1 + K t (y t � H t � t j t � 1)
8: return (� t ; � � 1

t )

2.5.2 Experiment: the Kalman �lter for non-stationary linear re-

gression

In the classical �ltering literature, the termQ t is typically used to model system dynamics.

However, it has long been known that in�atingQ t can compensate for unmodelled errors
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(Kelly, 1990; Kuhl, 1990). We study this result in the context of online learning in the

following experiment.

We evaluate the performance of the Kalman Filter (KF) in a linear regression problem

with varying levels ofQ t = qI , whereq � 0 is the dynamics covariancein�ation factor.

This allows us to explore how in�atingQ t can handle unmodelled errors in non-stationary

data streams. Recall thatQ t = 0 I corresponds to the static online regression problem

discussed in Section 2.3, while increasingQ t introduces dynamics in the model parameters.

We consider a piece-wise linear regression model with standard-Gaussian errors, i.e.,

p(et ) = N (et j 0; 1). The features are sampled according tox t � U [� 2; 2], and the

measurements are sampled according toy t � N
�
� (x t ) | � t ; 1

�
with � (x) = (1 ; x; x 2).

At every timestep, the parameters take the value

� t =

8
<

:
� t � 1 w.p. 1 � p� ;

U[� 3; 3]3 w.p. p� ;
(2.41)

with p� = 0 :001, and � 0 � U [� 3; 3]3. Figure 2.6 shows a sample run of this process.

Figure 2.6: Sample run of the piecewise regression process. Each box titledSi represents the samples
that belong to the i -th regime.

Given a sample run of the processD1:T , with T = 300, we make use of Algorithm 3

with varying levels of a �xedQ t = qI with q � 0. Figure 2.7 shows the rolling prequential

RMSE and the total prequential RMSE. We observe that di�erent values ofQ t lead to

Figure 2.7: (Left panel) Rolling prequential RMSE of the linear model trained using various levels ofQ t .
(Right panel) Total prequential RMSE of the linear model

varying levels of prediction error. WhenQ t is close to zero, the model exhibits limited

adaptability, retaining more of the previous parameter estimates. Conversely, whenQ t is
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signi�cantly larger, the model quickly forgets past information, leading to high adaptability

but potentially overreacting to noise. An ideal adaptive method would be able to adjust

Q t dynamically in an online fashion. We revisit this idea in Chapter 3.

2.6 Extensions to the Kalman �lter

In this section, we introduce two variants of the KF that we use throughout the text;

namely, the extended Kalman �lter (EKF) and the ensemble Kalman �lter (EnKF).

2.6.1 The extended Kalman �lter

The extended Kalman �lter (EKF) is a modi�cation of the KF whenever the measure-

ment and state functions are non-linear but di�erentiable w.r.t. the model parameters� .

Broadly speaking, the EKF linearises the measurement functionh and the state-transition

function f via a �rst-order Taylor approximation, which yields KF-like update equations.

The EKF has its origins in the Apollo guidance computer program to estimate the

space trajectories of a spacecraft based on a �sequence of measurements of angles between

selected pairs of celestial bodies, together with the measurement of the angular diameter

of a nearby plane� (Battin, 1982; Grewal and Andrews, 2010). For details; see Chapter 3

in Leondes (1970). Because of the mild requirements of the EKF, it has been succesfully

applied in multiple settings. Of particular interest to this thesis is the use of the EKF to

train neural networks, which dates back to Singhal and Wu (1988), where it was proposed

as an alternative to the backpropagation algorithm of Rumelhart et al. (1986) used to

train multilayered perceptrons (MLPs).

The next proposition introduces the EKF algorithm.

Proposition 2.16. Consider the SSM in de�nition 2.12 with transition functionf t and

measurement functionht , both di�erentiable w.r.t. � . De�ne the linearised SSM

� t = �f t (� t � 1) + ut ;

y t = �ht (� t ) + et ;
(2.42)

with �f (� ) = F t (� � � t � 1) + f t (� t � 1), �ht (� t ) = H t (� t � � t j t � 1) + h(� t j t � 1; x t ),

F t = r � f (� t � 1), andH t = r � h(� t j t � 1; x t ). Consider the priorsp(u t ) = N (u t j 0; Q t ),

p(et ) = N (et j 0; R t ).

Then, the predict and update steps are Gaussian with form

p(� t j D1:t � 1) = N
�

� t j � t j t � 1; � t j t � 1

�
;

p(� t j D1:t ) = N (� t j � t ; � t ) :
(2.43)

With predictive mean and variance given by(2.31) and posterior mean and variance given

by (2.33).
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Proof. See Section 7.2 in Särkkä and Svensson (2023).

Algorithm 5 predict and update steps for the extended Kalman �lter fort � 1 and given
prior mean and covariance(� 0; � 0).
Require: Dt = ( x t ; y t ) // datapoint
Require: (� t � 1; � t � 1) // previous mean and covariance

1: // predict step
2: F t  r � f (� t � 1)
3: � t j t � 1  F t � t � 1
4: � t j t � 1  F t � t � 1F |

t + Q t

5: //update step
6: H t  r � h(� t j t � 1; x t )
7: St = H t � t � 1H |

t + R t

8: K t = � t j t � 1H |
t S� 1

t
9: � t  � t � 1 + K t (y t � H t � t j t � 1)

10: � t  � t j t � 1 � K t H
|
t � t j t � 1

11: return (� t ; � t )

2.6.2 The ensemble Kalman �lter

The ensemble Kalman �lter (EnKF) is a popular alternative to the EKF, whenever the

state-space is high-dimensional. The EnKF was originally introduced as a sample-based

approximation to the equations that de�ne the Kalman �lter (Evensen, 1994).

Recall that the Kalman �lter update estimates the posterior mean� t according to

� t = � t j t � 1 + K t (y � ŷ t ); (2.44)

with K t the Kalman gain matrix. It can be shown that under the linear SSM assumptions

(2.29), the Kalman gain matrixK t takes the form

K t = Cov( � t ; y t � ŷ t ) Var( y t � ŷ t ) � 1

= Cov( � t ; y t ) Var( y t ) � 1:
(2.45)

See Ch.4 in Eubank (2005).

The EnKF propagates a bank of candidate parameters
n

� (s)
t

oS

s=1
following (2.27) and

then updates each value in the ensemble according to a sample-based gain matrix. The

predict terms are obtained by propagating

� (s)
t j t � 1 = f

�
� (s)

t � 1

�
+ u (s)

t ;

y (s)
t j t � 1 = h

�
� (s)

t j t � 1

�
+ e(s)

t :
(2.46)

The EnKF then updates each member in the ensemble according to

� (s)
t = � (s)

t j t � 1 + K̂ t

�
y t � ŷ (s)

t j t � 1

�
; (2.47)
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with K̂ t a sample-based estimate of the Kalman gain matrix that takes the form

K̂ t = C t j t � 1 V � 1
t j t � 1; (2.48)

with

Cov(� t ; y t ) � C t j t � 1 =
1
S

SX

s=1

�
� (s)

t j t � 1 � �� t j t � 1

� �
y (s)

t j t � 1 � �y t j t � 1

� |
; (2.49)

and

Var( y t ) � V t j t � 1 =
1
S

SX

s=1

�
y (s)

t j t � 1 � �y t j t � 1

� �
y (s)

t j t � 1 � �y t j t � 1

� |
(2.50)

Here, �y t j t � 1 = 1
S

P S
s=1 y (s)

t j t � 1 and �� t j t � 1 = 1
S

P S
s=1 � (s)

t j t � 1. Algorithm 6 shows the

predict and update steps for the EnKF.

Algorithm 6 Predict and update steps for the ensemble Kalman �lter
Require: D1:T with Dt = ( x t ; y t )
Require: f � (s)

0 gS
s=1 with � (s)

0 � N (� j � 0; � 0)
1: for t = 1 ; : : : ; T do
2: // predict step
3: for s = 1 ; : : : ; S do
4: � (s)

t j t � 1  f
�

� (s)
t � 1

�
+ u (s)

t

5: y (s)
t j t � 1  h

�
� (s)

t j t � 1; x t

�
+ e(s)

t

6: end for
7: // build sample gain matrix

8: C t j t � 1 = 1
S

P S
s=1

�
� (s)

t j t � 1 � �� t j t � 1

� �
y (s)

t j t � 1 � �y t j t � 1

� |

9: V t j t � 1 = 1
S

P S
s=1

�
y (s)

t j t � 1 � �y t j t � 1

� �
y (s)

t j t � 1 � �y t j t � 1

� |

10: �K t = C t j t � 1V � 1
t j t � 1

11: // update step
12: for t = 1 ; : : : ; T do
13: � (s)

t  � (s)
t j t � 1 + �K t (y t � y (s)

t j t � 1)
14: end for
15: end for

It can be shown that under a linear SSM, the EnKF matches the KF wheneverS ! 1

(Evensen, 2003).

2.6.3 Exponential-family EKF

Here, we consider the modi�ed EKF method introduced in Ollivier (2019). This method

modi�es the update equations in Algorithm 5 to make use of any member of the expo-

nential family. This generalisation is helpful in scenarios where the target variablesy t

cannot be reasonably modelled as Gaussians. For example when dealing with binary clas-

si�cation problems, in which the observations are modelled as Bernoulli, or in multi-class
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classi�cation problems, where the observations are modelled as Multinomial.

Given the measurement modelp(y t j � ; x t ) parametrised as an exponential family with

meanh(� ; x t ), the exponential-family extended Kalman �lter (ExpfamEKF) replaces the

likelihood model at timet with a Gaussian whose mean and covariance are found by

matching the �rst two moments of the linearised log-likelihood with respect to the previous

mean� t � 1.

More precisely, the mean at timet is approximated by a �rst-order approximation

around the predicted mean� t j t � 1. This takes the form

�ht (� ) := h(� t j t � 1; x t ) + H t (� t � � t j t � 1): (2.51)

Next, the measurement variance is taken as the covariance of the linearised model.

For example, ify t is modelled as a Bernoulli with mean� (h(� t j t � 1; x )) , then �R t =

� (h(� t j t � 1; x )(1 � � (h(� t j t � 1; x )) . Conversely, ify t is modelled as a multivariate Gaus-

sian with known observation variance, then�R t = R t .

2.6.4 Example: Recursive Learning of Neural Networks II

In this experiment we compare the performance of the ExpfamEKF method on the moons

dataset presented in Section 2.4.4. We evaluate two con�gurations of the ExpfamEKF

over 100 initialisations. The �rst con�guration assumes static dynamics (Qt = 0 I ),

which corresponds to the R-VGA under a linearised measurement model. The second

con�guration usesQt = 10 � 5 I , accounting for unmodelled errors.

Figure 2.8 illustrates the median rolling prequential accuracy and interquartile range

using a window of50 steps and100 di�erent initial states. comparing the predicted and

actual class labels over time.

Figure 2.8: Rolling prequential accuracy for the non-linear classi�cation problem, trained using R-VGA
and ExpfamEKF.
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We observe that the dynamic ExpfamEKF commences with high noise and then sta-

bilises at a median accuracy of approximately100%. Similarly, the static con�guration

exhibits high variability initially and stabilises its accuracy around100% for 200 steps

before its predictive performance begins to decline and its variability increases. This be-

haviour is attributed to numerical instability. This experiment highlights the importance

of small random-walk noise in parameter space for maintaining numerical stability when

deploying these methods online.

2.7 Alternative update methods

Alternative approaches for handling nonlinear or nonconjugate measurements have been

proposed.

For instance sequential Monte Carlo (SMC) methods have been used to train neural

networks (de Freitas et al., 2000). These sample-based methods are particularly advan-

tageous when the state-transition functionf is highly non-linear or when a more exact

posterior approximation is required. Next, Generalised Bayesian methods, such as Mishkin

et al. (2018); Knoblauch et al. (2022), generalise the VB target (2.20) to allow the likeli-

hood to be a loss function; see Chapter 4 for further details. Alternatively, online gradient

descent methods like Bencomo et al. (2023) emulate state-space modelling via gradient-

based optimisation, and gradient-free methods like Goulet et al. (2021) estimate the

weights of the neural network assuming a diagonal posterior covariance matrix.

2.8 Conclusion

In this chapter, we introduced the problem of Bayesian sequential estimation of model

parameters from a stream of data. We laid the groundwork for the remainder of this

thesis by establishing the necessary foundational concepts, and presented an array of

methods that address this problem by computing or approximating the posterior density

over model parameters recursively. For computational e�ciency, we focused on methods

that maintain a multivariate Gaussian posterior density.

We demonstrated that the problem of sequential Bayesian online linear regression can

be viewed as anonline version of the Ridge regression, as a special case of the R-VGA

algorithm, and as a speci�c instance of the Kalman �lter, where there is an absence of

noise in the system dynamics.

Furthermore, we discussed how the linear assumption underlying both the Kalman �lter

and online linear regression can be extended to accommodate nonlinear measurement

functions. Speci�cally, we presented three di�erent approaches: the Extended Kalman

Filter (EKF), the Ensemble Kalman Filter (EnKF), and the Recursive Variational Gaussian

Approximation (R-VGA).
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Chapter 3

Adaptivity

In this chapter, we propose a unifying framework for methods that perform probabilistic

online learning in non-stationary environments. We call the framework BONE, which

stands for generalised (B)ayesian (O)nline learning in (N)on-stationary (E)nvironments.

BONE provides a common structure to tackle a variety of problems, including online

continual learning, prequential forecasting, and contextual bandits.

The motivation for BONE arises from a key challenge in sequential online learning:

non-stationarity in the data-generating process. While a number of methods have been

proposed to address this issue, the literature remains relatively sparse. Di�erent commu-

nities often tackle similar problems using overlapping ideas, but without a shared method-

ological foundation. As a result insights from one area are not easily transferable across

domains.

In this chapter, we show that many of these methods, despite their apparent di�er-

ences, can all be understood within a common framework that can be seen as a form

of generalised Bayes posterior predictive. This insight enables a fair and principled com-

parison across method and lays the groundwork for developing new approaches. The

framework requires specifying three modelling choices: (i) a model for measurements

(e.g., a neural network), (ii) an auxiliary process to model non-stationarity (e.g., the time

since the last changepoint), and (iii) a conditional prior over model parameters (e.g., a

multivariate Gaussian). The framework also requires two algorithmic choices, which we

use to carry out approximate inference under this framework: (i) an algorithm to estimate

beliefs (posterior distribution) about the model parameters given the auxiliary variable,

and (ii) an algorithm to estimate beliefs about the auxiliary variable.

A key insight provided by this framework is that most existing methods assume either

abrupt changes or gradual drift in the underlying process. However, real-world scenarios

often involve a combination of both. To address this, we introduce a novel method that

accounts for both types of non-stationarity. Abrupt changes are modelled via the time

since the last parameter reset, while slow drift is captured through an Ornstein�Uhlenbeck

process over the model parameters. We evaluate this method in a range of experiments
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and demonstrate its performance across diverse settings

3.1 The framework

In Chapter 2 we introduced the notion of the Bayesian posterior density to estimate, or

approximate, the model parameters of the measurement functionh recursively. The meth-

ods presented work well when the data-generating process is well-speci�ed, the variational

approximation family is big enough to accommodate the Bayesian posterior density, or in

the case of the Kalman �lter, agood choice of dynamics covarianceQ t is determined.

In practice, however, this is not often the case. Thus, to adapt to regime changes

and other forms of non-stationarity, we introduce an auxiliary random variable t 2 	 t ,

that evolves following the dynamicsp( t j  t � 1) and encodes information about the non-

stationarity of the sequence at timet. Here, 	 t is the set of possible values of the

auxiliary variable t . The purpose of this variable is, for instance, to determine which

past datapointsy1:t � 1 most closely align with the most recent measurementy t . We

describe the auxiliary variable in detail in Section 3.1.3. Finally, the model parameters

� t evolve following the dynamicsp(� t j � t � 1;  t ). This represents how much parameters

change, given the state of the auxiliary variable.

Figure 3.1 shows the probabilistic graphical model that motivates our formulation; this

resembles the one in Doucet et al. (2000) with an additional optional dependence between

the auxiliary variable and the measurements; in what follows we omit this dependence for

brevity.

� t � 1 � t � t +1

 t � 1  t  t +1

y t � 1 y t y t +1

x t � 1 x t x t +1

Figure 3.1: Two-levelled hierarchical state-space model (SSM) with known dynamics, motivating our
BONE framework Solid arrows indicate required dependencies, while dashed arrows represent optional
dependencies. Rectangles denote exogenous variables, and circles represent random variables. Observed
elements are shaded in gray. The left shift inx t represents that features are observed before observing
y t .

For an experiment of lengthT 2 N, the joint conditional density over the model
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parameters, induced by the graphical model shown in Figure 3.1, is given by

p(y1:T ; � 0:T ;  0:T j x 1:T ) = p(� 0) p( 0)
TY

t =1

p(y t j � t ; x t ) p(� t j � t � 1;  t ) p( t j  t � 1):

(3.1)

In this chapter, we are interested in methods that e�ciently compute the so-called

expectedposterior predictivêy t +1 := Ep( � t ; t j D 1: t ) [h(� t ; x t +1 )] in an online and recursive

manner. In our setting, one observesx t +1 just before observingy t +1 ; thus, to make a

prediction abouty t +1 , we havex t +1 and D1:t at our disposal.1 For the case of a discrete

auxiliary variable t 2 	 t , the form of the expected posterior predictive fory t +1 , induced

by (3.1), is

ŷ t +1 = Ep( � t ; t j D 1: t ) [h(� t ; x t +1 )]

=
X

 t 2 	 t

Z
h(� t ; x t +1 ) p(� t ;  t j D1:t )d� t

=
X

 t 2 	 t

p( t j D1:t )
Z

h(� t ; x t +1 )p(� t j  t ; D1:t )d� t ;

(3.2)

where

p(� t j  t ; D1:t ) / p(y t j � t ; x t ) p(� t j  t ; D1:t � 1); (3.3)

p(� t j  t ; D1:t � 1) =
Z

p(� t j � t � 1;  t ) p(� t � 1 j D1:t � 1) d� t � 1; (3.4)

p( t j D1:t ) = p(y t j x t ;  t ; D1:t � 1)
X

 t � 1 2 	 t � 1

p( t � 1 j D1:t � 1) p( t j  t � 1; D1:t � 1):

(3.5)

From (3.2), (3.3), (3.4), and (3.5) we argue that there are three key modelling choices

and two algorithmic choices. Speci�cally, the three key modelling choices are: (M.1) the

conditional meanh(� ; x ) together with the likelihoodp(y j � ; x ); (M.2) the auxiliary

variable  t ; and (M.3) the conditional priorp(� t j  t ; D1:t � 1). Additionally, the two

algorithmic choices are: (A.1) the algorithm to compute (or approximate) the conditional

posterior over model parametersp(� t j  t ; D1:t ), and (A.2) the algorithm that computes

(or approximates) the posterior over weightsp( t ; j D1:t ).

The BONE framework generalises these choices, allowing for greater �exibility while

maintaining the motivating probabilistic structure. Instead of the likelihood modelp(y t j � t ; x t )

with conditional meanh(� t ; x t ), we consider a general functionexp(� `(y t ; � t ; x t )) ,

where`(y t ; � t ; x t ) could be either a loss function or a log-likelihood. Next, instead of

the conditional priorp(� t j  t ; D1:t � 1), we introduce a more general modelling function,

1The input features x t +1 and output measurementsy t +1 can correspond to di�erent time steps. For
example, x t +1 can be the state of the stock market at a �xed date and y t +1 is the return on a stock
some days into the future.
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� (� t ;  t ; D1:t � 1) that governs the prior over model parameters.2 Similarly, instead of the

posterior densityp(� t j  t ; D1:t ), we employ the functionq(� t ;  t ; D1:t ); e.g., an approx-

imation of the posterior, or a generalised posterior (Bissiri et al., 2016). Finally, instead

of the posterior over weightsp( t j D1:t ), we consider a weighting function� ( t ; D1:t ),

which can be the Bayesian posterior or an ad-hoc time-dependent weighting function.

This generalisation is important because it uni�es a wide range of existing methods

under a common framework. Many well-known approaches in the literature can be written

as elements of BONE by appropriately selecting the model for measurements, the con-

ditional prior, and the posterior approximations. BONE highlights connections between

di�erent methods, it also enables systematic comparisons under a common umbrella, and

it allows us to develop novel algorithms. Table 3.1 explicitly contrasts the choices in

BONE with those in the classical Bayesian formalism.

component BONE Bayes
(M.1: likelihood) h(� t ; x t ) & exp(� `(y t ; � t ; x t )) h(� t ; x t ) & p(y t j � t ; x t )
(M.2: auxvar)  t  t

(M.3: prior) � t (� t ;  t ) := � (� t ;  t ; D1:t � 1) p(� t j  t ; D1:t � 1)
(A.1: posterior) qt (� t ;  t ) := q(� t ;  t ; D1:t ) p(� t j  t ; D1:t )
(A.2: weighting) � t ( t ) := � ( t ; D1:t ) p( t j D1:t )

Table 3.1: Components of the BONE framework.

With these modi�cations, the expected posterior predictive under BONE is

ŷ t :=
X

 t 2 	 t

� ( t j D1:t )| {z }
(A.2: weighting)

Z
h(� t ; x t +1 )
| {z }

(M.1: likelihood)

q(� t ;  t ; D1:t )| {z }
(A.1: posterior)

d� t ; (3.6)

where

q(� t ;  t ; D1:t ) / � (� t ;  t ; D1:t � 1)
| {z }

(M.3: prior)

exp(� `(y t ; � t ; x t ))| {z }
(M.1: likelihood)

(3.7)

takes the form of a generalised posterior (Bissiri et al., 2016). In classical Bayesian setting,

the loss function takes the form of the negative log-likelihood, i.e.,

`(y t ; � t ; x t ) = � logp(y t j � t ; x t ): (3.8)

Unless stated otherwise, we work with the negative log-likelihood in (3.8) found in the

classical Bayesian setting.

A prediction fory t +1 givenD1:t , x t +1 , and  t is

ŷ (  t )
t +1 = Eqt [h(� t ; x t +1 ) j  t ] :=

Z
h(� t ; x t +1 ) q(� t ;  t ; D1:t )d� t : (3.9)

Here we use the shorthand notationqt = q(� t ;  t ; D1:t ) and Eqt [� j  t ] to highlight de-

2This function adopts an ad hoc approach to parameter evolution instead of explicitly solving the
integration step (3.4).
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pendence on t .

Algorithm 7 provides pseudocode for the prediction and update steps in the BONE

framework. Notably, these components can be broadly divided into two categories: mod-

elling and algorithmic. The modelling components determine the inductive biases in the

model, and correspond toh, `,  t , and � . The algorithmic components dictate how

operations are carried out to produce a �nal prediction � this corresponds toqt and � t .

Algorithm 7 Generic predict and update step of BONE with discrete t at time t.
Require: D1: t // past data

Require: x t +1 // optional inputs

Require: h(� ; x t ) // Choice of (M.1: likelihood)

Require: 	 t // Choice of (M.2: auxvar)

1: for  t 2 	 t do

2: � t (� t ;  t )  � (� t ;  t ; D1: t � 1) // choice of (M.3: prior)

3: qt (� t ;  t )  q(� t ;  t ; D1: t ) / � t (� t  t ) exp(� `(y t ; � t ; x t )) // choice of (A.1: posterior)

4: � t ( t )  � ( t ; D1: t ) // choice of (A.2: weighting)

5: ŷ (  t )
t +1  Eqt [h(� t ; x t +1 );  t ] // conditional prequential prediction

6: end for

7: ŷ t +1  
P

 t
� t ( t ) ŷ (  t )

t +1 // weighted prequential prediction

3.1.1 Details of BONE

In the following subsections, we describe each component of the BONE framework in

detail, provide illustrative examples, and reference relevant literature for further reading.

3.1.2 The measurement model (M.1)

Recall thath(� ; x ) is a parametric model that encodes the conditional mean fory , given

� and x . For linear measurement models,h(� ; x ) is given by:

h(� ; x ) =

8
>>><

>>>:

� | x (regression); y 2 R

� (� | x ) (binary classi�cation); y 2 f 0; 1g

Softmax(� | x ) (multi-class classi�cation); y 2 f 0; 1gC

(3.10)

where� (z) = (1 + exp( � z)) � 1 is the sigmoid function,C 2 N is the number of classes,

Softmax(z)k = exp( zk )=
P

i exp(z i ) represents the softmax function withz 2 Ro andz i

the i -th element ofz. In the machine learning literature, the vectorz is called the logits

of the classi�er. For non-linear measurement models, such as neural networks,h(� ; x )

represents the output of the network parameterised by� . The best choice ofh will depend

on the nature of the data, as well as the nature of the task, in particular, whether it is

supervised or unsupervised. We give some examples in Section 3.5.

46



3.1.3 The auxiliary variable (M.2)

The choice of auxiliary variable t is crucial to identify changes in the data-generating

process, allowing our framework to track non-stationarity. Below, we give a list of the

common auxiliary variables used in the literature.

RL(runlength):  t = r t 2 f 0; : : : ; tg is a scalar representing alookback window, de�ned

as the number of steps since the last regime change. The valuer t = 0 indicates the

start of a new regime at timet, while r t � 1 denotes the continuation of a regime

with a lookback window of lengthr t . This choice of auxiliary variable is common in the

changepoint detection literature. See e.g., Adams and MacKay (2007); Knoblauch et al.

(2018); Alami et al. (2020); Agudelo-España et al. (2020); Altamirano et al. (2023c);

Alami (2023). This auxiliary variable is useful for non-stationary data with non-repeating

temporal segments, provided we know the intensity with which new segments appear.

RLCC(runlength and changepoint count): t = ( r t ; ct ) 2 f 0; : : : ; tg�f 0; : : : ; tg is a vector

that represents both the runlength and the total number of changepoints, as proposed

in Wilson et al. (2010). Whenr t = t, this impliesct = 0 , meaning no changepoints

have occurred. Conversely,r t = 0 indicates the start of a new regime and impliesct 2

f 1; : : : ; tg, accounting for at least one changepoint. For a givenr t � 0, the changepoint

count ct belongs to the rangef 1; : : : ; t � r t g. As with RL, this auxiliary variable assumes

consecutive time blocks, but additionally allows us to estimate the likelihood of entering a

new regime by tracking the number of changepoints seen so far. This auxiliary variable is

useful for non-stationary data with non-repeating temporal segments when the intensity

with which new segments appear is unknown.

CPT(changepoint timestep):  t = � t , with � t = f � 1;t ; : : : ; � `;t g, is a set of sizè 2

f 0; : : : tg containing the` times at which there was a changepoint, with the convention

that 0 � � 1;t < � 2;t < : : : < � `;t � t . This choice of auxiliary variable was introduced in

Fearnhead and Liu (2007) and has been studied in Fearnhead and Liu (2011); Fearnhead

and Rigaill (2019). Under mild assumptions, it can be shown thatCPTis equivalent

to RL, see e.g., Knoblauch and Damoulas (2018). This auxiliary variable is useful for

non-stationary data with non-repeating temporal segments when the probability of a new

segment appearing is unknown and knowledge of the changepoint location is required.

CPL(changepoint location): t = s1:t 2 f 0; 1gt is a binary vector. In one interpretation,

si = 1 indicates the occurrence of a changepoint at timei , as in Li et al. (2021), while in

another, it means thatDt belongs to the current regime, as in Nassar et al. (2022). This

auxiliary variable is useful for non-stationary data with repeating temporal segments. It

is useful when the segments are formed of non-consecutive datapoints.

CPV(changepoint probability vector): t = v1:t 2 (0; 1)t is at-dimensional random vector

representing the probability of each element in the history belonging to the current regime.

This generalisesCPLand was introduced in Nassar et al. (2022) for online continual

learning, allowing for a more �ne-grained representation of changepoints over time. This

auxiliary variable is useful for non-stationary data with repeating temporal segments.

Unlike CPL, it takes a vector of weights in(0; 1) which allows for higher �exibilty when
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compared toCPL.

CPP(changepoint probability):  t = � t 2 (0; 1) represents the probability of a change-

point. This is a special case ofCPVthat tracks only the most recent changepoint proba-

bility; this choice was used in Titsias et al. (2024) for online continual learning.

ME(mixture of experts): t = � t 2 f 1; : : : ; K g represents one ofK experts. Each expert

corresponds to either a choice of model or one ofK possible hyperparameters. This

approach has been applied to �ltering (Chaer et al., 1997) and prequential forecasting (Liu,

2023; Abélès et al., 2024). This auxiliary variable facilitates the weighting of predictions

made by models when one has a �xed number of competing models.

C:  t = c represents a constant auxiliary variable, wherec is just a placeholder or dummy

value. This is equivalent to not having an auxiliary variable, or alternatively, to having a

single expert that encodes all available information.

Space-time complexity There is a tradeo� between the complexity that is able to

encode and the computation power needed to perform updates. Loosely speaking, this

can be seen in the cardinality of the set of possible values of through time. Let 	 t

be the space of possible values for t . Depending on the choice of t , the cardinality of

	 t either stay constant or increase over time, i.e.,	 t � 1 � 	 t for all t = 1 ; : : : ; T . For

instance, the possible values forRLincrease by one at each timestep; the possible values

of CPLdouble at each timestep; �nally, the possible values forMEdo not increase. Table

3.2 shows the space of values and cardinality that	 t takes as a function of the choice of

auxiliary variable.

name C CPT CPP CPL CPV ME RL RLCC
values f cg 2f 0 ; 1 ;:::;t g [0; 1] f 0; 1gt (0 ; 1) t f 1; : : : ; K g f 0; 1; : : : ; t g ff 0; t g; : : : ; f t; 0gg

cardinality 1 2t 1 2t inf K t 2 + t ( t + 1) =2

Table 3.2: Design space for the auxiliary random variables t . Here, T denotes the total number of
timesteps and K denotes a �xed number of candidates.

3.1.4 Conditional prior (M.3)

This component de�nes the prior predictive distribution over model parameters condi-

tioned on the choice of (M.2: auxvar) t and the datasetD1:t � 1. In some cases, explicit

access to past data is not needed.

For example, a common assumption is to have a Gaussian conditional prior over model

parameters. In this case, we assume that, given dataD1:t � 1 and the auxiliary variable t ,

the conditional prior takes the form

� (� t ;  t ; D1:t � 1) = N
�
� t j gt ( t ; D1:t � 1); Gt ( t ; D1:t � 1)

�
; (3.11)

with gt : 	 t � R(D + o)( t � 1) ! RD a function that returns the mean vector of model

parameters,E[� t j  t ; D1:t � 1], and Gt : 	 t � R(D + o)( t � 1) ! RD � D a function that

returns aD-dimensional covariance matrix,Cov[� t j  t ; D1:t � 1]. In what follows, we let
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(� 0; � 0) be the pre-de�ned initial prior mean and covariance. Furthermore, we denote

(� t � 1; � t � 1) be the posterior mean and covariance found at timet � 1, which is used as

a prior at time t.

Below, we provide a non-exhaustive list of possible combinations of choices for (M.2:

auxvar) and (M.3: prior) of the form (3.11) that can be found in the literature, and we

also introduce a new combination.

C-LSSM(constant linear with a�ne state-space model). We assume the parameter dynam-

ics can be modeled by a linear-Gaussian state space model (LSSM), i.e.,E[� t j � t � 1] =

F t � t � 1 + bt and Cov[� t j � t � 1] = Q t , for given(D � D) dynamics matrixF t , (D � 1)

bias vectorbt , and (D � D) positive semi-de�nite matrixQ t . We also assume t = c is

a �xed (dummy) constant, which is equivalent to not having an auxiliary variable. The

characterisation of the conditional prior takes the form

gt (c;D1:t � 1) = F t � t � 1 + bt ;

Gt (c;D1:t � 1) = F t � t � 1F |
t + Q t ;

(3.12)

This is a common baseline model that we will specialise below.

C-OU(constant with Ornstein-Uhlenbeck process). This is a special case of theC-LSSM

model whereF t = 
 I , bt = (1 � 
 )� 0, Q t = (1 � 
 2)� 0, � 0 = � 2
0 I , 
 2 [0; 1] is the �xed

rate, and� 0 � 0. The conditional prior mean and covariance are a convex combination

of the form
g(c;D1:t � 1) = 
 � t � 1 + (1 � 
 )� 0;

G(c;D1:t � 1) = 
 2� t � 1 + (1 � 
 2)� 0:
(3.13)

This combination is used in Kurle et al. (2019). Smaller values of the rate parameter


correspond to a faster resetting, i.e., the distribution of model parameters revert more

quickly to the prior belief(� 0; � 0), which means the past data will be forgotten.

CPP-OU(changepoint probability with Ornstein-Uhlenbeck process). Here t = � t 2 [0; 1]

is the changepoint probability that we use as the rate of an Ornstein-Uhlenbeck (OU)

process, as proposed in Titsias et al. (2024); Galashov et al. (2024). The characterisation

of the conditional prior takes the form

g(� t ; D1:t � 1) = � t � t � 1 + (1 � � t )� 0 ;

G(� t ; D1:t � 1) = � 2
t � t � 1 + (1 � � 2

t )� 0 :
(3.14)

An example on how to compute� t using an empirical Bayes procedure is given in (3.45).

C-ACI (constant with additive covariance in�ation). This corresponds to a special case of

C-LSSMin which F = I , b = 0, and Q = � I for � > 0 is the amount of noise added at

each step. This combination is used in Kuhl (1990); Duran-Martin et al. (2022); Chang

et al. (2022, 2023) . The characterisation of the conditional prior takes the form

g(c;D1:t � 1) = � t � 1;

G(c;D1:t � 1) = � t � 1 + Q t :
(3.15)
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This is similar toC-OUwith 
 = 1 , however, here we inject new noise at each step.

Another variant of this scheme, known asshrink-and-perturb(Ash and Adams, 2020),

takes g(c;D1:t � 1) = q� t � 1 and G(c;D1:t � 1) = � t � 1 + Q t , where0 < q < 1 is the

shrinkage parameters, andQ t = � 2
0 I .

C-Static (constant with static parameters). Here t = c (with c a dummy variable).

This is a special case of theC-ACI con�guration in which� = 0 . The conditional prior is

characterised by
gt (c;D1:t � 1) = � t � 1;

Gt (c;D1:t � 1) = � t � 1:
(3.16)

ME-LSSM(mixture of experts with LSSM). Here t = � t 2 f 1; : : : ; K g, and we have a

bank ofK independent LSSM models; the auxiliary variable speci�es which model to use

at each step. The characterisation of the conditional prior takes the form

gt (� t ; D1:t � 1) = F ( � t )
t � ( � t )

t � 1 + b( � t )
t ;

Gt (� t ; D1:t � 1) = F ( � t )
t � ( � t )

t � 1 F |
t + Q ( � t )

t :
(3.17)

The superscript(� t ) denotes the conditional prior for thek-th expert. More precisely,

� ( � t )
t � 1 ; � ( � t )

t � 1 are the posterior at timet � 1 usingF ( � t )
t � 1 and Q ( � t )

t � 1 from the k-th expert.

This combination was introduced in Chaer et al. (1997).

RL-PR(runlength with prior reset): for t = r t , this choice of auxiliary variable constructs

a new mean and covariance considering the pastt � r t observations. We have

gt (r t ; D1:t � 1) = � 0 1(r t = 0) + � ( r t � 1 ) 1(r t > 0);

Gt (r t ; D1:t � 1) = � 0 1(r t = 0) + � ( r t � 1 ) 1(r t > 0);
(3.18)

where � ( r t � 1 ) ; � ( r t � 1 ) denotes the posterior belief computed using observations from

indicest � r t to t � 1. The caser t = 0 corresponds to choosing the initial pre-de�ned

prior mean and covariance� 0 and � 0. This combination assumes that data from a single

regime arrives in sequentialblocks of time of lengthr t . This choice of (M.3: prior) was

�rst studied in Adams and MacKay (2007).

RL[1]-OUPR* (greedy runlength with OU and prior reset): This is a new combination

we consider in this paper, which is designed to accommodate both gradual changes and

sudden changes. More precisely, we assume t = r t , and we choose the conditional prior

as either a hard reset to the prior, if� t (r t ) > " , or a convex combination of the prior

and the previous belief state (using anOUprocess), if� t (r t ) � " . That is, we de�ne the

conditional prior as

gt (r t ; D1:t � 1) =

8
<

:
� 0 (1 � � t (r t )) + � ( r t ) � t (r t ) � t (r t ) > ";

� 0 � t (r t ) � ";
(3.19)
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Gt (r t ; D1:t � 1) =

8
<

:
� 0 (1 � � t (r t )2) + � ( r t ) � t (r t )2 � t (r t ) > ";

� 0 � t (r t ) � ":
(3.20)

Here � t (r t ) = p(r t j D1:t ), with r t = r t � 1 + 1 , is the probability we are continuing a

segment, and� t (r t ) with r t = 0 is the probability of a changepoint. For details on how

to compute � t (r t ), see (3.40). The value of the threshold parameter" controls whether

an abrupt change or a gradual change should take place. In the limit when" = 1 , this

new combination does not learn, since it is always doing a hard reset to the initial beliefs

at time t = 0 . Conversely, when" = 0 , we obtain an OU-type update weighted by� t .

When " = 0 :5, we revert back to prior beliefs when the most likely hypothesis is that a

changepoint has just occurred. Finally, we remark that the above combination allows us

to make use of non-Markovian choices for (M.1: likelihood), as we see in Section 3.5.3.

This is, to the best of our knowledge, a new combination that has not been proposed in

the previous literature; for further details see Appendix 3.3.3.

CPL-Sub(changepoint location with subset of data): for t = s1:t , this conditional prior

constructs the mean and covariance as

gt (s1:t ; D1:t � 1) = � (s1: t � 1 ) ;

Gt (s1:t ; D1:t � 1) = � (s1: t � 1 ) ;
(3.21)

where � (s1: t � 1 ) ; � (s1: t � 1 ) denotes the posterior belief computed using the observations

for entries wheres1:t � 1 have value of1. This combination assumes that data from the

current regime is scattered from the past history. That is, it assumes that data from

a past regime could become relevant again at a later date. This combination has been

studied in Nguyen et al. (2017).

CPL-MCI(changepoint location with multiplicative covariance matrix): for t = s1:t , this

choice of conditional prior maintains the prior mean, but increases the norm of the prior

covariance by a constant term� 2 (0; 1). More precisely, we have that

gt (s1:t ; D1:t � 1) = � (s1: t � 1)
;

Gt (s1:t ; D1:t � 1) =

8
<

:
� � 1� (s1: t � 1 ) st = 1 ;

� (s1: t � 1 ) st = 0 :

(3.22)

This combination was �rst proposed in Li et al. (2021).

CPT-MMPR(changepoint timestep using moment-matched prior reset): for t = � t , with

� t = f � 1;t ; : : : ; � `;t g, and � `;t the position of the last changepoint, the work of Fearnhead

and Liu (2011) assumes a dependence structure between changepoints. That is, to build

the conditional prior mean and covariance, they consider the pastD� `;t :t � 1 datapoints

whenever� `;t � t � 1 and a moment-matched approximation to the mixture density over

all possible subset densities since the last changepoint whenever� `;t = t. Mathematically,
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if � `;t � t � 1, the prior mean and the prior covariance take the form

g(� t ; D1:t � 1) = � ( � `;t :t � 1) ;

G(� t ; D1:t � 1) = � ( � `;t :t � 1) :
(3.23)

If � `;t = t, the conditional prior mean and conditional prior covariance are built using a

moment-matching approach. For the Gaussian case, moment-matching is equivalent to

minimising a KL divergence (Minka, 2013). This takes the form

g(� t ; D1:t � 1) = � t ;

G(� t ; D1:t � 1) = � t ;
(3.24)

where

� t ; � t = arg min
� ;�

D KL

0

@
t � 1X

� `;t � 1 =1

~q(� t j � `;t � 1; � `;t ; D1:t � 1) jj N (� t j � ; � )

1

A : (3.25)

Here,D KL denotes the KL divergence and~q(� t j � `;t � 1; � `;t ; D1:t � 1) is the unnormalised

density

~q(� t j � `;t � 1; � `;t ; D1:t � 1)

= p(� `;t � 1 j D1:t � 1) p(� `;t j � `;t � 1; D1:t � 1) N (� t j � ( � `;t � 1 :t � 1) ; � ( � `;t � 1 :t � 1) ):

ChoosingMMPRcouples the choice of (M.3: prior) with the algorithmic choice (A.2:

weighting) throughp(� `;t � 1 j D1:t � 1) and the choicep(� `;t j � `;t � 1; D1:t � 1). For an exam-

ple of MMPRwith RLchoice of (M.2: auxvar), see Appendix 3.3.2.

3.1.5 Algorithm to compute the posterior over model parameters

(A.1)

This section presents algorithms for estimating the densityq(� t ;  t ; D1:t ); we focus on

methods that yield Gaussian posterior densities. Speci�cally, we are interested in practical

approaches for approximating the conditional Bayesian posterior, as given in (3.7).

There is a vast body of literature on methods for estimating the posterior over model

parameters, many of which were introduced in Chapter 2. Here, we focus on three common

approaches for computing the Gaussian posterior: conjugate updates (Cj), linear-Gaussian

approximations (LG), and variational Bayes (VB). For an overview of choices of (A.1:

posterior) and a comparison in terms of their computational complexity, see Table 3 in

Jones et al. (2024).
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Conjugate updates ( Cj)

Conjugate updates (Cj) provide a classical approach for computing the posterior by

leveraging conjugate prior distributions. Conjugate updates occur when the functional

form of the conditional prior� (� t ;  t ; D1:t � 1) matches that of the measurement model

p(y t j � ; x t ) (Robert et al., 2007, Section 3.3). This property allows the posterior to re-

main within the same family as the prior, which leads to analytically tractable updates

and facilitates e�cient recursive estimation.

A common example is the conjugate Gaussian model, where the measurement model

is Gaussian with known variance and the prior is a multivariate Gaussian. This results

in closed-form updates for both the mean and covariance. Another example is the Beta-

Bernoulli pair, where the measurement model follows a Bernoulli distribution with an

unknown probability, and the prior is a Beta distribution. See e.g., Bernardo and Smith

(1994); West and Harrison (1997) for details.

The recursive nature of conjugate updates makes them particularly useful for real-time

or sequential learning scenarios, where fast and e�cient updates are crucial.

Linear-Gaussian approximation ( LG)

The linear-Gaussian (LG) method builds on the conjugate updates (Cj) above. More

precisely, the prior is Gaussian and the measurement model is approximated by a linear

Gaussian model, which simpli�es computations.

The prior over model parameters is taken as:

� (� t ;  t ; D1:t � 1) = N
�

� t j � (  t )
t � 1 ; � (  t )

t � 1

�
; (3.26)

where� (  t )
t � 1 and � (  t )

t � 1 are the mean and covariance, respectively. We use the measure-

ment function h to de�ne a �rst-order approximation�ht around the prior mean which is

given by
�ht (� t ; x t ) = h

�
� (  t )

t � 1 ; x t

�
+ H t

�
� t � � (  t )

t � 1

�
: (3.27)

Here,H t is the Jacobian ofh(� ; x t ) with respect to� , evaluated at� (  t )
t � 1 . The approxi-

mate posterior measure is given by

q(� t ;  t ; D1:t ) / N (y t j �ht (� t ; x t ); R t ) � (� t ;  t ; D1:t � 1)

= N (y t j �ht (� t ; x t ); R t ) N
�

� t j � (  t )
t � 1 ; � (  t )

t � 1

�

/ N (� t j � (  t )
t ; � (  t )

t );

(3.28)

where R t is a known noise covariance matrix of the measurementy t . Under the LG
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algorithmic choice, the updated equations are

ŷ (  t )
t = h

�
� (  t )

t � 1 ; x t

�
;

S(  t )
t = H t � (  t )

t � 1 H |
t + R t ;

K (  t )
t = � (  t )

t � 1 H |
t

�
S(  t )

t

� � 1
;

� (  t )
t = � (  t )

t � 1 + K (  t )
t

�
y t � ŷ (  t )

t

�
;

� (  t )
t = � (  t )

t � 1 �
�

K (  t )
t

� �
S(  t )

t

� �
K (  t )

t

� |
:

(3.29)

Variational Bayes ( VB)

Here, we consider an extension of the variational Bayes method introduced in Section

2.4.1, where we condition on the auxiliary variable t . We have the following optimisation

problem for the posterior variational parameters:

(� t ; � t ) = arg min
� ;�

D KL (N (� t j � ; � ) k p(y t j � t ; x t ) � (� t ;  t ; D1:t � 1)) ; (3.30)

where� t (� t ;  t ) is the chosen prior distribution (M.3: prior).

Alternative methods

Alternative approaches for handling nonlinear or nonconjugate measurements have been

proposed, such as sequential Monte Carlo (SMC) methods (de Freitas et al., 2000), and

ensemble Kalman �lters (EnKF) (Roth et al., 2017). These sample-based methods are

particularly advantageous when the dimensionality of� is large, or when a more exact

posterior approximation is required, providing greater �exibility in non-linear and non-

Gaussian environments.

Generalised Bayesian methods, such as Mishkin et al. (2018); Knoblauch et al. (2022),

generalise the VB update of (3.30) by allowing the right-hand side to be a loss function.

Alternatively, online gradient descent methods like Bencomo et al. (2023) emulate state-

space modelling via gradient-based optimisation.

3.1.6 Weighting function for auxiliary variable (A.2)

The term � t ( t ) de�nes the weights over possible values of the auxiliary variable (M.2:

auxvar). We compute it as the marginal posterior distribution� t ( t ) = p( t j D1:t ) (see

e.g., Adams and MacKay (2007); Fearnhead and Liu (2007, 2011); Li et al. (2021)) or with

ad-hoc rules (see e.g., Nassar et al. (2022); Abélès et al. (2024); Titsias et al. (2024)).
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In the former case, the weighting function takes the form

� t ( t ) = p( t j D1:t )

= p(y t j x t ;  t ; D1:t � 1)
Z

 t � 1 2 	 t � 1

p( t � 1 j D1:t � 1) p( t j  t � 1; D1:t � 1)d t � 1;

(3.31)

where one assumes thaty t is conditionally independent of t � 1, given  t , and x t is

an exogenous vector. The �rst term on the right hand side of (3.31) is known as the

conditional posterior predictive, and is given by

p(y t j x t ;  t ; D1:t � 1) =
Z

p(y t j � t ; x t ) � (� t ;  t ; D1:t � 1)d� t : (3.32)

This integral over� t may require approximations, as we discussed in Section 3.1.5.

Furthermore, the integral over t � 1 in (3.31) may also require approximations, de-

pending on the nature of the auxiliary variable t , and the modelling assumptions for

p( t j  t � 1; D1:t � 1). We provide some examples below.

Discrete auxiliary variable (DA)

Here we assume the auxiliary variable takes values in a discrete space t 2 	 t . The

weights for the discrete auxiliary variable (DA) can be computed with a �xed number

of hypothesesK � 1 or with a growing number of hypotheses if the cardinality of	 t

increases through time; we denote these cases byDA[K] andDA[inf] respectively. Below,

we provide three examples that estimate the weights underDA[inf] recursively.

RL(runlength with Markovian assumption): for t = r t , the work of Adams and MacKay

(2007) takes

p(r t j r t � 1; D1:t � 1) =

8
>>><

>>>:

1 � H (r t � 1) if r t = r t � 1 + 1 ;

H (r t � 1) if r t = 0 ;

0 otherwise;

(3.33)

where H : N0 ! (0; 1) is the hazard function. A popular choice is to takeH (r ) =

� 2 (0; 1) to be a �xed constant hyperparameter known as the hazard rate. The choice

RL[inf]-PR is known as the Bayesian online changepoint detection model (BOCD).

CPL(changepoint location): for t = s1:t , the work of Li et al. (2021) takes

p(~s1:t j s1:t � 1; D1:t � 1) =

8
>>><

>>>:

� if ([~s1:t n ~st ] = s1:t � 1) and ~st = 1 ;

1 � � if ([~s1:t n ~st ] = s1:t � 1) and ~st = 0 ;

0 otherwise;

(3.34)

i.e., the sequence of changepoints at timet correspond to the sequence of changepoints

up to time t � 1, plus a newly sampled value fort. See Appendix 3.3.4 for details on how
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to compute� t (s1:t ).

CPT(changepoint timestep with Markovian assumption): for t = � t , the work of Fearn-

head and Liu (2007) takes

p(� t j � t � 1; D1:t � 1) = p(� `;t j � `;t � 1) = J (� `;t � � `;t � 1); (3.35)

with J : N0 ! (0; 1) a probability mass function. Note that� `;t � � `;t � 1 is the distance

between two changepoints, i.e., a runlength. In this sense,� `;t � � `;t � 1 = r t , which relates

CPTto RL. See their paper for details on how to compute� t (� t ).

Low-memory variants � from DA[inf] to DA[K] In the examples above, the number

of computations to obtain
P

 t
� t ( t ) grows in time. To �x the computational cost,

one can restrict the sum to be over a subsetA t of the space of t with cardinality

jA t j = K � 1. Each element in the setA t is called a hypothesis and givenK � 1,

we keep theK most likely elements �according to � t ( t )� in A t . We then de�ne the

normalised weighting function

�̂ t ( t ) =
� t ( t )P

 0
t 2A t

� t ( 0
t )

; (3.36)

which we use instead of� t ( t ). For example, inRLabove,A t � 1 = f r (k )
t � 1 : k = 1 ; : : : ; K g

are the uniqueK most likely runlengths where the superscript represents the ranking

according to� t � 1(�). Then, at time t, the augmented set�A t becomes(A t � 1 + 1) [ f 0g,

where the sum is element-wise, and we then compute theK most likely elements of�A t

to de�ne A t . In CPL, A t � 1 contains theK most likely sequences of changepoints,�A t

is de�ned as the collection of the2K sequences where each sequence ofA t � 1 has a

zero or one concatenated at the end. Finally, theK most likely elements in�A t de�ne

A t . This style of pruning is common in segmentation methods; see, e.g., Saatçi et al.

(2010), but other pruning are also possible, such as those proposed by Li et al. (2021), or

sampling-based approaches; see e.g. Doucet et al. (2000).

Other choices for DA[K] Finally, some choices of weighting functions are derived using

ad-hoc rules, meaning that explicit or approximate solutions to the Bayesian posterior are

not needed. One of the most popular choices of ad-hoc weighting functions are mixture

of experts, which weight di�erent models according to a given criterion.

ME(mixture of experts with algorithmic weighting): Consider t = � t . Let � t;k = k

denote thek-th con�guration over (M.3: prior). Next, denote byw t = f w t; 1; : : : ; w t;K g

a set of weights, wherew t;k corresponds to the weight for thek-th expert at timet. The

work of Chaer et al. (1997) considers the weighting function

� t (w t )k =
exp(w |

t;k y t )
P K

j =1 exp(w |
t;j y t )

; (3.37)
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for k = 1 ; : : : ; K . The set of weightsw t are determined by maximising the surrogate

gain function

Gt (w t ) = p(y t j x t ; D1:t � 1) =
KX

k=1

p(y t j x t ; � t;k ; D1:t � 1) � t (w t )k ; (3.38)

with respect tow t;k for all k = 1 ; : : : ; K at every timestept.

We writeDA[K], whereKis the number hypothesis, for methods that useKhypotheses

at most. On the other hand, we writeDA[inf] when we do not impose a bound on the

number of hypotheses used. Note that even when the choice of (A.2: weighting) is built

usingDA[inf] , one can modify it to make itDA[K].

Discrete auxiliary variable with greedy hypothesis selection ( DA[1] ) A special case

of the above isDA[1] , where we employ a single hypothesis. In these scenarios, we set

� ( t ) = 1 where t is the most likely hypothesis.

RL(Greedy runlength): For t = r t and DA[1] , we take

p(r t j r t � 1; D1:t � 1) =

8
>>><

>>>:

1 � � if r t = r t � 1 + 1 ;

� if r t = 0 ;

0 otherwise:

(3.39)

Our choice of (A.2: weighting) is based on the marginal predictive likelihood ratio, which is

derived from the computation ofp(r t j D1:t ) under either either an increase in the runlength

(r (1)
t = r t � 1 + 1) or a reset of the runlength (r (0)

t = 0 ). Under these assumptions, the

form of � t (r
(1)
t ) is

� t (r
(1)
t ) =

p(y t j r (1)
t ; x t ; D1:t � 1) (1 � � )

p(y t j r (0)
t ; x t ; D1:t � 1) � + p(y t j r (1)

t ; x t ; D1:t � 1) (1 � � )
: (3.40)

For details on the computation of (A.2: weighting), see Appendix 3.3.3. For a detailed

implementation of (M.2: auxvar)RL, (M.3: prior) OUPR, (A.2: weighting) DA[1] , and

(A.1: posterior)LG, see Algorithm 10 in the Appendix.

For example,RL[1] is a runlengthr t with a single hypothesis. We provide another

example next.

CPL(changepoint location with retrospective membership): for t = s1:t , the work of

Nassar et al. (2022) evaluates the probability of past datapoints belonging in the current

regime. In this scenario,

p(s1:t j s1:t � 1; D1:t � 1) = p(s1:t j D1:t � 1); (3.41)

so that

p(s1:t j D1:t ) / p(s1:t j D1:t � 1) p(y t j x t ; s1:t ; D1:t � 1): (3.42)
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This method allows for exact computation by summing over all possible2t elements.

However, to reduce the computational cost, they propose a discrete optimisation over

possible valuesf � t (s1:t ) : s1:t 2 f 0; 1gt g, where � t (s1:t ) = p(s1:t j D1:t ). Then, the

hypothesis with highest probability is stored and gets assigned a weight of one.

Continuous auxiliary variable ( CA)

Here, we brie�y discuss continuous auxiliary variables(CA). For some choices of t and

transition densitiesp( t j  t � 1; D1:t � 1), computation of (3.31) becomes infeasible. In

these scenarios, we use simpler approximations. We give an example below.

CPP(Changepoint probability with empirical Bayes estimate): for t = � t , consider

p(� t j � t � 1; D1:t � 1) = p(� t ); (3.43)

so that

p(� t j D1:t ) / p(� t ) p(y t j x t ; � t ): (3.44)

The work of Titsias et al. (2024) takes� t (� t ) = � (� t � � �
t ), where� is the Dirac delta

function and � �
t is a point estimate centred at the maximum of the marginal posterior

predictive likelihood:

� �
t = arg max

� 2 [0;1]
p(y t j x t ; �; D1:t � 1): (3.45)

In practice, (3.45) is approximated by taking gradient steps towards the minimum. This

is a form of empirical Bayes approximation, since we compute the most likely value of the

prior after marginalizing out� t . The work of Galashov et al. (2024) considers a modi�ed

con�guration with choice of (M.2: auxvar)� t 2 (0; 1)D .

3.2 Uni�ed view of examples in the literature

Table 3.3 shows that many existing methods can be written as instances of BONE. Rather

than specifying the choice of (M.1), we instead write the task for which it was designed,

as discussed in Section 2.1.1. We will experimentally compare a subset of these methods

in Section 3.5.

The methods presented in Table 3.3 can be directly applied to tackle any of the

problems mentioned in Section 2.1.1. However, as choice of (M.1: likelihood), we specify

the task under which the con�guration was introduced.3

3.3 Worked examples

In this section, we provide a detailed calculation of� t ( t ) for some choices of t . We

consider a choice of (M.1: likelihood) to be linear Gaussian with known observation
3In general, the components of BONE can be thought as the building blocks for new methods. Some

of these combinations would not be useful, but they can be employed nonetheless.
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Reference Task M.2: auxvar M.3: prior A.1: posterior A.2: weight
Kalman (1960) �ltering C LSSM LG DA[1]
Magill (1965) �ltering ME LSSM LG DA[K]
Chang and Athans (1978) �ltering ME LSSM LG CA
Chaer et al. (1997) �ltering ME LSSM LG DA[K]
Ghahramani and Hinton (2000) SSSM ME Static VB CA
Adams and MacKay (2007) seg. RL PR Cj DA[inf]
Fearnhead and Liu (2007) seg. & preq. CPT/ ME PR Any DA[inf]
Wilson et al. (2010) seg. RLCC PR Cj DA[inf]
Fearnhead and Liu (2011) seg. CPT/ ME MMPR Any DA[inf]
Mellor and Shapiro (2013) bandits RL PR Cj DA[inf]
Nguyen et al. (2017) OCL CPL Sub VB DA[1]
Knoblauch and Damoulas (2018) seg. RL/ ME PR Cj DA[inf]
Kurle et al. (2019) OCL CPV Sub VB DA[1]
Li et al. (2021) OCL CPL MCI VB DA[inf]
Nassar et al. (2022) bandits & OCL CPV Sub LG DA[1]
Liu (2023) preq. ME C,LSSM Any DA[K]
Chang et al. (2023) OCL C ACI LG DA[1]
Titsias et al. (2024) OCL CPP OU LG CA
Galashov et al. (2024) CL CPP OU VB CA
Abélès et al. (2024) preq. ME LSSM LG DA[K]
RL[1]-OUPR* (ours) any RL SPR Any DA[1]

Table 3.3: List of methods ordered by publication date. The tasks are discussed in Section 2.1.1. We use
the following abbreviations: SSSM means switching state space model; (O)CL means (online) continual
learning; seg. means segmentation; preq. means prequential. Methods that consider two choices of (M.2:
auxvar) are denoted by X̀/ Y'. This corresponds to a double expectation in (3.6)�one for each choice of
auxiliary variable.

varianceR t , i.e.,

p(y t j � ; x t ) = N (y t j x |
t � t ; R t ): (3.46)

3.3.1 Runlength with prior reset ( RL-PR)

Unbounded number of hypotheses RL[inf]-PR

The work in Adams and MacKay (2007) takes t = r t to be the runlength, withr t 2

f 0; 1; : : : ; tg, that that counts the number of steps since the last changepoint. Assume

the runlength follows the dynamics (3.33). We consider� t (r t ) = p(r t jD1:t ) such that

p(r t j D1:t ) =
p(r t ; D1:t )

P t
r̂ t =0 p(r̂ t ; D1:t )

; (3.47)

for r t 2 f 0; : : : ; tg. The RL-PRmethod estimatesp(r t ; D1:t ) for all r t 2 f 0; : : : ; tg at

every timestep. To estimate this value recursively, we sum over all possible previous

runlengths as follows

p(r t ; D1:t )

=
t � 1X

r t � 1 =0

p(r t ; r t � 1; D1:t � 1; Dt )

=
t � 1X

r t � 1 =0

p(r t � 1; D1:t � 1) p(r t j r t � 1; D1:t � 1) p(y t j r t ; r t � 1; x t ; D1:t � 1)

= p(y t j r t ; x t ; D1:t � 1)
t � 1X

r t � 1 =0

p(r t � 1; D1:t � 1)p(r t j r t � 1):

(3.48)
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In the last equality, there are two implicit assumptions, (i) the runlength at timet is

conditionally independent of the dataD1:t � 1 given the runlength at timet � 1, and (ii) the

model is Markovian in the runlength, that is, conditioned onr t , the value ofr t � 1 bears

no information. Mathematically, this means that (i)p(r t j r t � 1; D1:t � 1) = p(r t j r t � 1)

and (ii) p(y t j r t ; r t � 1; D1:t � 1) = p(y t j r t ; D1:t � 1). From (3.48), we observe there are

only two possible scenarios for the value ofr t . Either r t = 0 or r t = r t � 1 + 1 with

r t � 1 2 f 0; : : : ; t � 1g. Thus, p(r t ; D1:t ) becomes

p(r t ; D1:t ) = p(y t j r t ; x t ; D1:t � 1) p(r t � 1; D1:t � 1) p(r t j r t � 1) if r t � 1

p(r t ; D1:t ) = p(y t j r t ; x t ; D1:t � 1)
t � 1X

r t � 1 =0

p(r t � 1; D1:t � 1) p(r t j r t � 1) if r t = 0 :
(3.49)

The joint density (3.49) considers two possible scenarios: either we stay in a regime

considering the pastr t � 1 observations, or we are in a new regime, in whichr t = 0 .

Finally, note that (3.49) depends on three terms: (i) the transition probabilityp(r t j r t � 1),

which it is assumed to be known, (ii) the previous log-jointp(r t � 1; D1:t � 1), with r t � 1 2

f 0; 1; : : : ; t � 1g, which is estimated at the previous timestep, and (iii) the prior predictive

density

p(y t j r t ; x t ; D1:t � 1) =
Z

p(y t j � t ; x t ) p(� t j r t ; D1:t � 1)d� t : (3.50)

For a choice of (M.1: likelihood) given by (3.46) and a choice of (M.3: prior) given by

(3.18), the posterior predictive (3.50) takes the form.

p(y t j r t ; x t ; D1:t � 1) =
Z

N (y t j x |
t � t ; R t ) N

�
� t j � ( r t )

t � 1; � ( r t )
t � 1

�
d� t

= N
�

y t j x |
t � ( r t )

t � 1; x |
t � ( r t )

t � 1 x t + R t

�
;

(3.51)

with r t 2 f 0; : : : ; t � 1g. Here,
�

� ( r t )
t � 1; � ( r t )

t � 1

�
are the posterior mean and covariance

at time t � 1 built using the lastr t � 1 observations. Ifr t = 0 , then (� ( r t )
t � 1; � ( r t )

t � 1) =

(� 0; � 0).

Bounded number of hypotheses RL[K]-PR

If we maintain a set ofK possible hypotheses, then	 t = f r (1)
t � 1; : : : ; r (K )

t � 1g 2 f 0; : : : ; t �

1gK is a collection ofK unique runlengths obtained at timet � 1. Next, (3.48) takes the
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form

p(r t ; D1:t ) = p(y t j r t ; x t ; D1:t � 1) p(r t � 1; D1:t � 1) p(r t j r t � 1) if r t � 1;

(3.52)

p(r t ; D1:t ) = p(y t j r t ; x t ; D1:t � 1)
X

r t � 1 2 	 t � 1

p(r t � 1; D1:t � 1) p(r t j r t � 1) if r t = 0 :

(3.53)

Here, we have that eitherr t = r t � 1 + 1 whenr t � 1 2 	 t � 1 or r t = 0 . After computing

p(r t ; D1:t ) for all K + 1 possibles values ofr t , a choice is made to keepK hypotheses.

For timestepst � K , we evaluate all possible hypotheses untilt > K .

Algorithm 8 shows an update step under this process when we maintain a set ofK

possible hypotheses.

3.3.2 Runlength with moment-matched prior reset ( RL-MMPR)

Here, we consider a modi�ed version of the method introduced in Fearnhead and Liu

(2011). We consider the choice ofRL and adjust the choice of (M.3: prior) forRL-PR

introduced in Appendix 3.3.1 wheneverr t = 0 . In this combination, forr t = 0 , we take

� (� t j r t ; D1:t � 1) = p(� t j r t ; D1:t � 1). Next

p(� t j r t ; D1:t � 1) =
t � 1X

r t � 1 =0

p(� t ; r t � 1 j r t ; D1:t � 1)

=
t � 1X

r t � 1 =0

p(r t � 1 j D1:t � 1) p(r t j r t � 1) p(� t j r t ; r t � 1; y1:t � 1)

=
t � 1X

r t � 1 =0

p(r t � 1 j D1:t � 1) p(r t j r t � 1) N (� t j � ( r t � 1 )
t � 1 ; � ( r t � 1 )

t � 1 ):

(3.54)

Because (3.54) is a mixture model, we choose a conditional prior to be Gaussian that

approximates the �rst two moments. We obtain

E[� t j r t ; y1:t � 1] =
t � 1X

r t � 1 =0

p(r t � 1 j D1:t � 1) p(r t j r t � 1) � ( r t � 1 )
t � 1 (3.55)

for the �rst moment, and

E[� t � |
t j r t ; y1:t � 1]

t � 1X

r t � 1 =0

p(r t � 1 j D1:t � 1) p(r t j r t � 1)
�

� ( r t � 1 )
t � 1 + � ( r t � 1 )

t � 1 � ( r t � 1 ) |
t � 1

�

(3.56)
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for the second moment. The conditional prior mean and prior covariance underr t = 0

take the form

� (0)
t = E[� t j r t ; y1:t � 1];

� (0)
t = E[� t � |

t j r t ; y1:t � 1] � (E[� t j r t ; y1:t � 1]) (E[� t j r t ; y1:t � 1]) | :
(3.57)

Algorithm 9 shows an update step under this process when we maintain a set ofK possible

hypotheses.

3.3.3 Runlength with OU dynamics and prior reset ( RL[1]-OUPR*)

In this section, we provide pseudocode for the new hybrid method we propose. Speci�cally,

our choices in BONE are:RL[1]-OUPR*for (M.2: auxvar) and (M.3: prior),LGfor (A.1:

posterior), andDA[1] for (A.2: weighting). Because of our choice of (A.2: weighting),

RL[1]-OUPR* considers a single hypothesis (or runlength) which, at every timestep, is

either increased by one or set back to zero, according to the probability of a changepoint

and a threshold� 2 (0; 1).

In essence,RL[1]-OUPR* follows the logic behindRL[1]-PR introduced in Section

3.3.1 with K = 1 hypothesis and di�erent choice of (M.3: prior). To derive the algorithm

for RL[1]-OUPR*at time t > 1, supposer t � 1 is available (the only hypothesis we track).

Denote byr (1)
t the hypothesis of a runlength increase, i.e.,r t = r t � 1 + 1 and denote

by r (0)
t the hypothesis of a runlenght reset, i.e.,r t = 0 . The probability of a runlength

increase under a single hypothesis takes the form:

� t (r
(1)
t ) = p(r (1)

t j D1:t )

=
p(r (1)

t ; D1:t )

p(r (1)
t ; D1:t ) + p(r (0)

t ; D1:t )

=
p(y t j r (1)

t ; x t ; D1:t � 1) p(r t � 1; D1:t � 1) (1 � � )

p(y t j r (0)
t ; x t ; D1:t � 1) p(r t � 1; D1:t � 1) � + p(y t j r (1)

t ; x t ; D1:t � 1) p(r t � 1; D1:t � 1) (1 � � )

=
p(y t j r (1)

t ; x t ; D1:t � 1) (1 � � )

p(y t j r (0)
t ; x t ; D1:t � 1) � + p(y t j r (1)

t ; x t ; D1:t � 1) (1 � � )
:

(3.58)

where � = p(r t j r t � 1) with r t = 0 is the prior probability of a changepoint and and

1 � � = p(r t j r t � 1 with r t = r t � 1 + 1 is the probability of continuation of the current

segment.

Next, we use� t (r t ) to decide whether to update our parameters or reset them ac-

cording to a prior belief according to some threshold� . This implements our choice of

(M.3: prior) given in (3.19) and (3.20). Because we maintain a single hypothesis, the

weight at the end of the update step is set to1. Algorithm 10 shows an update step for

RL[1]-OUPR*under the choice of (M.1: likelihood) given by (3.46).
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3.3.4 Changepoint location with multiplicative covariance in�ation

CPL-MCI

The work in Li et al. (2021) takes t = s1:t to be a t-dimensional vector where thei -th

element is a binary vector that determines a changepoint at timet. Then, the sum of the

entries ofs1:t represents the total number of changepoints up to, and including, timet.

We take� t (s1:t ) = p(s1:t jD1:t ), which is recursively expressed as

p(s1:t j D1:t ) = p(st ; s1:t � 1 j y t ; x t ; D1:t � 1)

= p(s1:t � 1 j D1:t � 1)p(st j s1:t � 1; x t ; y t ; D1:t � 1):
(3.59)

Here, p(s1:t � 1 j D1:t � 1) is inferred at the previous timestept � 1. The estimate of a

changepoint conditioned on the past changes and the measurements is

p(st = 1 j s1:t � 1; D1:t )

=
p(st = 1) p(y t j x t ; s1:t � 1; st = 1 ; D1:t � 1)

p(st = 1) p(y t j st = 1 ; x t ; s1:t � 1; y1:t � 1) + p(st = 0) p(y t j st = 0 ; x t ; s1:t � 1; D1:t � 1)

=
�

1 + exp
�

� log
�

p(st = 1) p(y t j st = 1 ; x t ; s1:t � 1; y1:t � 1)
p(st = 0) p(y t j st = 0 ; x t ; s1:t � 1; D1:t � 1)

��� � 1

= � (mt );

(3.60)

where� (x) = 1 =(1 + exp( � x)) and

mt = log
�

p(y t j st = 1 ; x t ; s1:t � 1; D1:t � 1)
p(y t j st = 0 ; x t ; s1:t � 1; D1:t � 1)

�
+ log

�
p(st = 1)
p(st = 0)

�
; (3.61)

and similarly,

p(st = 0 j s1:t � 1; D1:t ) = 1 � � (mt ): (3.62)

Finally, the transition between states is given byp(s1:t j s1:t � 1) = p(st ).

63



3.4 Algorithms

Algorithm 8 Implementation ofRL[K]-PR. We consider an update at timet and one-step
ahead forecasting at timet + 1 under a Gaussian linear model with known observation
variance.
Require: (� 0 ; � 0) // default prior beliefs

Require: D t = ( x t ; y t ) // current observation

Require: f r ( k )
t � 1gK

k =1 2 f 0; : : : ; t � 1gK // bank of runlengths at time t � 1

Require: f p(r ( k )
t � 1 ; D1: t )gK

k =1 // joint from past hypotheses

Require:
n

(� ( k )
t � 1 ; � ( k )

t � 1)
oK

k =1
// beliefs from past hypotheses

Require: x t +1 // next-step observation

Require: p(y j � ; x ) = N (y j � | x ; R t ) // Choice of (M.1: likelihood)

1: // Evaluate hypotheses if there is no changepoint

2: for k = 1 ; : : : ; K do

3: r ( k )
t  r ( k )

t � 1 + 1

4: p(y t j r ( k )
t ; x t ; D1: t � 1)  N (y t j x |

t � ( k )
t � 1 ; x |

t � ( k )
t � 1 x t + R t ) // posterior predictive for

k-th hypothesis

5: p(r ( k )
t ; D1: t )  p(y t j r ( k )

t ; x t ; D1: t � 1) p(r ( k )
t � 1 ; D1: t � 1) p(r ( k )

t j r ( k )
t � 1) // update joint den-

sity

6: ( �� ( k )
t ; ��

( k )
t )  (� ( k )

t � 1 ; � ( k )
t � 1)

7: � t (� t ; r ( k )
t )  N (� t j �� t ; �� t ) // choice of (M.3: prior)

8: qt (� t ; r ( k )
t ) / � t (� t ; r ( k )

t ) p(y t j � | x t ; R t ) / N (� t j � ( k )
t ; � ( k )

t ) // following (3.29)

9: end for

10: // Evaluate hypothesis under a changepoint

11: r ( k +1)
t  0

12: p(y t j r ( k +1)
t ; x t ; D1: t � 1)  N (y t j x |

t � 0 ; x |
t � 0 x t + R t ) // posterior predictive for k-th

hypothesis

13: p(r ( k +1)
t ; D1: t )  p(y t j r ( k +1)

t ; x t ; D1: t � 1)
P K

k =1 p(r ( k )
t ; D1: t ) p(r ( t +1)

t j r ( k )
t � 1)

14: // Extend number of hypotheses toK + 1 and keep topK hypotheses

15: I 1:k = top :k( f p(r (1)
t ; D1: t ); : : : ; p(r ( k +1)

t ; D1: t )g; K )

16: f p(r ( k )
t ; D1: t )gK

k =1  slice:at( f p(r ( k )
t ; D1: t )gK +1

k =1 ; I 1:K )

17: f (� ( k )
t ; � ( k )

t )gK
k =1  slice:at( f (� ( k )

t ; � ( k )
t )gK +1

k =1 ; I 1:K )

18: // build weight and make prequential prediction

19: � t (r
( k )
t )  

p( r ( k )
t ;D 1: t )P K

j =1
p( r ( j )

t ;D 1: t )
for k = 1 ; : : : ; K

20: ŷ t +1  x |
t +1

� P K
k =1 � t (r

( k )
t )� ( k )

t

�
// prequential prediction under a linear-Gaussian model

21: return f (� ( k )
t ; � ( k )

t ; r ( k )
t )gK

k =1 , ŷ t +1

In Algorithm 8, the functiontop:k(A; K ) returns the indices of the topK � 1 elements

of A with highest value. The functionslice:at(A; B ) returns the elements inA according

to the list of indicesB . If jAj � j B j, we return all elements inA.

64



Algorithm 9 Implementation ofRL[K]-MMPR. We consider an update at timet and one-
step ahead forecasting at timet +1 under a Gaussian linear model with known observation
variance.
Require: D t = ( x t ; y t ) // current observation

Require: f r ( k )
t � 1gK

k =1 2 f 0; : : : ; t � 1gK // bank of runlengths at time t � 1

Require: f p(r ( k )
t � 1 ; D1: t )gK

k =1 // joint from past hypotheses

Require:
n

(� ( k )
t � 1 ; � ( k )

t � 1)
oK

k =1
// beliefs from past hypotheses

Require: x t +1 // next-step observation

Require: p(y j � ; x ) = N (y j � | x ; R t ) // Choice of (M.1: likelihood)

1: // Evaluate hypotheses if there is no changepoint

2: for k = 1 ; : : : ; K do

3: r ( k )
t  r ( k )

t � 1 + 1

4: p(y t j r ( k )
t ; x t ; D1: t � 1)  N (y t j x |

t � ( k )
t � 1 ; x |

t � ( k )
t � 1 x t + R t ) // posterior predictive for

k-th hypothesis

5: p(r ( k )
t ; D1: t )  p(y t j r ( k )

t ; x t ; D1: t � 1) p(r ( k )
t � 1 ; D1: t � 1) p(r ( k )

t j r ( k )
t � 1) // update joint den-

sity

6: ( �� ( k )
t ; ��

( k )
t )  (� ( k )

t � 1 ; � ( k )
t � 1)

7: � t (� t ; r ( k )
t )  N (� t j �� t ; �� t ) // choice of (M.3: prior)

8: qt (� t ; r ( k )
t ) / � t (� t ; r ( k )

t ) p(y t j � | x t ; R t ) / N (� t j � ( k )
t ; � ( k )

t ) // following (3.29)

9: end for

10: // Evaluate hypothesis under a changepoint

11: r ( k +1)
t  0

12: � 0  E[� t j r t ; y1: t � 1 ] // following (3.55)

13: � 0  E[� t � |
t j r t ; y1: t � 1 ] � (E[� t j r t ; y1: t � 1 ]) ( E[� t j r t ; y1: t � 1 ]) | // following (3.55) and

(3.56)

14: p(y t j r ( k +1)
t ; x t ; D1: t � 1)  N (y t j x |

t � 0 ; x |
t � 0 x t + R t ) // posterior predictive for k-th

hypothesis

15: p(r ( k +1)
t ; D1: t )  p(y t j r ( k +1)

t ; x t ; D1: t � 1)
P K

k =1 p(r ( k )
t ; D1: t ) p(r ( t +1)

t j r ( k )
t � 1)

16: // Extend number of hypotheses toK + 1 and keep topK hypotheses

17: I 1:k = top :k( f p(r (1)
t ; D1: t ); : : : ; p(r ( k +1)

t ; D1: t )g; K )

18: f p(r ( k )
t ; D1: t )gK

k =1  slice:at( f p(r ( k )
t ; D1: t )gK +1

k =1 ; I 1:K )

19: f (� ( k )
t ; � ( k )

t )gK
k =1  slice:at( f (� ( k )

t ; � ( k )
t )gK +1

k =1 ; I 1:K )

20: // build weight and make prequential prediction

21: � t (r
( k )
t )  

p( r ( k )
t ;D 1: t )P K

j =1
p( r ( j )

t ;D 1: t )
for k = 1 ; : : : ; K

22: ŷ t +1  x |
t +1

� P K
k =1 � t (r

( k )
t )� ( k )

t

�
// prequential prediction under a linear-Gaussian model

23: return f (� ( k )
t ; � ( k )

t ; r ( k )
t )gK

k =1 , ŷ t +1
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Algorithm 10 Implementation ofRL[1]-OUPR*, with update at timet and for one-step
ahead forecasting at timet + 1 , under a Gaussian linear model with known observation
variance.
Require: D t = ( x t ; y t ) // current observation

Require: x t +1 // next-step observation

Require: � 2 (0; 1) // restart threshold

Require: r t � 1 2 f 0; : : : ; t � 1g // runlength at time t � 1

Require: (� 0 ; � 0) // default prior beliefs

Require: (� t � 1 ; � t � 1) // beliefs from prior step

Require: p(y j � ; x ) = N (y j � | x ; R t ) // Choice of (M.1: likelihood)

1: (r (0)
t ; r (1)

t )  (0; r t � 1 + 1) // choice of (M.2: auxvar)

2: p(y t j r (0)
t ; x t ; D1: t � 1)  N (y t j x |

t � 0 ; x |
t � 0 x t + R t ) // posterior predictive at change-

point

3: p(y t j r (1)
t ; x t ; D1: t � 1)  N (y t j x |

t � t � 1 ; x |
t � t � 1 x t + R t ) // posterior predictive if no

changepoint

4: � t (r (1) )  
p( y t j r (1)

t ;x t ;D 1: t � 1 )(1 � � )

p( y t j r (1)
t ;x t ;D 1: t � 1 ) (1 � � )+ p( y t j r (0)

t ;x t ;D 1: t � 1 ) �
// probability of no-changepoint

at timestep t

5:

6: if � (r (1)
t ) > � then

7: r t  r (1)
t

8: �� ( r t )
t  � ( r t � 1 )

t � 1 � (r (1)
t ) + � 0

�
1 � � (r (1)

t )
�

9: ��
( r t )
t  � ( r t � 1 )

t � 1 � (r (1)
t )2 + � 0

�
1 � � (r (1)

t )2
�

10: else if � (r (1)
t ) � � then

11: r t  r (0)
t

12: �� ( r t )
t  � 0

13: ��
( r t )
t  � 0

14: end if

15: � t (� t ; r t )  N (� t j �� t ; �� t ) // choice of (M.3: prior)

16: qt (� t ; r t ) / N (� t j �� t ; �� t ) p(y t j � | x t ; R t ) / N (� t j � t ; � t ) // choice of (A.1: posterior)�

via (3.29)

17: ŷ t +1  x |
t +1 � t // prequential prediction (given linear-Gaussian model)

18: return (� t ; � t ; r t ), ŷ t +1

3.5 Experiments

In this section we experimentally evaluate di�erent algorithms within the BONE framework

on a number of tasks.

Each experiment consists of awarmup period where the hyperparameters are chosen,

and a deploy period where sequential predictions and updates are performed. In each

experiment, we �x the choice of measurement modelh (M.1: likelihood) and posterior

inference method (A.1: posterior), and then compare di�erent methods with respect to

their choice of (M.2: auxvar), (M.3: prior), and (A.2: weighting). ForDAmethods, we

append the number of hypotheses in brackets to determine how many hypotheses are
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being considered. For example,RL[1]-PR denotes one hypothesis,RL[K]-PR denotesK

hypotheses, andRL[inf]-PR denotes all possible hypotheses. In all experiments, unless

otherwise stated, we consider a single hypothesis for choices ofDA. See Table 3.4 for the

methods we compare.

M.2-M.3 Eq. A.2 Description Sections

static
C-Static (3.16) - This corresponds to the static case with a classical Bayesian update. This

method does not assume changes in the environment.
3.5.3, 4.7.4

abrupt changes
RL-PR (3.18) DA[inf] This approach, commonly referred to as Bayesian online changepoint de-

tection ( BOCD), assumes that non-stationarity arises from independent
blocks of time, each with stationary data. Estimates are made using data
from the current block. See Appendix 3.3.1 for more details.

3.5.1, 3.5.1,
3.5.2, 3.5.3,
4.7.4,

WoLF+RL-PR* (3.18) DA[inf] Special case ofRL-PRwith explicit choice of (M.1: likelihood) which makes
it robust to outliers.

4.7.4

gradual changes
CPP-OU (3.14) CA Updates are done using a discounted mean and covariance according to

the probability estimate that a change has occurred.
3.5.1, 3.5.1,
3.5.2

C-ACI (3.15) - At each timestep, this method assumes that the parameters evolve accord-
ing to a linear map F t , at a rate given by a known positive semide�nite
covariance matrix Q t .

3.5.1, 3.5.1,
3.5.2,

abrupt & gradual changes
RL-MMPR (3.57) DA[inf] Modi�cation of CPT-MMPRthat assumes dependence between any two con-

secutive blocks of time and with choice of RL. This combination employs
a moment-matching approach when evaluating the prior mean and covari-
ance under a changepoint. See Appendix 3.3.2 for more details.

3.5.3

RL-OUPR (3.19) DA[1] Depending on the threshold parameter, updates involve either (i) a convex
combination of the prior belief with the previous mean and covariance
based on the estimated probability of a change (given the run length),
or (ii) a hard reset of the mean and covariance, reverting them to prior
beliefs. See Appendix 3.3.3 for more details.

3.5.1, 3.5.1,
3.5.2, 3.5.3

Table 3.4: List of methods we compare in our experiments. The �rst column, M.2�M.3 , is de�ned
by the choices of (M.2: auxvar) and (M.3: prior). The second column, Eq., references the equation
that de�ne M.2�M.3. The third column, A.2, determines the choice of (A.2: weighting). The fourth
column, Description , provides a brief summary of the method. The �fth column, Sections, shows the
sections where the method is evaluated. The choice of (M.1: likelihood) and (A.1: posterior) are de�ned
on a per-experiment basis. (The only exception beingWolF+RL-PR). For (M.2: auxvar) the acronyms
are as follows: RL means runlength, CPPmeans changepoint probability, C means constant, and CPT
means changepoint timestep. For (M.3: prior) the acronyms are as follows: PRmeans prior reset, OU
means Ornstein�Uhlenbeck, LSSMmeans linear state-space model,Static means full Bayesian update,
MMRmeans moment-matched prior reset, andOUPRmeans Ornstein�Uhlenbeck and prior reset. We use
the convention in Hu²ková (1999) for the terminology abrupt/gradual changes.

3.5.1 Prequential prediction

In this section, we give several examples of non-stationary prequential prediction problems.

Online regression for hour-ahead electricity forecasting

In this experiment, we consider the task of predicting the hour-ahead electricity load before

and after the Covid pandemic. We use the dataset presented in Farrokhabadi et al. (2022),

which has 31,912 observations; each observation contains 7 featuresx t and a single target

variabley t . The 7 features correspond to pressure (kPa), cloud cover (%), humidity (%),

temperature (C) , wind direction (deg), and wind speed (KmH). The target variable is
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the hour-ahead electricity load (kW). To preprocess the data, we normalise the target

variabley t by subtracting an exponentially weighted moving average (EWMA) mean with

a half-life of 20 hours, then dividing the resulting series by an EWMA standard deviation

with the same half-life. To normalise the featuresx t , we divide each by a 20-hour half-life

EWMA. The features are lagged by one hour.

Our choice of measurement modelh is a two-hidden layer multilayered perceptron

(MLP) with four units per layer and a ReLU activation function.

For this experiment, we considerRL[1]-OUPR*(our proposed method),RL[1]-PR (a

classical method),C-ACI (a simple benchmark), andCPP-OU(a modern method). For

computational convenience, we plug in a point-estimate (MAP estimate) of the neural

network parameters when making predictions usingh. More precisely, given t , we use

h(� �
t ; x t +1 ) to make a (conditional) prediction, where� �

t = arg max � q(� ;  t ; D1:t ). For

a fully Bayesian treatment of neural network predictions, see Immer et al. (2021); we leave

the implementation of these approaches for future work.

The hyperparameters of each method are found using the �rst 300 observations

(around 13 days) and deployed on the remainder of the dataset. Speci�cally, during the

warmup period we tune the value of the probability of a changepoint forRL[1]-OUPR*

and RL[1]-PR. For C-ACI we tuneQ t , and for CPP-OUwe tune the learning rate. See

the open-source notebooks for more details.

In the top panel of Figure 3.2 we show the evolution of the target variabley t between

March 3 2020 and March 10 2020. The bottom panel of Figure 3.2 shows the 12-hour

rolling mean absolute error (MAE) of predictions made by the methods. We see that there

is a changepoint around March 7 2020 as pointed out in Farrokhabadi et al. (2022). This

is likely due to the introduction of Covid lockdown rules. Among the methods considered,

C-ACI and RL[1]-OUPR* adapt the quickest after the changepoint and maintain a low

rolling MAE compared toRL[1]-PR and CPP-OU.

Figure 3.2: The top panel shows the target variable (electricity consumption) from March 1 2020 to
March 12 2020. The bottom panel shows the twelve-hour rolling relative absolute error of predictions
for the same time window. The dotted black line corresponds to March 7 2020, when Covid lockdown
began.

Next, Figure 3.3, shows the forecasts made by each method between March 4 2020

and March March 8 2020. We observe a clear cyclical pattern before March 7 2020 but
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less so afterwards, indicating a change in daily electricity usage from diurnal to constant.

Figure 3.3: One day ahead electricity forecasting results for Figure 3.2. The dotted black line corresponds
to March 7 2020.

We also observe thatRL[1]-PR and CPP-OUslow-down their rate of adaptation. One

possible explanation of this behaviour is that the changes are not abrupt enough to be

captured by the algorithms. To provide evidence for this hypothesis, Figure 3.4 shows,

on the left y-axis, the predictions forRL[1]-PR and the target variabley t . On the right

y-axis, we show the estimated runlength.

Figure 3.4: One day ahead electricity forecasting results forRL[1]-PR together with the target variable
on the left y-axis, and the value for runlength (RL) on the right y-axis. We see that after the 7 March
changepoint, the runlength monotonically increases, indicating a stationary regime.

We see thatRL[1]-PR resets approximately twice every day until the time of the

changepoint. After that, there is no evidence of a changepoint (as provided by the

hyperparameters and the modelling choices), soRL[1]-PR does not reset which translates

to less adaptation for the period to the right of the changepoint.

Finally, we compare the error of predictions made by the competing methods. This

is quanti�ed in Figure 3.5, which shows a box-plot of the �ve-day MAE for each of the

competing methods over the whole dataset, from March 2017 to November 2020. Our

new RL[1]-OUPR*method has the lowest MAE.

Online classi�cation with periodic drift

In this section we study the performance ofC-ACI, CPP-OU, RL[1]-PR, andRL[1]-OUPR*

for the classi�cation experiment of Section 6.2 in Kurle et al. (2019). More precisely,

in this experimentx t;i � Unif[ � 3; 3] for i 2 f 1; 2g, x t = ( x t; 1; x t; 2) 2 R2, yt �
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Figure 3.5: Distribution of the 5-day mean absolute error (MAE) for each of the competing methods on
electricity forecasting over the entire period. For this calculation we split the dataset into consecutive
buckets containing �ve days of data each, and for a given bucket we compute the average absolute error
of the predictions and observations that fall within the bucket.

Bernoulli( � (� |
t x t )) with � (1)

t = 10 sin(5� t) and � (2)
t = 10 cos(5� t). Thus the unknown

values of model parameters are slowly drifting deterministically according to sine and

cosine functions. The timesteps go from 0 to 720.

Figure 3.6: Misclassi�cation rate of various methods on the online classi�cation with periodic drift task.

Figure 3.6 summarises the results of the experiment where we show the misclassi�ca-

tion rate (which is one minus the accuracy) for the competing methods. OurRL[1]-OUPR*

method works the best, and signifcantly outperformsRL[1]-PR, since we use an OU drift

process with a soft prior reset rather than assuming constant parameter with a hard prior

rset.

We can improve the performance ofRL[K]-PR if the number of hypothesesK in-

creases, and if we vary the changepoint probability threshold� , as shown in Figure 3.7.

However, even then the performance of this method still does not match our method.
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Figure 3.7: Accuracy of predictions for RL[1]-PR as a function of the number of hypothesis and the prior
probability of a changepoint � . The black dotted line is the performance of RL[1]-OUPR* reported in
Figure 3.6.

Online classi�cation with drift and jumps

In this section we study the performance ofC-ACI, CPP-OU, RL[1]-PR, andRL[1]-OUPR*

for an experiment with drift and sudden changes. More precisely, we assume that the

parameters of a logistic regression problem evolve according to

� t =

8
<

:
� t � 1 + � t w.p. 1 � p� ;

U[� 2; 2]2 w.p. p� ;
(3.63)

with p� = 0 :01, � 0 � U [� 2; 2]2, and � t is a zero-mean distributed random vector with

isotropic covariance matrix(0:01)2 I 2 (where I 2 is a 2 � 2 identity matrix). Intuitively,

this experiment has model parameters that drift slowly with occasional abrupt changes

(at a rate of 0:01).

Figure 3.8: Misclassi�cation rate of various methods on the online classi�cation with drift and jumps
task.

Figure 3.8 shows the misclassi�cation rate among the competing methods. We observe

that C-ACI, CPP-OU, andRL[1]-OUPR*have comparable performance, whereasRL[1]-PR

is the method with highest misclassi�cation rate.
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Figure 3.9: Accuracy of predictions for RL[K]-PR as a function of the number of hypotheses (K) and the
probability of a changepoint � . The black dotted line is the performance of RL[1]-OUPR* reported in
Figure 3.8.

To explain this behaviour, Figure 3.9 shows the performance ofRL[K]-PR as a function

of number of hypotheses and prior probability of a changepoint� . We observe that up

to three hypotheses, the lowest misclassi�cation error ofRL[K]-PR is higher than that of

RL[1]-OUPR*, which only considers one hypothesis. However, as we increase the number

of hypotheses, the best performance forRL[K]-PR obtains a lower misclassi�cation rate

than RL[1]-OUPR*. This is in contrast to the results in Figure 5. Here, we see that with

more hypothesesRL[K]-PR outperforms our new method at the expense of being more

memory intensive.

3.5.2 Contextual bandits

In this section, we study the performance ofC-ACI, CPP-OU, RL[1]-PR, andRL[1]-OUPR*

for the simple Bernoulli bandit from Section 7.3 of Mellor and Shapiro (2013). More

precisely, we consider a multi-armed bandit problem with 10 arms, 10,000 steps per simu-

lation, and 100 simulations. The payo� of a given arm is the outcome of a Bernoulli

random variable with unknown probability� t = min f maxf � t � 1 + 0 :03Z t ; 0g; 1g for

f Z t gt 2f 1;2;:::; 10;000g independent and identically distributed standard normal random vari-

ables. We take� 0 � Unif[0; 1] and use the same formulation for all ten arms with in-

dependence across arms. The observations are the rewards and there are no features

(non-contextual).

The idea of usingRL[1]-PR in multi-armed bandits problems was introduced in Mellor

and Shapiro (2013). With this experiment, we extend the concept to other members of

the BONE framework. We use Thompson sampling for each of the competing methods.

Figure 3.10 shows the regret of usingC-ACI, CPP-OU, RL[1]-PR, and RL[1]-OUPR* for

the above multi-armed bandits problem. The results we obtain are similar to those of

Section 3.5.1. This is because both problems have a similar drift structure.
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Figure 3.10: Regret of competing methods on the contextual bandits task. Con�dence bands are com-
puted with one hundred simulations.

3.5.3 Segmentation and prediction

In this section, we evaluate methods both in terms of their ability to �correctly� segment

the observed output signal, and to do one-step-ahead predictions. Note that by �correct

segmentation�, we mean one that matches the ground truth data generating process.

This metric can only be applied to synthetic data.

Autoregression with dependence across the segments

In this experiment, we consider the synthetic autoregressive dataset introduced in Section

2 of Fearnhead and Liu (2011), consisting of a set of one dimensional polynomial curves

that are constrained to match up at segmentation boundaries, as shown in the top left of

Figure 3.11.

We compare the performance of the three methods in the previous subsection. For

this experiment, we employ a probability of a changepoint� = 0 :01. Since this dataset

has dependence of the parameters across segments, we allow for the choice of (M.1:

likelihood) to be in�uenced by the choice of (M.2: auxvar), i.e., our choice of model is

given byh(� t ;  t ; x t ). For this experiment, we take (M.2: auxvar) to beRL and our

choice of (M.1: likelihood) becomes

h(� t ; r t ; x 1:t ) = � |
t h(x 1:t ; r t ); (3.64)

with h(x 1:t ; r t ) = [1 ; � ; � 2], � = ( x t � x r t ), and x r t � x t . Intuitively this represents

a quadratic curve �t to the beginningx r t and end pointsx t of the current segment.

Given the form of (M.1: likelihood) in (3.64), here we do not considerC-ACI nor CPP-OU.

Instead, we use runlength with moment-matching prior reset, i.e.,RL-MMPR(see Table

3.4) which was designed for segmentation with dependence.

Figure 3.11 shows the results. On the right, we observe thatRL[1]-OUPR* has the

lowest RMSE. On the left, we plot the predictions of each method, so we can visualise

the nature of their errors. ForRL[1]-PR, the spikes occur because the method has many

false positive beliefs in a changepoint occurring, and this causes breaks in the predictions

due the explicit dependence ofh on r t and the hard parameter reset upon changepoints.

For RL-MMPR, the slow adaptation (especially whenx t 2 [1; 5]) is because the method
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Figure 3.11: The left panel shows a sample run of the piecewise polynomial regression with dependence
across segments. Thex-axis is for the features, the (left) y-axis is for measurements together with the
estimations made byRL[1]-PR , RL-MMPR, and RL[1]-OUPR*, the (right) y-axis is for the value of r t under
each model. The orange line denotes the true data-generating process and the red line denotes the value
of the hypothesis RL. The right panel shows the RMSE of predictions over 100 trials.

does not adjust beliefs as quickly as it should. OurRL[1]-OUPR*method strikes a good

compromise.

Figure 3.12: Count of changepoints over an experiment for 100 trials. The orange line shows the true
number of changepoints for all trials.

Figure 3.12 shows the distribution (over 100 simulations) of the number of detected

changepoints, i.e., instances where� t (r t ) with r t = 0 is the highest. We observe that

superior predictive performance in Figure 3.11 does not necessarily translate to a better

segmentation capability. For example, the distribution produced byRL-MMPRsits around

the actual number of changepoints (better at segmenting) whereasRL[1]-OUPR*, which

is detecting far fewer changepoints, is the best performing prediction method. This re-

�ects the discrepancy between the objectives of segmentation and prediction. For a more

thorough analysis and evaluation of changepoint detection methods on time-series data,

see Van den Burg and Williams (2020).

3.6 Conclusion

We introduced a uni�ed Bayesian framework to perform online predictions in non-stationary

environments, and showed how it covers many prior works. We also used our framework
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to design a new method,RL[1]-OUPR*, which is suited to tackle prediction problems

when the observations exhibit both abrupt and gradual changes. We hope to explore

other novel variants and applications in future work.
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Chapter 4

Robustness

In this chapter, we derive a novel, provably robust, and closed-form Bayesian update rule

for online learning under a state-space model in the presence of outliers and misspeci�ed

measurement models. Our method combines generalised Bayesian (GB) inference with

�ltering methods such as the extended and ensemble Kalman �lter. We use the former to

show robustness and the latter to ensure computational e�ciency in the case of nonlinear

models.

Robustness to outliers is a critical requirement in sequential online learning, where

noisy or corrupted observations can easily degrade performance. Recent (closed-form)

methods addressing this challenge often rely on variational Bayes (VB), which, while

e�ective, tend to be more computationally expensive than standard Kalman �lter (KF)

approaches due to the overhead of inner-loop computations. (see e.g., Wang et al. (2018);

Tao and Yau (2023)). Although more classical (low-cost) alternatives exist, they are

typically restricted to linear systems and the results may not extend to nonlinear or high-

dimensional cases.

The method we propose is simple to implement, computationally e�cient, and robust

to both outliers and model misspeci�cation. It o�ers performance comparable to, or better

than, existing robust �ltering approaches, including VB-based methods, but at a much

lower computational cost. We demonstrate the e�ectiveness of our approach across a

range of online learning tasks with outlier-contaminated observations.

4.1 The method

Our method is based on the GB approach where one modi�es the update equation in

(2.3) to use a loss functioǹ t : RD ! R in place of the likelihood of the measurement

process. This gives the choice of (A.1: posterior) of the form

q(� t j D1:t ) / exp(� ` t (� t )) q(� t j D1:t � 1); (4.1)
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where t = fg . We propose to gain robustness to outliers in observation space by taking

the loss function to be the model's negative log-likelihood scaled by a data-dependent

weighting term

` t (� t ) = � W 2(y t ; ŷ t ) log p(y t j� t ); (4.2)

with W : Ro � Ro ! R++ the weighting function�see Section 3.1.6 for examples�

and p(y t j� t ) the choice of likelihood. We call our method theweighted observation

likelihood �lter (WoLF). To specify an instance of our method, ones needs to de�ne the

likelihoodp(y t j � t ) and the weighting functionW . In the next subsections, we show the

�exibility of WoLF and derive weighted-likelihood-based KF and EKF algorithms. Setting

W (y t ; �y t ) = 1 trivially recovers existing methods, but we will instead use non-constant

weighting functions inspired by the work of Barp et al. (2019); Matsubara et al. (2022);

Altamirano et al. (2023a,b).

4.2 Linear weighted observation likelihood �lter

In this section, we present the WoLF method under a linear SSM (2.29). In particular, the

following proposition provides a closed-form solution for the update step of WoLF under

a linear measurement function and a Gaussian likelihood.

Proposition 4.1. Consider the linear-Gaussian SSM(2.29) with weighting functionW :

Ro � Ro ! R. Then, the update step of WoLF with loss function(4.2) is given by

Proposition 2.15 withR � 1
t replaced by�R � 1

t = W 2(y t ; ŷ t ) R � 1
t .

Proof. Let w2
t := W 2(y t ; ŷ t ). The loss function takes the form

` t (� t ) = � w2
t logN (y t j H t � t ; R t )

=
1
2

(y t � H t � t )
| (R t =w2

t ) � 1 (y t � H t � t ) �
w2

t o
2

log � �
w2

t

2
log jR t j

=
1
2

(y t � H t � t )
| �R � 1

t (y t � H t � t ) + C;

(4.3)

with �R t = R t =w2
t , and whereC = � w 2

t o
2 log � � w 2

t
2 log jR t j is a term that does not

depend on� t . The remaining follows from the standard KF derivation. Note that the loss

function does not correspond to the log-likelihood for a homoskedastic Gaussian model

since �R t may depend on all data, includingy t .

Figure 4.1 shows the weighted log-likelihood (4.3) for a univariateN (0; 1) Gaussian

density as a function of the weighting termw2
t 2 (0; 1]. We observe that a weighted

log-likelihood resembles a heavy-tailed likelihood forwt < 1.

The resulting predict and update steps for WoLF under linear dynamics and zero-mean

Gaussians for the state and measurement process are shown in Algorithm 11.

The computational complexity of WoLF under linear dynamics matches that of the

KF, i.e., O(D 3). Alternative robust �ltering algorithms require multiple iterations per
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Figure 4.1: Weighted likelihood (unnormalised) for a standard Gaussian.

Algorithm 11 WoLF predict and update step
Require: F t , Q t // predict step

� t j t � 1  F t � t � 1
� t j t � 1  F t � t � 1 F |

t + Q t

Require: y t , H t , R t // update step
ŷ t  H t � t j t � 1
wt  W (y t ; ŷ t )
� � 1

t  � � 1
t j t � 1 + w2

t H |
t R � 1

t H t

K t  w2
t � t H |

t R � 1
t

� t  � t j t � 1 + K t (y t � ŷ t )

measurement to achieve robustness and stability, making them signi�cantly slower; see

Table 4.1 for the computational complexity for the methods we consider, and Figure 4.5

for empirical comparisons.

4.3 Nonlinear weighted observation likelihood �lter

The WoLF method readily extends to other learning algorithms. For example, a WoLF

version of the EKF, which is obtained by introducing a weighting function to (2.42)

yielding the approximate choice of (M.1: likelihood):

logp(y t j� t ) = W 2(y t ; �y t ) log N (y t j �y t ; R t ) : (4.4)

We can also derive a novel outlier-robust exponentially-weighted moving average algorithm

(see Section 4.7.5).

4.4 The choice of weighting function

Weighted likelihoods have a well-established history in Bayesian inference and have demon-

strated their e�cacy in improving robustness (Grünwald, 2012; Holmes and Walker, 2017;
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Grünwald and van Ommen, 2017; Miller and Dunson, 2018; Bhattacharya et al., 2019;

Alquier and Ridgway, 2020; Dewaskar et al., 2023). In this context, the corresponding

posteriors are often referred to as fractional, tempered, or power posteriors. In most

existing work, the determination of weights relies on heuristics and the assigned weights

remain constant across all data points so thatW (y t ; ŷ t ) = w 2 R for all t. In con-

trast, we dynamically incorporate information from the most recent observations without

incurring additional computational costs by de�ning the weight as a function of the cur-

rent observationy t and its predictionŷ t = ht (� t j t � 1), which is based on all of the past

observations.

To de�ne the weighting function, we take inspiration from previous work for deal-

ing with outliers. In particular, Wang et al. (2018) proposed classifying robust �ltering

algorithms into two main types:compensation-basedalgorithms, which incorporate in-

formation from tail events into the model in a robust way (see, e.g., Huang et al., 2016;

Agamennoni et al., 2012), anddetect-and-rejectalgorithms, which assume that outlier

observations bear no useful information and thus are ignored (see, e.g., Wang et al., 2018;

Mu and Yuen, 2015). Below we show how both of these strategies can be implemented

using our WoLF method by merely changing the weighting function.

Inverse multi-quadratic weighting function: As an example of a compensation-based

method, we follow Altamirano et al. (2023b) and use the Inverse Multi-Quadratic (IMQ)

weighting, which in our SSM setting is

W (y t ; ŷ t ) =
�

1 +
jjy t � ŷ t jj2

2

c2

� � 1=2

; (4.5)

wherec > 0 is the soft threshold andk � k2 denotes thel2 norm. We call WoLF with IMQ

weighting �WoLF-IMQ�.

Mahalanobis-based weighting function: The l2 norm in the IMQ can be modi�ed to

account for the covariance structure of the measurement process by replacing it with the

Mahalanobis distance betweeny t and ŷ t :

W (y t ; ŷ t ) =

 

1 +
kR � 1=2

t (y t � ŷ t )k2
2

c2

! � 1=2

: (4.6)

We call WoLF with this weighting function the WoLF-MD method. This type of weighted

IMQ function has been used extensively in the kernel literature (see e.g. Chen et al., 2019;

Detommaso et al., 2018; Riabiz et al., 2022).
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Figure 4.2: First state component of the SSM (4.42). The grey dots are measurements sampled from
(4.42) and the red crosses are measurements sampled from an outlier measurement process. The dotted
blue line shows the KF posterior mean estimate and the solid orange line shows our proposed WoLF
posterior mean estimate. The regions around the posterior mean cover two standard deviations. For
comparison, the dashed black line shows the true sampled state process.

Threshold Mahalanobis-based weighting function: As an example of a detect-and-

reject method, we consider

W (y t ; ŷ t ) =

8
<

:
1 if kR � 1=2

t (y t � ŷ t )k2
2 � c;

0 otherwise:
(4.7)

with c > 0 the �xed threshold. The weighting function (4.7) corresponds to ignoring

information from estimated measurements whose Mahalanobis distance to the true mea-

surement is larger than some prede�ned thresholdc. In the linear setting, this weighting

function is related to the benchmark method employed in Ting et al. (2007). We refer to

WoLF with this weighting function as �WoLF-TMD�.

The proposed weighting functions � the IMQ, the MD, and the TMD � are de�ned

such that W : Ro � Ro ! [0; 1] and therefore can only down-weight observations. This

means that our updates are always conservative, i.e., our posteriors will be wider in the

presence of outliers (see Figure 4.2 for an example).

4.5 Robustness properties

In this section, we prove the outlier-robustness for WoLF-type methods. We use the

classical framework of Huber (1981). Consider measurementsy1:t . We measure the

in�uence of a contaminationy c
t by examining the divergence between the posterior with

the original observationy t and the posterior with the contaminationy c
t , which is allowed

to be arbitrarily large. As a function ofy c
t , this divergence is called theposterior in�uence

function (PIF) and was studied in Matsubara et al. (2022); Altamirano et al. (2023a,b).

Following Altamirano et al. (2023b), we consider the Kullback-Leibler (KL) divergence.

De�nition 4.2 (posterior in�uence function). Let D1:t = f (x 1; y1); : : : ; (x t ; y t )g and

Dc
1:t = f (x 1; y1); : : : ; (x t ; y c

t )g be two datasets. Consider the choice of (A.1: posterior)

80



q. The posterior in�uence function (PIF) of the measurementy c
t under q, given the

datasetD1:t , is de�ned by

PIF q(y c
t ; D1:t ) = D KL (q(� t j D c

1:t ) jj q(� t j D1:t )) : (4.8)

De�nition 4.3 (outlier robust posterior). We denote the choice of (A.1: posterior)q to

be outlier robust to measurements (or simply outlier robust) if, for any givenx t 2 RM ,

the e�ect of the contaminationy c
t is bounded, i.e.,

sup
y c

t 2 Ro
PIF q(y c

t ; D1:t ) < 1 : (4.9)

Theorem 4.4. Let qLG be the linear Gaussian update function shown in Section 2.6.1,

then, qLG has an unbounded PIF and is not outlier robust.

Theorem 4.5. Let qW � LG be the generalised posterior(4.1) with loss function(4.3) and

weight W such that supy t 2 Rd W (y t ; ŷ t ) < 1 and supy t 2 Rd W (y t ; ŷ t )k ky t k2 < 1 for

k � 2. Then, qW � LG has a bounded PIF and is, therefore, outlier robust.

In particular, the conditions are satis�ed whenW is (4.5), (4.6), or (4.7), which are

the focus of this work.

4.6 Proof of robustness

In this section, we prove Theorems 4.4 and 4.5 stated above. We begin by stating some

remarks that we use to prove the theorems.

Remark4.6. Let A be aD � D Hermitian matrix. By the spectral theorem, the eigenvalues

of A are real (Tao, 2010). We denote these eigenvalues as� max (A ) = � 1(A ) � : : : �

� D (A ) = � min (A ), where � max (A ) and � min (A ) represent the largest and smallest

eigenvalues, respectively.

Remark4.7. Let A be aD � D positive semide�nite matrix. Then, for everyx 2 RD ,

p
x | A x = kA 1=2 x k2 � k A 1=2k2 kx k2 =

p
� max (A ) kx k2: (4.10)

Here, kA k2 =
p

� max (A A ) is the spectral norm. See Coppersmith et al. (1997) for

details.

Remark4.8. Let A be aD � D positive semide�nite matrix. Then,

kA k2
F = Tr( A A ) � Tr( A )2: (4.11)

See Lemma 2.3 in Yang and Feng (2002) for details.

Remark4.9. The Frobenius norm is a submutiplicative matrix norm and compatible with

the L2 vector norm, i.e., for any twoD � D Hermitian matricesA and B , and a vector

z 2 RD , kA B kF � k A kF kB kF and kA x k2 � k A kF kx k2.
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See Section 5.6 in Horn and Johnson (2012) for a proof on submultiplicativity. Next,

compatibility follows from Remark 4.7 and properties of the trace. In particular:kA x k2 �

kA k2 kx k2 =
p

� max (A A ) kx k2 �
q P D

d=1 � d(AA ) = kA kF kx k2.

Remark 4.10. Let A and B be D � D Hermitian matrices. From Weyl's inequality, it

follows that

� min (A + B ) � 1 � (� min (A ) + � min (B )) � 1 : (4.12)

See Tao (2010) for details.

Remark4.11. For any two positive semi-de�nite matricesA and B ,

jA j + jB j � j A + B j: (4.13)

The result follows fromjA + B j = jA j j I D + A � 1B j � j A j (1 + jA � 1B j) = jA j + jB j,

where we used the fact that, for a matrixC, � d(C + c) = c+ � d(C) for d 2 f 1; : : : ; Dg.

So that jA � 1 B + 1 j =
Q D

d=1 (1 + � d(A � 1 B )) � 1 +
Q D

d=1 � d(A � 1 B ) = 1 + jA � 1 B j.

4.6.1 Proof of Theorem 4.4 � KF is not outlier-robust

Let qLG (� t j D1:t ) = N (� t j � t ; � t ) and qLG (� t j D c
1:t ) = N (� t j �� t ; �� t ) be the posterior

densities underqLG , conditioned on the uncorrupted datasetD1:t and the corrupted

datasetDc
1:t , respectively. Furthermore, to avoid cases where the PIF is bounded through

the choice ofH t , suppose thatkK kF 6= 0 () H t 6= 0.

We show thatqLG is not outlier robust, i.e.,

sup
y c

t

PIF qLG (y c
t ; D1:t ) = 1 : (4.14)

To establish this, we �rst derive the explicit form of the PIF under the choice ofqLG . The

result is presented in the lemma below.

Lemma 4.12. The PIF between the posterior densityqLG under the corrupted and un-

corrupted dataset takes the form

PIF qLG (y c
t ; D1:t ) = 1

2 [K t (y t � y c
t )] | � � 1

t [K t (y t � y c
t )] : (4.15)

whereK t = � t H |
t R � 1

t

Proof. Following proposition 2.15, the update equations for the contaminated and un-

contaminated densities take the form

� t = � t j t � 1 + K t (y t � ŷ t ) ; �� t = � t j t � 1 + K t (y c
t � ŷ t ) ;

� � 1
t = � � 1

t j t � 1 + H |
t R � 1

t H t ; �� t
� 1

= � � 1
t j t � 1 + H |

t R � 1
t H t ;

(4.16)

where we observe that� t = �� t .
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Next, following Proposition 2.8, we write the PIF as

PIF qLG (y c
t ; y1:t ) =

1
2

 

Tr
�
� � 1

t � t
�

� D + ( � t � � c
t ) | � � 1

t (� t � � c
t ) + ln

�
det � t

det � t

� !

= Tr ( I D ) � D + 1
2 (� t � � c

t ) | � � 1
t (� t � � c

t )

= 1
2 (y t � y c

t ) | K |
t � � 1

t K t (y t � y c
t )

= 1
2 [K t (y t � y c

t )] | � � 1
t [K t (y t � y c

t )] :
(4.17)

Proof of Theorem 4.4

Proof. First write an upper bound for the PIF following Lemma 4.12, Remark 4.9, and

Remark 4.9:

PIF qLG (y c
t ; D1:t ) = 1

2 [K t (y t � y c
t )] | � � 1

t [K t (y t � y c
t )]

� 1
2 � max (� � 1

t )kK t (y t � y c
t )k2

2

� 1
2 � max (� � 1

t )kK t k2
F ky t � y c

t k2
2

= C1 ky t � y c
t k2

2:

(4.18)

Then, sincekK t k2
F 6= 0 by assumption,

sup
y c

t

PIF qLG (y c
t ; D1:t ) � sup

y c
t

C1 ky t � y c
t k2

2 = 1 : (4.19)

4.6.2 Proof of Theorem 4.5 � WoLF is outlier-robust

Let W be a weighting function such thatsupy t 2 Ro W (y t ; ŷ t ) < 1 andsupy t 2 Ro W (y t ; ŷ t )k ky t �

ŷ t k2 < 1 for k � 2. For simplicity, denotewt := W (y t ; ŷ t ) and �wt := W (y c
t ; ŷ t ). Let

qW � LG (� t j D1:t ) = N (� t j � t ; � t ) and qW � LG (� t j D c
1:t ) = N (� t j �� t ; �� t ) be the poste-

rior densities underqW � LG , conditioned on the uncorrupted datasetD1:t and the corrupted

datasetDc
1:t , respectively, using the weighting functionW .

Our goal is to show thatqLG is outlier robust, i.e.,

sup
y c

t

PIF qW � LG (y c
t ; D1:t ) < 1 : (4.20)

To establish this, we �rst derive the explicit form of the PIF under the choice ofqW � LG .

The result is presented in the lemma below.

Lemma 4.13. The PIF between the posterior densityqW � LG under the corrupted and
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uncorrupted dataset takes the form

PIF qW � LG (y c
t ; D1:t ) =

1
2

 

Tr
�

�� t
� 1

� t

�

| {z }
(T :1)

� D+( � t � �� t )
| ��

� 1
t (� t � �� t )| {z }

(T :2)

+ log
�

det �� t

det � t

�

| {z }
(T :3)

!

;

(4.21)

where

� t = � t j t � 1 + w2
t K t (y t � ŷ t ) ; �� t = � t j t � 1 + �wt

2 �K t (y c
t � ŷ t ) ;

� � 1
t = � � 1

t j t � 1 + w2
t H |

t R � 1
t H t ; �� t

� 1
= � � 1

t j t � 1 + �wt
2 H |

t R � 1
t H t ;

(4.22)

Proof. The proof follows directly from Algorithm 11 and Proposition 2.8 on the KL di-

vergence between two multivariate Gaussian densities.

Lemma 4.13 establishes that if the PIF underqW � LG is outlier-robust, then each of

the terms (T :1), (T :2), and (T :3) must remain �nite (bounded) under the supremum

over all possible values ofy c
t . Before demonstrating that this is indeed the case, we �rst

present two auxiliary lemmas that will assist in proving the boundedness of these terms.

Lemma 4.14. The Frobenius norm of the corrupted posterior covariance�� t shown in

(4.22) is bounded above by

k �� t kF �
D

� min (� � 1
t j t � 1) + w2

t � min (H |
t R � 1

t H t ))
: (4.23)

Proof. Let �� t be the posterior covariance under the corrupted datasetDc
1:t . Following

Remark 4.6, Remark 4.8, and the properties of the trace, we obtain

k �� t kF � Tr
� �� t

�
=

DX

d=1

� d( �� t ) � D � max ( �� t ): (4.24)

Next, an upper bound for� max ( �� t ) is given by

� max ( �� t ) = � max

� �
� � 1

t j t � 1 + �w2
t H |

t R � 1
t H t

� � 1
�

=
�

� min

�
� � 1

t j t � 1 + �w2
t H |

t R � 1
t H t

�� � 1

�
�

� min (� � 1
t j t � 1) + � min

�
�w2

t H |
t R � 1

t H t
� � � 1

=
�

� min (� � 1
t j t � 1) + �w2

t � min
�
H |

t R � 1
t H t

� � � 1
:

(4.25)

In (4.25), the second equality is a consequence of the positive de�niteness (symmetry) of
�� t , and the upper bound follows from Remark 4.10.

The desired result follows as a consequence of (4.24) and (4.25).
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Lemma 4.15. The L2 norm of the di�erence between the corrupted and uncorrupted

posterior mean is bounded above by

k� t � �� t k
2
2 � C3

�
w2

t ky c
t � ŷ t k

� 2
+ C1; (4.26)

whereC1 and C3 are real-valued elements that do not depend ony c
t .

Proof. We begin by expanding (4.26):

k� t � �� t k
2
2 = kK t (y t � ŷ t ) � �K t (y c

t � ŷ t )k2
2

� k K t (y t � ŷ t )k2
2 + k �K t (y c

t � ŷ t )k2
2

= k �w2
t

�� t j t � 1 H t R � 1
t (y c

t � ŷ t )k2
2 + C1

= �w4
t k �� t j t � 1 H t R � 1

t (y c
t � ŷ t )k2

2 + C1;

(4.27)

whereC1 = kK t (y t � ŷ t )k2
2 does not depend ony c

t .

Next, following Remark 4.9, we bound�w4
t k �� t j t � 1 H t R � 1

t (y c
t � ŷ t )k2

2 as follows

�w4
t k �� t j t � 1 H t R � 1

t (y c
t � ŷ t )k2

2

� �w4
t k �� t j t � 1k2

F kH t R � 1
t k2

2 ky c
t � ŷ t

2k2
2

= C2 �w4
t k �� t j t � 1k2

F ky c
t � ŷ t

2k2
2;

(4.28)

whereC2 = kH t R � 1
t k2

2.

Finally, using Lemma 4.14, an upper bound for (4.28) is given by

C2 �w4
t k �� t j t � 1k2

F ky c
t � ŷ t

2k2
2

� C2 �w4
t

 
D

� min (� � 1
t j t � 1) + w2

t � min (H |
t R � 1

t H t ))

! 2

ky c
t � ŷ t k2

2

= C2 D 2 �w4
t�

� min (� � 1
t j t � 1) + w2

t � min (H |
t R � 1

t H t ))
� 2 ky c

t � ŷ t k2
2

= C2 D 2 1
�

w� 2
t � min (� � 1

t j t � 1) + � min (H |
t R � 1

t H t ))
� 2 ky c

t � ŷ t k2
2

�
C2 D 2

� min (� � 1
t j t � 1)

�w4
t ky c

t � ŷ t k2
2 + C1

= C3
�

�w2
t ky c

t � ŷ t k2
� 2

;

(4.29)

whereC3 = C2 D 2

� min ( � � 1
t j t � 1

)
.

With the auxiliary lemmas established and following the remarks above, we now pro-

ceed to demonstrate that each of the terms(T :1), (T :2), and (T :3) are indeed bounded,

as required for outlier robustness. Since the key components of the following propositions

were already de�ned in Proposition 4.13, we proceed directly by stating each term and

85



showing that it is bounded over all possible values ofy c
t .

Proposition 4.16 (Bound for T:1).

sup
y c

t

Tr
�

�� t
� 1

� t

�
< 1 : (4.30)

Proof. Using (4.22),(T :1) in (4.21) can be written as

Tr
�

�� t
� 1

� t

�
= Tr

�h
� � 1

t j t � 1 + �w2
t H |

t R � 1
t H t

i
� t

�

= Tr
�

� � 1
t j t � 1 � t

�
+ �w2

t Tr
�
H |

t R � 1
t H t � t

� (4.31)

Sincesupy c
t

�wt is bounded, it follows that

sup
y c

t

Tr
�

�� t
� 1

� t

�
< 1 : (4.32)

Proposition 4.17 (Bound for T:2).

sup
y c

t

(� t � �� t )
| ��

� 1
t (� t � �� t ) < 1 (4.33)

Proof. Begin by expanding the left hand side of (4.33):

(� t � �� t )
| ��

� 1
t (� t � �� t )

= ( � t � �� t )
| �

� t j t � 1 + �w2
t H |

t R � 1
t H t

�
(� t � �� t )

= ( � t � �� t )
| � � 1

t j t � 1 (� t � �� t ) + ( � t � �� t )
| �

�w2
t H |

t R � 1
t H t

�
(� t � �� t ) :

(4.34)

Next, we bound each of the terms in (4.34).

For the �rst term, we obtain

(� t � �� t )
| � � 1

t j t � 1 (� t � �� t )

� � max (� � 1
t j t � 1)k� t � �� t k

� � max (� � 1
t j t � 1)

�
C3

�
�w2

t ky c
t � ŷ t k2

� 2
+ C1

�

= C5
�

�w2
t ky c

t � ŷ t k2
� 2

+ C6;

(4.35)

where we make use of Remark 4.7 and Lemma 4.15.

By assumption,supy c
t

�w2
t ky c

t � y t k < 1 , which ensures that the supremum overy c
t

for (4.35) is bounded.
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Similarly, for the second term, suppose� max (H |
t R � 1

t H t ) > 0, then

(� t � �� t )
| �

�w2
t H |

t R � 1
t H t

�
(� t � �� t )

� �w2
t � max (H |

t R � 1
t H t )

�
C3

�
�w2

t ky c
t � ŷ t k2

� 2
+ C1

�

� C7
�

�w3
t ky c

t � ŷ t k2
� 2

+ C8:

(4.36)

Again, by assumption,supy c
t

�w3
t ky c

t � y t k < 1 , which ensures that the supremum over

y c
t for (4.36) is bounded.

Proposition 4.18 (Bound for T:3).

sup
y c

t

log
�

j �� t j
j� t j

�
< 1 (4.37)

Proof. We �rst expand (T :3) to obtain

log
�

j �� t j
j� t j

�
= log j �� t j � log j� t j; (4.38)

which shows that we only to boundlog j �� t j. For this, consider

log j �� t j = log j(� t j t � 1 + �w2
t H |

t R � 1
t H t ) � 1j

= � log j� � 1
t j t � 1 + �w2

t H |
t R � 1

t H t j

� � log
�

j� � 1
t j t � 1j + j �w2

t H |
t R � 1

t H t j
�

= � log
�

j� � 1
t j t � 1j + �w2D

t j H |
t R � 1

t H t j
�

(4.39)

Since� � 1
t j t � 1 is positive de�nite andH |

t R � 1
t H t is positive semide�nite, we upper bound

(4.39) further by taking the minimum of the two terms, i.e.,

log j �� t j � � log
�

minfj � � 1
t j t � 1j; �w2D

t j H |
t R � 1

t H t jg
�

: (4.40)

If the smallest determinant is given by the posterior predictive covariance� t j t � 1, then

(4.39) is bounded. Conversely, if the smallest determinant is�w2D
t j H |

t R � 1
t H t j, we obtain

log j �� t j � � log
�

�w2D
t jH |

t R � 1
t H t j

�

= � 2D log( �wt ) � log jH |
t R � 1

t H t j:
(4.41)

Finally, note that supy c
t

�wt < 1 impliessupy c
t

log �wt < 1 . So that (4.41) is bounded.

Proof of Theorem 4.5

Proof. The proof follows from Propositions 4.16, 4.17, and 4.18.
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4.7 Experiments

In this section, we study the performance of the WoLF algorithm in multiple experiments.

For our robust baselines, we make use of three methods that are representative of re-

cent state-of-the-art approaches to robust �ltering: the Bernoulli KF of Wang et al. (2018)

(KF-B), which is an example of a detect-and-reject strategy; and the inverse-Wishart �lter

of Agamennoni et al. (2012) (KF-IW), which is an example of a compensation-based strat-

egy. TheKF-B and KF-IW are deterministic and optimise a VB objective to compute a

Gaussian approximation to the state posterior. For the neural network �tting problem, we

also consider a variant of online gradient descent (OGD) based on Adam (Kingma and Ba,

2015), which uses multiple inner iterations per step (measurement). This method does

scale to high-dimensional state spaces, but only gives a maximum a posteriori (MAP)

estimate and is not as sample e�cient as a robust Bayesian �lter.

For experiments where KF or EKF is used as the baseline, we consider the follow-

ing WoLF variants: (i) the WoLF version with inverse multi-quadratic weighting func-

tion (WoLF-IMQ), (ii) the thresholded WoLF with Mahalanobis-based weighting function

(WoLF-TMD).

Method Cost #HP Ref

KF O(D 3) 0 Kalman (1960)
KF-B O(I D 3) 3 Wang et al. (2018)
KF-IW O(I D 3) 2 Agamennoni et al. (2012)
OGD O(I D 2) 2 Bencomo et al. (2023)
WoLF-IMQ O(D 3) 1 (Ours)
WoLF-TMD O(D 3) 1 (Ours)

Table 4.1: Computational complexity of the update step, assumingd � D and assuming linear dynamics.
Here, I is the number of inner iterations, #HP refers to the number of hyperparameters we tune, and
�Cost� refers to the computational complexity.

4.7.1 Robust KF for tracking a 2D object

We consider the classical problem of estimating the position of an object moving in 2D

with constant velocity, which is commonly used to benchmark tracking problems (see e.g.,

Example 8.2.1.1 in Murphy (2023) or Example 4.5 in Särkkä and Svensson (2023)). The

SSM takes the form
p(� t j� t � 1) = N (� t j F t � t � 1; Q t ) ;

p(y t j� t ) = N (y t j H t � t ; R t ) ;
(4.42)

whereQ t = qI 4, R t = r I 2, (� 0;t ; � 1;t ) is the position,(� 2;t ; � 3;t ) is the velocity,

F t =

0

B
B
B
@

1 0 � 0

0 1 0 �

0 0 1 0

0 0 0 1

1

C
C
C
A

; H t =

 
1 0 0 0

0 1 0 0

!

;
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� = 0 :1 is the sampling rate,q = 0 :10 is the system noise,r = 10 is the measurement

noise, andI K is aK � K identity matrix. We simulate 500 trials, each with 1,000 steps.

For each method, we compute the scaled RMSE metricJT;i =
q P T

t =1 (� t;i � � t;i )2 for

i 2 f 0; 1; 2; 3g as well as the total running time (relative to theKF).

In our experiments, the true data generating process is one of two variants of (4.42).

The �rst variant (which we callStudent observations ) corresponds to a system whose

measurement process comes from the Student-t likelihood:

p(y t j� t ) = St( y t j H t � t ; R t ; � t )

=
Z 1

0
N

�
y t j H t � t ;

R t

�

�
Gam

�
� j

� t

2
;

� t

2

�
d�;

(4.43)

with Gam(�ja; b) the Gamma density function with shapea and rateb, and � t = 2 :01.

The second variant (which we callmixture observations ) corresponds to a system where

the mean of the observations changes sporadically. Instances of this variant can occur as a

form of human error or a software bug in a data-entry program. To emulate this scenario,

we modify (4.42) by using the following mixture model for the observation process:

p(y t j� t ) = N (y t j m t ; R t ) ;

m t =

8
<

:
H t � t w.p. 1 � p� ;

2H t � t w.p. p� ;

(4.44)

wherep� = 0 :05.

Figure 4.3: The left panel shows a sample path using the Student variant and the right panel shows a
sample path using the mixture variant. The top left �gure on each panel shows the true underlying state
in black, and the measurements as grey dots.
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Results Figure 4.3 shows a sample of each variant along with the �ltered state for each

method. For the Student variant (left panel), theWoLF-IMQand theWoLF-TMDestimate

the true state more closely than the competing methods. Both theKF-IWand theKF-B

look comparable to theKF, which are not robust to outliers. For the mixture variant

(right panel). the WoLF-IMQ, the WoLF-TMD, and theKF-B �lter the true state correctly.

In contrast, theKF-IWand theKFare not robust to outliers.

Figure 4.4: Distribution (across 500 2d tracking trials) of RMSE for �rst component of the state vector,
JT; 0 . Left panel: Student observation model. Right panel: Mixture observation model.

The results in Figure 4.3 hold for multiple trials as shown in Figure 4.4, which plots

the distribution of the errors in the �rst component of the state vector. As a benchmark,

we include the particle-�lter-based method of Boustati et al. (2020), which we denote

RBPF. The RBPFperforms comparably to our proposed method; however, it has much

higher computational cost and does not have a closed-form solution.

Method Student Mixture

KF-B 2.0x 3.7x
KF-IW 1.2x 5.3x

WoLF-IMQ(ours) 1.0x 1.0x
WoLF-TMD(ours) 1.0x 1.0x

Table 4.2: Mean slowdown rate overKF.

Table 4.2 shows the median slowdown (in running time) to process the measurements

relative to theKF. The slowdown for methodX is obtained dividing the running time of

methodX over the running time of theKF. Under the Student variant, theWoLF-IMQ, the

WoLF-TMD, and theKF-IWhave similar running time to theKF. In contrast, theKF-Btakes

twice the amount of time. Under the mixture variant, theKF-Band theKF-IWare almost

four times and �ve times slower than theKFrespectively. The changes in slowdown rate
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are due the number of inner iterations that were chosen during the �rst trial.

4.7.2 Online learning of a neural network in the presence of outliers

In this section, we benchmark the methods using a corrupted version of the tabular UCI

regression datasets.1 Here, we consider a single-hidden-layer multi-layered perceptron

(MLP) with twenty hidden units and a real-valued output unit. In this experiment, the

state dimension (number of parameters in the MLP) isD = ( nin � 20+20)+(20 � 1+1) ,

wherenin is the dimension of the featurex t . In Table 4.3, we show the the values that

nin takes for each dataset.

#Examples T #Features o #Parameters D
Dataset

Boston 506 14 321
Concrete 1; 030 9 221
Energy 768 9 221
Kin8nm 8; 192 9 221
Naval 11; 934 18 401
Power 9; 568 5 141
Protein 45; 730 10 241
Wine 1; 599 12 281
Yacht 308 7 181

Table 4.3: Description of UCI datasets. Number of parameters refers to the size of the one-layer MLP.

Below, we take the static caseQ t = 0 I D , so that the prior predictive mean is� t j t � 1 =

� t � 1.

Each trial is carried out as follows: �rst, we randomly shu�e the rows in the dataset;

second, we divide the dataset into a warmup dataset (10% of rows) and a corrupted

dataset (remaining 90% of rows); third, we normalise the corrupted dataset using min-

max normalisation from the warmup dataset; fourth, with probabilityp� = 0 :1, we replace

a measurementy t 2 R with a corrupted data pointu t � U [� 50; 50]; and �fth, we run

each method on the corrupted dataset.

For each dataset and for each method, we evaluate the prior predictive RMedSE

RMedSE =
q

medianf (y t � ht (� t j t � 1))2gT
t =1 (4.45)

which is the squared root of the median squared error between the measurementy t and

the prior predictiveht (� t j t � 1) = h(� t j t � 1; x t ).2 Here, h is the MLP. We also evaluate

the average time step of each method, i.e., we run each method and divide the total

running time by the number of samples in the corrupted dataset.

Figure 4.5 shows the percentage change of the RMedSE and the percentage change

of running time with respect to those of theOGDfor all corrupted UCI datsets. Given the

computational complexity of the remaining methods, ideally, a robust Bayesian alternative

to the OGDshould be as much to the left as possible on thex-axis (rel. time step) and

as low as possible on they-axis (rel. RMedSE). We observe that theWoLF-IMQand the

1The dataset is available at https://github.com/yaringal/DropoutUncertaintyExps .
2We use median instead of mean because we have outliers in measurement space.
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Figure 4.5: RMedSE versus time per step (relative to theOGDminus 1) across the corrupted UCI datasets.

WoLF-TMDhave both of these traits. In particular, we observe that the only two points in

the third quadrant are those of theWoLF-IMQand theWoLF-TMD. Note that the EKF-IW

and the EKF-Bhave much higher relative running time and theEKFhas much higher

relative RMedSE.

4.7.3 Robust EKF for online MLP regression (1d)

In this section, we consider an online nonlinear 1d regression, with the training data

coming either from an i.i.d. source, or a correlated source. The latter corresponds to a

non-stationary problem.

We present a stream of observationsD �lter = ( y1; x1); : : : (yT ; xT ) with yt 2 R the

measurements,x t 2 R the exogenous variables, andT = 1500. The measurements and

exogenous variables are sequentially sampled from the processes

yt =

8
<

:
� �

1x t � � �
2 cos(� �

3x t � ) + � �
4x3

t + Vt w.p.1 � p� ;

Ut w.p. p� ;
(4.46)

where the parameters of the observation model are� � = (0 :2; � 10; 1:0; 1:0), the inputs

are x t � U [� 3; 3], and the noise isVt � N (0; 3), Ut � U [� 40; 40], and p� = 0 :05.

We consider four con�gurations of this experiment. In each experiment the data is

either sorted byx t value (i.e, the exogenous variable satis�esx i < x j for all i < j ,

representing a correlated source) or is unsorted (representing an i.i.d. source), and the

measurement function is either a clean version of the true data generating process (i.e.,

(4.46) with p� = 0 and unknown coe�cients � ), or a neural network with unknown
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parameters� . Speci�cally, we use a multi-layered perceptron (MLP) with two hidden

layers and 10 units per layer:

h(� t ; x t ) = w (3)
t �

�
w (2)

t �
�

w (1)
t x t + b(1)

t

�
+ b(2)

t

�
+ b(3)

t ; (4.47)

with activation function � (u) = max f 0; ug applied elementwise. Thus the state vector

encodes the parameters:

� t = ( w (1)
t 2 R10� 1; w (2)

t 2 R10� 10; w (3)
t 2 R1� 10; b(1)

t 2 R10; b(2)
t 2 R10; b(3)

t 2 R)

and has size so that� 2 R141. Note that in this experimentht (� ) = h(� ; x t ). We set

Qt = 10 � 4I , which allows the parameters to slowly drift over time and provides some

regularisation.

For each method, we evaluate the RMedSE. TheEKF-IWand theEKF-Bmethods are

taken with two inner iterations, which implies that their computational complexity is twice

that of the WoLF methods.

MLP measurement model Figure 4.6 shows results when the data are presented in

sorted order ofx t . We show the performance on 100 trials. The left panel shows the

mean prior-predictiveh(� t j t � 1; x t ) of each method, and the underlying true state process,

for a single trial. The right panel shows the RMedSE after multiple trials. We observe on

Figure 4.6: Results with sorted data. Left panel shows a run of each �lter on the 1d regression, with
the true underlying data-generating function in solid black line and the next-step predicted observation
as dots. Right panel shows the RMedSE distribution over multiple trials.

the right panel that theWoLF-IMQand theEKF-IWhave the lowest mean error and lowest

standard deviation among the competing methods. However, theEKF-IWtakes twice as

long to run the experiment. For all methods, the performance worse on the left-most side

of the plot on the left panel, which is a region with not enough data to determine whether

a measurement is an inlier or an outlier.

Figure 4.7 shows the results when data are presented in random order ofx t . We show
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Figure 4.7: Results with unsorted inputs. The left panel shows a run of each �lter with the underlying
data-generating function in solid black line and the next-step predicted observation as dots. The right
panel shows the distribution of GT for multiple runs. We remove all values of GT that have a value
larger than 800.

results for a single run on the left panel and the the RMedSE after multiple trials on

the right panel. Similar to the sorted con�guration, we observe that theEKF-IWand the

WoLF-IMQare the methods with lowest RMedSE. However, theEKF-IWhas longer tails

than the WoLF-IMQ.

True measurement model We modify the experiment above by taking the measure-

ment function to beht (� t ) = h(� t ; x t ) = � t; 1x t � � t; 2 cos(� t; 3x t � ) + � t; 4x3
t , with state

� t 2 R4 and � t;i the i -th entry of the state vector� t . Figure 4.8 shows a single run of

the �ltering process when the data is presented unsorted (left panel) and sorted (right

panel). We observe that the behaviour of theWoLF-IMQ, the WoLF-TMD, and theEKF-IW

Figure 4.8: The �gure shows a run of each �lter with the underlying data-generating function in solid
black line and the evaluation of h(� t j t � 1 ; x t ) in points. The left panel shows the con�guration with
unsorted x t values and the right panel shows the con�guration with sorted x t values.

have similar performance. However, theEKF-IWtakes twice the amount of time to run.

The OGDand the EKFare not able to correctly �lter out outlier measurement at the
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tails. Finally, theEKF-Bover-penalises inliers and does not capture the curvature of the

measurement process.

4.7.4 Non-stationary heavy-tailed regression

In this experiment, we make use of the BONE framework developed in Chapter 3 and

the WoLF �lter discussed in this chapter to develop an outlier-robust method for linear

regression with heavy-tailed noise and changing model parameters.

It is well-known that the combinationRL-PRis sensitive to outliers if the choice of

(M.1: likelihood) is misspeci�ed, since an observation that is �unusual� may trigger a

changepoint unnecessarily. As a consequence, various works have proposed outlier-robust

variants to the RL[inf]-PR for segmentation (Knoblauch et al., 2018; Fearnhead and

Rigaill, 2019; Altamirano et al., 2023c; Sellier and Dellaportas, 2023) and for �ltering

(Reimann, 2024). In what follows, we show how we can easily accommodate robust

methods into the BONE framework by changing the way we compute the likelihood

and/or posterior. In particular, we consider the WoLF-IMQ method of Duran-Martin

et al. (2024).3 We use WoLF-IMQ because it is a provably robust algorithm and it is a

straightforward modi�cation of the linear Gaussian posterior update equations. We denote

RL[inf]-PR with (A.1: posterior) taken to beLGas LG+RL[inf]-PR and RL[inf]-PR

with (A.1: posterior) taken to be WoLF-IMQ asWoLF+RL[inf]-PR* .

To demonstrate the utility of a robust method, we consider a piecewise linear re-

gression model with Student-t errors, where the measurement are sampled according

to x t � U [� 2; 2], y t � St
�
� (x t ) | � t ; 1; 2:01

�
a Student-t distribution with location

� (x t ) | � t , scale1, degrees of freedom2:01, and � (x t ) = (1 ; x; x 2). At every timestep,

the parameters take the value

� t =

8
<

:
� t � 1 w.p. 1 � p� ;

U[� 3; 3]3 w.p. p� ;
(4.48)

with p� = 0 :01, and � 0 � U [� 3; 3]3. Intuitively, at each timestep, there is probabilityp�

of a changepoint, and conditional on a changepoint occurring, the each of the entries of

the new parameters� t are sampled from a uniform in[� 3; 3]. Figure 4.9 shows a sample

data generated by this process.

To process this data, our choice of (M.1: likelihood) ish(� t ; x t ) = � |
t � (x t ) with

`(y t ; � t ; x t ) = � W 2�
y t ; h(� t ; x t )

�
logN (y t j h(� t ; x t ); 1:0); (4.49)

a weighted Gaussian log-likelihood andW (u; z) = (1 + (u � z)2

c2 ) � 1=2 the inverse multi-

quadratic (IMQ) function with soft threshold valuec = 4 , representing four standard

deviations of tolerance to outliers. Hereu; z 2 R.

3We set the soft threshold value to 4, representing four standard deviations of tolerance before declaring
an outlier.
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