This is the author’s version of a work that was accepted for publication in the
Quarterly Journal of Mathematics. Changes resulting from the publishing process,
such as peer review, editing, corrections, structural formatting, and other quality
control mechanisms may not be reflected in this document. Changes may have
been made to this work since it was submitted for publication. A definitive version
was subsequently published in
Quart. J. Math. 53 (2002) 403-19.
http://dx.doi.org/10.1093/qjmath/53.4.403



On weight three blocks of symmetric groups in characteristic three

Matthew Fayers*
Trinity College, Cambridge, CB2 1TQ, U.K.

2000 Mathematics subject classification: 20C30

Contents

1 Introduction
1.1 Notation formodules . . . . . . . . . . . e

1.2 Schaper’sformula . . . . . . . . ...

2 The Scopes equivalence 3
3 The Ext-quivers of weight three blocks in characteristic three 4
4 The projective cover of D33 8
A Decomposition matrices 14
A.1 The block of k&3 with 3-core (3,1) ((3,5,3)-notation) . . . . .. ... ... .. ....... 14
A.2 The block of k35 with 3-core (4,2) ((3,3,5)-notation) . . . .. . ... ... ......... 14
A.3 The block of kS;7 with 3-core (4,2, 12) ((3,6,4)-notation) . . . . . . . o v v v v 15
A.4 The block of k319 with 3-core (5,3, 1%) ((3,4,6)-notation) . . . . . . . .. oo v .. 15
A.5 The block of kSy3 with 3-core (5,3,22,1%) ((3,7,5)-notation) . . . . . . . ... .. .. ... 16
A.6 The block of kS5 with 3-core (6,4,22,1%) ((3,5,7)-notation) . . . . . . v o v v vt 16

1 Introduction

In [2], the author constructed the ordinary quivers of two symmetric group blocks of weight three in char-
acteristic three. By results of Scopes, there are only finitely many such blocks (up to Morita equivalence), and
here we complete the list of quivers for these blocks.

The books of James [3] and James and Kerber [4] give an excellent introduction to the representation theory

of the symmetric group S,; we summarise the important points.

“The author is financially supported by the EPSRC.



2 Matthew Fayers

For any partition A of n, one defines a Specht module S* over any field k; if k has characteristic zero,
these modules are irreducible and pairwise non-isomorphic, and give a complete set of irreducibles for kS,; in
characteristic p > 0, the Specht modules are not irreducible in general; for each p-regular partition A, S* has an
irreducible cosocle D*; the modules D* are pairwise non-isomorphic and give a complete set of irreducibles for
kS,,. The decomposition matrix for a symmetric group block records the composition multiplicities [S* : D“];
the matrices for the blocks we consider in this paper are reproduced in the appendix.

The p-blocks of &, are determined by the Nakayama Conjecture [4, 6.1.21]; we may thus use James’s
abacus [4, pp. 78-80] to represent the partitions in a given block. We also employ the Branching Rule [3,
Theorem 9.3], and the Carter-Lusztig theorem on semistandard homomorphisms [3, Theorem 13.13].

The ordinary quiver or Ext-quiver of an algebra A over a field & is a quiver with vertices indexed by simple
A-modules, and with a number of arrows from vertex S to vertex T equal to dimy Ext}x (S, T). Simple modules
for symmetric group blocks are self-dual, and so we may draw an undirected edge in our quiver to indicate an

arrow in each direction.

1.1 Notation for modules

e Given any module M and any simple module S, we write [M : §] for the multiplicity of S as a composi-

tion factor of M.

e If M has composition factors Sy, ..., S, we write

M~S1+...+85,.

o If M lies in a block A of a symmetric group, and B is a block of a larger (resp. smaller) symmetric group,

we write M15 (resp. M| ) to denote the module M induced (resp. restricted) to B.
o We write P(M) for the projective cover of M.

o [f the submodule lattice of M is distributive, that is, if M does not have the direct sum of two isomorphic
modules as a subquotient, we frequently encode the submodule lattice of M by drawing the (Hasse
diagram of the) poset of submodules of M which have simple cosocle, labelling each by (the isomorphism
class of) its cosocle. If the structure of M is particularly simple, we frequently omit the edges from this

diagram.

1.2 Schaper’s formula

Schaper’s formula (see for example [1]) is a useful tool for calculating decomposition numbers. In addition,
if the decomposition numbers are known, the formula can provide useful information about the structure of
Specht modules. Specifically, the Specht module S+ has a filtration

>SSt >S54 >

A _ ¢4

)
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and Schaper’s formula gives, for each simple module D*, the sum

i[sé) - DM].
i=1

Moreover, each quotient S /S | is self-dual (although not always semi-simple). S¢, is the radical of S*

when A is p-regular, while § (ll) equals S* when A is p-singular.

In fact, S é) is the reduction modulo p of the submodule

{x{x,y) =0 (mod p')V y}

of the integral Specht module S % with its usual inner product (, ).

2 The Scopes equivalence

Here we use the abacus notation extensively. Let B and C be symmetric group blocks of weight w. We say

that B and C form an [w : k]-pair if there exist abacuses for B and C such that
e for some i, the abacus for B has « more beads on runner i — 1 than on runner i, and
o the abacus for C is obtained from that for B by moving « beads from runner i — 1 to runner i.
Scopes [5] then proves the following.

Theorem 2.1 (Scopes). If w < «, then two symmetric group blocks forming an [w : k]-pair are Morita equiv-
alent. Hence there are only finitely many Morita equivalence classes of symmetric group blocks with a given

weight in a given characteristic.

We may represent the Scopes equivalence in characteristic p as follows: we draw a graph with vertices
indexed by p-cores, with an edge labelled « between cores A and u if the blocks of weight w with cores A and
p form an [w : k]-pair. In characteristic three, part of this infinite graph is given in Figure 1; for each block, its
conjugate block (that is, the block found by tensoring with the signature representation) is found by reflection
in a central vertical axis.

In this paper, we shall concern ourselves with the case p = 3, w = 3. The Scopes classes of blocks may then
be represented as in Figure 2, where each vertex represents an equivalence class and is labelled by the core of
the ‘smallest” member of that class, and where there is an edge labelled with an integer k < 3 between classes
B and € if B and C form a [3 : «] pair for some B € B, C € €. Two blocks are Scopes equivalent if and only if
their conjugates are, and again conjugate blocks can be found by reflecting the diagram left-to-right.

Some of these blocks have already been studied; Tan [6, 7] found the Ext-quivers of the principal blocks
of kS9, kSS9 and kS, where k is a field of characteristic three, and the present author [2] found the quivers
for the blocks of kS;3 and kG4 with cores (3, 1) and (3, 12) respectively. Of course, conjugate blocks have
the same quivers, so only three quivers remain to be found; we can find these by analysing three [3 : 2]-pairs,

which turn out to behave very similarly.
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2
5,32,22,12) (7.5.3, 8.6,4.2)

Figure 1: The Scopes equivalence in characteristic three

3 The Ext-quivers of weight three blocks in characteristic three

Given a weight three block B of a symmetric group in characteristic three, suppose we have an abacus for
B with a beads on the first runner, b on the second, and ¢ on the third. We may then denote the partitions of B

using the (a, b, c) abacus notation:
e (i) denotes a partition with a bead of weight three on runner i;
e (i, j) denotes a partition with a bead of weight two on runner i and a bead of weight one on runner j;
e (i, j, k) denotes a partition with beads of weight one on runners i, j and k.

Let B; denote the block of k&3 with core (3, 1), with the (3, 5, 3) abacus notation, and C; the block of kS5
with core (4,2), with the (3, 3,5) abacus notation. The Ext-quiver of B; is found in [2], and is reproduced in
Figure 3.

Let B, denote the block of k7 with core (4,2, 1%), with the (3, 6,4) notation, and C, the block of kS19
with core (5,3, 1%), with the (3, 4, 6) notation. The quiver of Bj is the same as that of the block of k&4 with
core (3, 1%), with which it forms a [3 : 3]-pair. The latter quiver is also found in [2]. By re-labelling the vertices,
we obtain the quiver of B, also shown in Figure 3.

Let Bz denote the block of kS,3 with core (5, 3, 22, 1), with the (3,7, 5) notation, and C3 the block of kS,
with core (6, 4,22, 12), with the (3, 5, 7)-notation. The quiver of Bs is the same as that of its conjugate block,
whose core is (6,4, 2, 1%); the latter forms a [3 : 4]-pair with C;, and so the quiver of B3 will follow from the

analysis of C».
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0)

oy

6,4,22,12)

Figure 2: The Scopes classes of weight three blocks in characteristic three

First we examine induction and restriction between B; and C;.

Proposition 3.1.

1. Dg’3’3> does not self-extend.

2. Fori=1,2,3 we have

3~ pDan® DaC o B .
D = DY @Dy, D% = DY DY,
GBI~ 2D 4 p2D QDAC o~ B o B3I,
DS g = DGY o DY, Dy = DS e DY,
BY| o I g p2d QICi o B o HBD.
DS = DYV oD, DG = DS @ D,

(233)) o 222 (2,2,2) (22290C; ~ 1(2.3.3) (2,33).
D¢ ‘LBi=DBi © Dy, D=1 =D @D,

23 o p223) (2,2,3) Q2232Ci o (23 (2,3).
D¢ ‘J’Bi=DBl- e Dy, D=7 1= D" @ De,

2 3,2 3,2 32D4ACi ~ 2 2).
DP\g = DY DY, Dy = DY oD
fori=2,3we have
(2,2,3) ~ 1N$2.3.3) (2,3,3) (2,33)AC; ~ (2,2,3) (2,2,3) .
DCI‘ ‘LBi = DB,' ® DB,‘ 4 DB,' T = Dci © DCi ’

2,2 ~ 3,3 33 330AC; ~ 2,2 2,2).
Déi >‘LBi = D;, >®D§;, >’ D%, >TC = D<Cz >®D<Ct >’
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1 (3.2) (1) (3.2)
(2) (2) (3)

55 (22,2 L (GI))

(2,2,3)

(2.3)

Figure 3: The Ext-quivers of B; and B,
fori=1,2we have
Dl = DY oDy D% = DY e DL,
we also have

>

(2,2,2) ~ 3,33 (3,3,3) (3.3.3)0C3 ~ N2.2.2) (2,2,2) .
DC3 ‘1'33 = DB3 @DBa ’ D33 ™= DC3 EBDCa

L3~ pL2) (1,2) AL2)aCr o (L3 (1.3).
DCl lp = D31 GBDB1 , DB| = DC1 EBDCl ,
2L~ pGh (3.1) B.DaCr o plZh (2.1
DCl I = DBI 69DBl ’ DBl T = DC1 EBDCl )

Proof.
1. From the decomposition matrix for C;, we see that P(Dg’3’3>) has a filtration by the Specht modules
58’3’3>, S <C2i’3’3>, Sg’3> and S<C2i’2’2>. Since the partitions corresponding to these Specht modules are all

3-regular, Dg’3’3> cannot appear in the second Loewy layer of P(Dg’3’3>).

2. The composition factors of the induced and restricted modules may be found using the Branching Rule,
the decomposition matrices for B; and C; (which may be found in Appendix A) and the fact that induc-
tion and restriction are exact functors. Since none of the simple modules in B or B, self-extends, the
restricted modules in the cases i = 1,2 must be semi-simple. Frobenius reciprocity then implies that the
induced modules in these cases are semi-simple. By the Eckmann-Shapiro relations and the general fact
that

Ext'(M,N ® N) = Ext' (M, N) ® Ext'(M, N),

we then find that none of the simple modules of C, self-extends. Since C, is Morita equivalent to Bs,
none of the simple modules of the latter block self-extends, and the restricted modules in the case i = 3

are semi-simple, as are the induced modules.
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By the Eckmann-Shapiro relations, then, we may determine most of the Ext-spaces in C;; in the cases
i = 1,2, we know Extl(D’él_,D’él_) provided neither A nor u equals (3,3, 3), and in the case i = 3 we know
Extl( 4 D” ) provided neither A nor u equals (3,3,3) or (2,2,2) (although of course the latter case will
follow once we know the extensions of D<3 3 3>) We proceed, then, to find the extensions of D<3 33,
As noted in the proof of Proposition 3.1, the projective cover of D<3 33) is filtered by S <3 33) = <2 33) Se <2 3
and § <c21 22 From the decomposition matrix we see that the first of these Specht modules has structure
D<C3i,3,3>

(3.3)
DC,-

D8’3’3> D8’3>, D<2i’3’3>, D<2f3 ) and Dg’2’2>, and the corresponding Ext-spaces are

and so can only possibly extend

at most one-dimensional.

Lemma 3.2. § <Czl_> is uniserial, with structure
D@
D<2 3)
D<2 33)
D<3 3)
D<3 33)

and Extl(Dg’3’3>, Dg_>) =0

Proof. Since (2) is column 3-regular, it has a simple socle isomorphic to Dg)’ ® sgn, by [3, Theorem 8.15].

g’3’3>. The structure then follows from the part of

Using the Mullineux map we find that Dgy ®sgn = D
the Ext-quiver of C; we already know, in particular the fact that Extl(D<2[_>,D<C2i’3’3 ", Extl(DQl_),Dg’3 )) and
Extl(Dgf3>, D8’3>) are all zero.

From the decomposition matrix of C;, we see that the head of S<C2,-> is the only copy of Dg lying in
P(D<C3i’3’3>); from the above Specht structure, it does not lie in the second socle layer, and so does not ex-

tend Dg’3’3>. O

Corollary 3.3.
Ext' (DS, D) = Ext (DS, DEY) = 0

Proof. From the structure of § g>, we see that P(D<C3"3’3>) has a uniserial submodule

D<2 3)
D(2 3 3)
DG 3)
D<3 3 3)
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Since this projective cover is self-dual, it has a uniserial quotient

(3.3,3)

D¢.
(3,3)

De
(233)

D¢
(2,3)

D¢

hence the heads of S g’3’3> and § g’3> lie in the third and fourth Loewy layers of P(Dg’3’3>), and so do not extend
D333 O
C; .

Since Dg’3’3> evidently extends Dg@, we have determined all the Ext-spaces. Thus we may draw the
quivers of all symmetric group blocks of weight three in characteristic three. We put these together in Figure 4,
with the equivalence classes arranged as in Figure 2. We change notation, and represent the simple modules in
each class by using an abacus with fifteen beads for the ‘smallest’ block in each class. Next to each quiver we

note which notation we are using.

4 The projective cover of D@33

For this section, we shall restrict attention to the block C;, for a fixed i; Specht modules and simple modules
will be assumed to be in this block unless otherwise indicated. Let P denote the projective cover of D3,
Since we have already discovered some of the structure of P, it seems worth while to determine this structure
completely. Recall that P is filtered by the Specht modules S 333, §¢233) §(3) and §22) and that we have
determined the structures of the first and last of these. For the others we use Schaper’s formula, together with a

consideration of homomorphisms between Specht modules. First of all we determine the structure of § (>33,

Lemma 4.1. The Specht module S*>% has structure

D233
DB

DA PG
DB

Proof. Using Schaper’s formula, we find that the bounds for the multiplicities for the factors of § >3 other

than D?3% actually equal their multiplicities. Hence 8§33 = 0, and rad(§ %33 = 5%3,3) is self-dual. Since

@)
D33 constitutes the cosocle of §¢>*3 it must extend each composition factor of cosoc(S E]Z)“)

Ext-quiver of C;, we find that D233 extends neither D nor D333 and so S 853’3> must be isomorphic to the

); from the

indecomposable module
D33

DO DG
DB
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Figure 4: Ext-quivers of weight three blocks in characteristic three
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We can also determine the structure of § (2.

Lemma 4.2. For the Specht module S*>, we have

(2,3)
S(0> ~ p23)
2,3y © ’
S(l)
§(23)
2?3) =~ D23 g D<3’2>,
S >
2)
(2,3)
g>3> ~ D® 4 B33 L pBI o
S ]
(3)
2.3) _
S(3) =0.

Proof. Schaper’s formula gives

(o)

Z Séiz)’” ~ D3 4 B2 12 x D 42 x DBV 4 x DO,

i=1

2,3y 10 (2,3)
(O] / S(i+1)

(3,3) N ; iain ©€2.3) /0 (2.3) (2,3) ) ¢(2.3) iop i ©(2:3) /¢ (2.3) ;
D'’ appears twice in S <7/, so it could lie in S o /S o and § 3 /S (1) »Or twice in S ) /S 3 - But in any

case S g;3> /S %3 is semi-simple, and so D3 extends each factor of S %3) /S g)” But Ext!(D%®, D33y = 0. o

For those composition factors which only appear once, this determines which layer S they lie in.

Lemma 4.3.
Hom(D®,§?3) = 0.

Proof. We have

Hom(D®®, 5 ?*) < Hom(D® @ D, 5%
= Hom(D}, S *¥| )
<Hom(DY, (S @S5> @ 5 52)%%)
by Frobenius reciprocity and the Branching Rule. Now [S g,2,3> : D?] = 0, and soc(S g,z,z)) = DE? by [3,
Theorem 8.15]. By examining the Ext-quiver of B; we see that Sg’_) is uniserial with socle Dﬁl). Hence Dfi)

does not inject into any of these three Specht modules. O

Lemma4.4. S 8;*” has the structure
DB
DADBE3II)

DG

Hence S>3 has a distributive submodule lattice, and its structure is given by
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D3

pG2 D33

DB

e

D33

D333

Proof. The composition factor D3 only extends D, and so a copy of the latter must lie above it in S *;

8;” is self-dual. D does not lie in the socle of S>3,

so it also must lie in between the two copies of D Thus the structure of S (23) i as stated.

()]
§(2.3)

Now the only factor of © /Sg;3> which extends D3 is D33 and so this extension must occur in

§¢%3_ Of the factors of Sg;3>, D?3 extends none and D3 can only possibly extend D®. This gives the

structure of S >¥, except that it is not clear that there is an edge joining D32 to D,

the other copy of D*3 must lie below D‘*3% since §

In order to show that this edge exists, we need to consider homomorphisms between Specht modules. From

the module structures we have so far, it is clear that
Hom(S 3%, §32) = Hom(S *?, 5 ®3) = Hom(s ¥, §23) = .

We need to show that the image of the homomorphism from S % to $3 contains the image of the homo-
morphism from § 3 to §, i.e. that the latter factors through S 3. Since the corresponding Hom-spaces
are all one-dimensional, it is sufficient to show that, for some 0 # f € Hom(S<3’3>,S <3’2>) and 0 # g €
Hom(S 2, § ), the composition gf is non-zero.

We concentrate on the case i = 3; the other cases are essentially identical. Here we have (3,3) =
(12,7,2%,1%), (3,2) = (12,4%,3,1%), (2,3) = (9,6,5,3,1%). Now, if A and u are partitions of n, [3, Theo-
rem 13.13] tells us that a basis for Homkg”(S”‘, M*) is given by

Or | T € To(4, )},

where To(A4, ) is the set of semistandard A-tableaux of type y, and @y is the semistandard homomorphism
corresponding to 7. Looking at our case, we find that there is just one semistandard (12,7, 22, 1%)-tableau of

type (12, 42 3, 12), namely
11111

T,

T,
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So we may take f = ®T1 and g = C:)Tz' Given a A-tableau T of type i, @y is constructed as the restriction of the
homomorphism @7 : M* — M, which depends on a specific choice of a A-tableau 7 (of type 1). Choosing the
(12,7,22,1%)-tableau

ap az az a4 ds de aj ag ag ajg dil A2
by by by by bs bg by
_ (1
tl — dy d»

fi
and the (12, 42, 3, 1?)-tableau

ap az asz ag as aeg aj ag ag Ao dary a2

by by b3 by
_ c1 ¢z bs be
t2 — dy dy by ’
e
fi
we get
g ay ap a} ay a? ag a] ag ag ayp apl a2
by ... by ... by, ... by ... by
— ‘1 ¢ by b
Ordnh= >, {4 hbm

I1<l<m<7 €l

1<n<7 fl

I#n#m

and
ayp ... .. ﬁi ...... ij ...... Lfk ...... aln
b] b2 b3 h4 b5 b6 b7 ap aj
Or(nh= >, 155 :

I<i<j<12 | el

1<k<12 fi

i#k#j

where, as usual, a circumflex accent indicates omission, and {¢f} denotes the tabloid containing the tableau r.

Hence we have

by o by o by o by o b7 ai
Orn©n(n)= > > jacabb

di d> by
I<i<j<12 1<i<m<7 el
1<k<12 1<n<7 fl

i#k#j I#n#m
To show that the composite @7,@r, is non-zero, we need only show that the image under ®@r,07, of some
polytabloid is non-zero; we shall take the polytabloid e;, corresponding to #;, that is the sum » (—1)"{nt},

where the sum is over all column permutations of #;. Consider the coefficient of the tabloid
ay ap a3 a4 as dag aj ag ay
by by 1133 24 ayp a
— C1 €2 D5 Dg ajg2
U= dy dy by
el
h
in Or,(07,(e;,)). Since a column permutation & of #; only permutes entries of #; with the same index, we must

have i =10, j =11,k =12,1 =5,m = 6,n = 7 in order to get

ay ... ..o dj ... dj ...... Lfk ...... agn
by w by by oo by .. b7 a; a;
i ¢l ¢ ag by by :U;
dl d2 bn
€1
fi
it is then clear that we must have m = 1, so that the coefficient of U in Or,(®r,(es,)) is 1. O

Combining the structures of the Specht modules in P, we are able to find the structure of the latter. Using
the structures of the Specht modules and their duals, and using the Ext-quiver of C; to rule out any further

extensions, we obtain the following.
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D(3:3.3)
D33

D233)
D D23

D233 D32 D@

/.
p333) p& D23
AN
)
\ D233
DB
DB33)

Figure 5: The submodule structure of P(DG33)

Proposition 4.5. The projective module P = P(D®3) has a distributive submodule lattice, and its structure

is as in Figure 5.

13

It is extremely unusual for a projective module in a block of such large defect to have a distributive submod-

ule lattice. The other indecomposable projectives in C; have many more composition factors, and can easily be

shown not to have distributive submodule lattices.

Notice that the Loewy length of this module is thirteen, and that it is not stable, i.e. its Loewy series does

not coincide with its socle series. However, if we ignore all the copies of the simple module D3, then the

resulting structure is stable, with seven layers. Martin conjectures that for a symmetric group block of weight

w < p, the projective modules have stable structures and Loewy length exactly 2w+ 1; from the above evidence,

it seems as though, with some modified definition of the Loewy series, this conjecture might hold for w > p as

well.
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A Decomposition matrices

The matrices found here were calculated using Schaper’s formula and other means. The (4, p)th entry of
each matrix records the composition multiplicity [S* : D*], with a blank space indicating zero. The partitions

are given in the abacus notation specified for each matrix.

A.1 The block of kS;; with 3-core (3,1) A.2 The block of kS5 with 3-core (4,2)

({3, 5, 3)-notation) ({3, 3, 5)-notation)
o ma oA ~
Af Sdda = PR R |
dddeodddIizd TtdddddZq
@1 3|1
11 3.3 11
@nl211 G221 1
@.1) 1 3.1y 1
@11 11 333 11
(3,2 11 G312 11
(2,2,3) 1111 3,3, 1) 1
@221 111111 @31 21111
(1,2,2) 1 @€,3/211 111
1,2)(2 1 1 111 (1,2,3)| 2 1 1
(1,2,3) 2 1 1 (3,2,2) 11
2.3,3) 11 3.1,1) 1
(1,1,2) 1 ol 1 1111
M1 11111 M1 1 11111
G.nl211 1 111 anl211 11 11
3.3) 1 11 111 @21 11111
@ynl1 o1 1 1 a1 1 1 1
1,1) 11 11 1,1 1 111
(1,3,3)| 1 1 (1,2,2)] 1 1
(1,1,3) 11 (1,1,2) 11
(3,3,3) 1 1 (2,2,2) 11
(1,1,1) 1 (1,1,1) 1
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A.3 The block of kS;; with 3-core (4,2,1°) A.4 The block of kS,y with 3-core (5,3,1?)

({3, 6,4)-notation) ({3, 4, 6)-notation)
o mae PN
@ Sddes PR P !
dddedddddz cddddddTdd
@l @1
enl1 1 GH 11
2,3)[2 1 1 3,2)[2 1 1
2,1) 1 {3,1) 1
@111 1 33,3 11
3,2) 11 2,331 2 11
2,2,3) 1111 (1,3,3) 1
2,2, 1111111 2,31 21 111
(1,2,2) 1 23211 1 1
@3.»l2 11 11 (1,2,3) 1 111
(1,2,3) 1 111 (1,3) 1
(1,2) 1 (1,1,3) 1
(1,1,2) 1 @l 1 111 1
G111 11111 eunlr11 11111
Ml 1 1 111 @1 11121
3,1 21111 M1 1 11111
@€y 1 1 1 a1 1 1 1
1,3,3)| 1 1 (1,2,2)] 1 1
3,3,3) 11 11 (2,2,2) 1 111
1,1,3) 21 1 (1,1,2) 1 21
(1,1) 1 1 {11 11
(1,1,1) 1 (1,1,1) 1
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A.5 The block of kS,; with 3-core (5,3,2%,1°) A.6 The block of kS,s with 3-core (6, 4,22, 1?)

(3,7, 5)-notation) ({3, 5, 7)-notation)

. maE = e @’
PPN R e PR O |
dddudddddd codddddTdd

2y 1 3y 1
2,21 1 (3,3)| 1 1
2,3)[2 1 1 3,22 11
2,1) 1 {3,1) 1
Gy1 111 {3,3,3) 1 1
{3,2) 11 2,3,3)| 1 2 11
2,2,3) 1111 (1,3,3) 1
@221 111111 @31 21111
(1,2,2) 1 @23211 1 1
(2,3,3)[2 1 1 11 (1,2,3) 1 111
(1,2,3) 1 111 1,3) 1
(1,2) 1 (1,1,3) 1
(1,1,2) 1 (2) 1 111 1
3,31 11 11111 2,21 11 11111
{3,1) 21111 2,1) 11121
(3,3,3)| 1 1 111 (2,2,2)| 1 1 1 11
(1,3,3) 1 11 121 (1,2,2) 1 11121
(1,3) 121 (1,2) 1121
(1,1,3) 21 1 (1,1,2) 1 21
(1) 11 (1) 11
(1,1) 1 1 (1,1) 11
(1,1,1) 1 1,1,1) 1
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