This is the author’s version of a work that was accepted for publication in the
Journal of Algebra. Changes resulting from the publishing process, such as peer
review, editing, corrections, structural formatting, and other quality control mecha-
nisms may not be reflected in this document. Changes may have been made to this
work since it was submitted for publication. A definitive version was subsequently
published in
J. Algebra 252 (2002) 300-21.
http://dx.doi.org/10.1016/S0021-8693(02)00066-2



Schur subalgebras II

Matthew Fayers*
Trinity College, Cambridge, CB2 1TQ, U.K.

2000 Mathematics subject classification: 20C30

1 Introduction

Let p be a prime, and & an infinite field of characteristic p. In [2], the author and Martin re-proved
a result of Henke [4] in which the Schur algebra S (2, d) over k is shown to embed in the Schur algebra
S(2,r) for certain values of d and r, corresponding to certain self-similarity properties of the decom-
position matrices for S (2, 7). We also constructed embeddings of S (2, r) in S (2, rp) for all r, reflecting
further the structure of the decomposition matrices. Here, an embedding is not necessarily an injective
homomorphism of algebras, but simply a linear injection preserving the multiplication rule.

In this paper we continue to study such embeddings, and examine their consequences for decompo-
sition numbers. Essential results concerning Schur algebras can be found in the books of Green [3] and
Martin [6]; further results and notation are taken from [2].

In Section 2 we construct embeddings

S2,r) > S2,rp+q)

for all g between 0 and p—1; this then gives each Schur algebra S (2, R) an embedded algebra isomorphic
to S (2, I_II—§J). In Section 3 we examine the consequences of these embeddings for (dual) Weyl modules;
we find explicitly the restrictions of the dual Weyl modules to the embedded subalgebras. In Section 4
we use these results to rediscover the decomposition matrices for S (2, r), first found by Carter and Cline

[1].

1.1 Notation

We use the notation from [2]; in particular, we take as a basis for the Schur algebra S (2, r) the set
M(r) of 2 by 2 matrices with non-negative integer entries summing to r. For A € M(r), we denote by
c¢i(A), r;i(A) the ith row and column sums of A respectively. For A, B € M(r) with ¢;(A) = r;(B) we define
N(A, B) to be the set of matrices in M(r) with the same row sums as A and the same column sums as B,
and we define R(A, B) to be the set of 2 X 2 matrices D with (possibly negative) integer entries, and with
rl-(D) = a,-l,c,-(D) = b]i, fori = 1,2

*The author is financially supported by the EPSRC.



2 Matthew Fayers

The multiplication o in §'(2, r) is then given on basis elements by [2, Proposition 2.1]

0 (c1(A) # r1(B))
A [e] B = cC
{ZCEN(A,B)(ZDER(A,B) (D))-lk-C (c1(A) = ri(B)),

where, for 2 by 2 matrices C, D, we define

2 Schur algebra embeddings
First we recall the embedding of S (2, r) in S (2, rp) [2, Theorem 4.2].

Theorem 2.1. Let p = char(k). There exists an embedding ¥ : S(2,r) — S(2,rp) defined on basis
elements by

b
[pa P ) (if b or c equals 0)
¥ - (a b) pc  pd
“\e d _ b —
p_é pate po—e (otherwise).
“lpc—€ pd+e

Now we generalise this result and embed S (2, r) in S (2, rp+¢q) forall0 < g < p—1. Given A € M(r),
write
Ay = (pan +q+p pan —ﬁ)
’ pay =B pan+p
if this has non-negative entries, and Ag, = 0 otherwise. We then have the following embedding. Note
that the embedded algebra is neither a subalgebra with 1 of S(2,7p + ¢) nor a subalgebra of the form
eS (2,rp + g)e for e an idempotent.

Theorem 2.2. Let p = char(k), and let 0 < g < p. There exists an embedding¥ : S(2,r) — S(2,rp+q)
defined on basis elements by

-1 -1
YA pZ (ﬁ;q JAsq + pZ(l - (”‘Z*q DAy q.
B=0 y=0

¥ is clearly injective (consider the coefficients of matrices Ag); in order to prove the theorem, we
must show that multiplication of basis elements is preserved. We proceed along the same lines as in [2];
we write down the product W(A) o W(B) for A, B € M(r), and reduce it modulo p using Lemma 2.3 and
splitting into cases. First we recall Lucas’s lemma, and state an additional lemma concerning binomial
coeflicients, whose proof is trivial.

Lemma 2.3.
1. Let p be a prime, and let a, b, c, d be integers, with a non-negative and 0 < c,d < p. Then

(o) = (5)(3) - (mod o
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2. Leta, b, c, d be integers, with a and c non-negative. Then

2 G =G)

rez

r)whenr < 0, since then (j) =0.)

(Note that we may safely ignore ( b

Put A = (Ccl Z), B = (2 Z), unlessa+c =e+g,wehave Ao B =0 and Y(A) o ¥(B) = 0, so assume
a+c = e+g, and take C € M(rp+q); the coeflicient of C in W(A)oW(B) is zero unless r{ (C) = pri(A)+q

_ . . . pk+qg+e pl—e€
and ¢1(C) = pci1(B) + g; so we assume the latter, and we may write C uniquely as ( o= pote

with 0 < € < p — 1. We then have

_ v pa+q-v+p
R(AB,q’By,q)—{(pe+q_v+7 v+pc—pe—q—ﬂ—y)|vez} N
:{( pw+a pa+q—pw—a+p )IweZ,0<a<p—1}
pe+q—pw—a+y pc—pe—q+pw+a—B-y

if Agy, By 4 # 0. If one of Ag,,B, , is zero, then every matrix in the set on the right-hand side of (1) has
a negative entry, and so the product will not be affected if we assume (1) even when Ag, or B, 4 is zero.
pw+a pa+qg—pw—-a+p

pe+g—pw—a+y pc—pe—qg+pwt+a-—F-—
Y(A) o W(B) as | + X + X3 + X4, wWhere

Putting Dy, , = 7), we write the coefficient of C in

g ﬁ+ 7+q
Y = ! ).
B=0 yZ WZEZ ;) Diva
-1 p-
5=y W(—”“ZZMW
B=0 y=0 weZ a=0
S5 B+ Y+q it c
2=, 00" D0 2 2 )
B=0 y=0 WeZ a=0 ’
S5 B+ p—Y+q Lt Cc
o= 2 0= (" pa= (") 2 2, )
B=0 y=0 weZ a=0 '

Proposition 2.4. With notation as above, we have

5 =Y w(k :)W Ca-(7 Y (k+1 l}l)

4 4 a—w ’
(S S
W e—w cH+e—w W e—w ct+e—w-1

(k+1 l—l)
L=n=-n=0-("""))

a—w
weZ
e—w ct+e—w
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(If [ or m is zero or k = —1, undefined terms should be treated as zero.)
Proof. In order to reduce all the binomial coefficients modulo p, we need to know the greatest multiple
of p less than each of the entries of the matrices in Xy, X5, X3, Z4. So we must consider separately the
cases € = 0,0 < € < p—gqand € > p — q. First we deal with the case € = 0. Now (pr") = 0 (mod p)
unless p divides r, so for a non-zero term in any of X1, X, 23, 4, we must have 8 = y = 0 and o = gq.
This immediately gives X, = X3 = X4 = 0, while for X; we use the congruence (np) = (Z) (mod p) to

. rp
give
(k l)
_ m o
e ( W d—w )

WeZ,
e—w c—e+w

as required.
Next we consider the case € < p — ¢, and evaluate X;.
We write B, g, for

(pk+q+e pl—e)
B+q\(v+q pm—€ po+e )
(q)(q)% pw+a pa+qg—pw—a+p ’
ve pe+q—pw—a+y pc—pe—q+pw+a—-F-y
note thatif 5 > p—g+a,then p<B+qg < p+gq,so ('B;q)EO; similarly for y. So we may assume that
pa+g—pw—a+p<pla-w+l),
pe+q—pw—a+y<ple-—w+1),

and split ¥ up as
21=81+8S2+83+854+S5+S8S6+S7+Sg+S9+S10,

where

Sl = Z Ba,,B,y

S 6 — Z Ba,ﬁ,y

0<apy<p 0<aepy<p
B+g<a Btg>a
y+g<a a<y+q
B+y+g<a azy+q+p
Sy = E Ba,,B,y S7 = § Ba,ﬁ,y
O<a.By<p 0<a,By<p
Brg<a B+gz>a
Y+tqza a>y+q
B+y+qg<a a<y+q+p
S3 = § Ba,,B,y Sg = § Ba,ﬂ,y
0<a,By<p O<a,By<p
Brg<a Brg>a
Ytg<a a<y+q
B+y+g>a a<y+qg+p<a+p
Sa= D, Bopy So = > Bapy
O0<apy<p 0<apy<p
Brg<a B+qza
yt+tqza a+p<y+qg+B<a+p
B+y+g>a
Ss = E B gy S0 = E Bapy-
O0<apBy<p O<ap.y<p
B+qgza Brqza
y+tqg<a a+2p<y+q+p

B+y+g<a
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Lemma 2.5.

5152 ( (:,11 aow)l) , SZE(GJ;])Z ((v’flav(:/)l) ’

cZ cZ
4 w—1 c—e+w i e—w c—e+w

( k l—l) ( k l—l)
ss=(2f W a b se=COX TS
wez (e—w—l c—e+w) wez (e—w c—e+w)

weorngl ) |

VIWe-w c—e+w—1
S3ES4ES7ES9551050.

Proof. We prove the expression for Sg; the other expressions follow similarly (or much more simply).
By Lemma 2.3 we find
( ko 1- 1)
m—1 o

SS:TSXZ(W a—w )’

€Z
W e—w c—e+w-—1

where

o= O 0 s}
<aBy<p
B+qg>a

a<y+q
a<y+g+p<a+p

We would like to replace the range of summation for y in Tg with }. .7, so we examine which values of
v outside the given range give non-zero values of B,g,. If y <a—-—g—-pB+1lory <a-qory <O0or
vy > p —q + a — B, then one of the binomial coefficients is congruent to zero, so we need only consider
p—1<vy<p-gq+a-p. This can only happen if @ — g > S; but (qi:ﬁ) is zero unless 8 < @ — g. So
the only value of y outside the given range which can give a non-zero B, g, is y = p when § = a — ¢;
this gives

p—1 p-1 i
2, Baa-ar = 2, ()0 = ()
a=0 a=0

Now we sum over y; terms involving y give

SO
DI/ BN PRI

DX S
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by Lemma 2.3. Hence we have

p-1 p-1 3 _ B
=) 0 U ) G ) - ()
a=0 B=max(0,a—q) YEZL
Next we would like to replace the range of summation for g with } s, so we check which values of

B outside the given range contribute non-trivially. If 8 < 0 or § < @ — ¢ then one of the binomial
P—q+{ \/P€

) pP-q+{ )( q-¢ ) to b-e

non-zero, we must have § < p — g + ¢ and ¢ > . So we need only consider the case 8 = p, g = {. This

coeflicients is congruent to zero, so we need only consider p — 1 < 5. Now for (

gives a term (Ezq) exactly as before; summing over 3, we get
,{;Z (ﬁ;q )( p_;?{ )( pfef;jafﬁ )
= Z Z (qfn )( Z )( p_/;ﬂ{ )( p—ef;j—a/—ﬁ)

BEZ neZ
- Z ()
by Lemma 2.3. Hence
p-l _ i o
=20, Z OO =)
a=U ¢

Now we sum over «; we may change the range of summation to ),z without compunction, since
€+ g < p; Lemma 2.3 gives

e ST 20)
Now if > ¢ then (z) = 0, so we may restrict attention to the range n < g. If n = ¢, we have

(2 =2(0" =2

q
(€7

while if < g, the summand is

SN

Putting these together, we get

e XN 1=
=S

if £ # g the summand is congruent to zero, so we take { = g to get

Tgs(j")ﬂ—z(e;").
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weocongl ) | :

Hence

€Z
I e—w c—e+w-1

Thus we obtain the expression for X in the case € < p — g; the expressions for X,, X3 and X4 follow
similarly, as does the case € > p — g. This completes the proof of Proposition 2.4. |

Proof of Theorem 2.2. Adding together the expressions for X1, X,, X3, X4 in Proposition 2.4, we find

p’;”“ pl_e)in‘I’(A)o‘P(B)is

that the coefficient of (
m-—e  po+e

(?);Z( W (m ;))—w ) +<1‘(7))W§ ((111 gjvlv))

e—w c—e+w e—w c—e+w

But this is simply (E;q) times the coefficient of (Z (l)) in Ao Bplus (1 — (E;q )) times the coefficient of

(k+1 -1

in A o B, which is what we require. O
m—-1 o+1

Remark. Note that in the case g = p — 1, ¥ takes the form

p-1
VA Y Agy
5=0

this is reminiscent of the case ¢ = 0, and the simpler forms of ¥ in these cases afford much simpler
proofs. The author has been unable to generalise these proofs for all g.

3 Dual Weyl modules

3.1 Bideterminants

We use the definition of V(1) given in [6] (where it is called M(A)) and [3] (where it is called D,).
We revert temporarily to the notation {&; ; | i, j € I(n, r)} for the standard basis of S(n,r). Here I(n,r)
is the set of functions from {1, ...,r} to {1,...,n}, usually written as multi-indices ij ...i,. We use ~ to
indicate conjugacy under the natural actions of S, on both I(n, r) and I(n,r) X I(n,r), and we identify
& jand &y if (k, 1) ~ (i, ).

Let A(n, r) be the dual vector space to S (n, r), with basis element c; ; dual to & ;. This has a natural
S (n, r)-module structure via

Eocij= Z Cs,j/(€).Cis.
sel(n,r)
(Note that historically S (n, r) has been constructed as the dual of A(n, r), and so many authors write
&(cy,j) where we write ¢, j(§). We use o to denote the module action of S (n,r) on A(n, r) as opposed



8 Matthew Fayers

to the dual vector space action. No confusion with the multiplication o in S (n, r) need arise.) We shall
construct V(A1) as a submodule of A(n, r).

Given a partition A of r, we construct the corresponding Young diagram, and then define a basic A-
tableau T* to be a bijection from the set of nodes of the Young diagram to the set {1, ..., r}; we usually
write T4 by drawing the diagram of A with each node replaced by its image under T*. For i € I(n,r)
we write Tl.” for the composite i74, and similarly indicate T[A by means of a diagram. We then define
C(T*) < &, to be the subgroup of &, which fixes the set of values corresponding to each column of the
Young diagram. Given i, j € I(n, r) we can then define the bideterminant

TG = ), (=D,

reC(TY)

Let [ = I(A) € I(n,r) be such that if 74 maps a node in the xth row of the Young diagram to y, then
ly = x. Then we define the dual Weyl module V(2) to be the k-span of all the bideterminants T : 0.
The isomorphism type of this module does not depend on our choice of T*.

Given T*, we say that i € I(n, r) is standard if the entries in Tl./l are increasing along rows and strictly
increasing down columns. A basis for V(1) is then given by

(T : i)|iis standard}.

In [6], it is noted that T(i : n1j) = (=1)*TA( : j) for 7 € C(T*), and an explicit formula for the action of
S (n, r) on bideterminants is given:

goThi: = D O u). @)

uel(n,r)

When we specialise to the case n = 2, the dual Weyl module takes a particularly simple form. We
take A = (a, b) with a + b = r, and choose

1 1 ..o a
a+1l ... r

i € I(2,r) is then standard precisely if
l' - 1s2r—s

for some b < s < a; write x, for the corresponding bideterminant 7(/ : i). We seek a description of the
module action.
Leti = 1°2"7 be standard. From (2) we see that &, o TA( : i) is zero unless v ~ i. So assume this,
and write (without loss)
(u,v) = (1281727 1527

with e + g = 5. We then have

o T D)= ) T w),

the sum being over all w € I(n, r) with exactly e 1samong wy, ..., w, and exactly f 1s among wgyq, ..., w.
Take such a w, and consider the first b columns of va; for TA(l : w) to be non-zero, each of these must be
of the form é or % and if this is the case, then T4(I : w) = (=1)*x,. f» where « is the number of columns
of T of the form %
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In order to find the number of such w corresponding to each value of x, we must choose which of
the first b columns of T will equal 2, and then choose how to arrange the remaining a — b entries in the

first row. This gives exactly
—b\/ f+h=b
(CECL)

such w. Hence, reverting to the notation using M(r) for the standard basis of S(2,r), we have the
following.

Proposition 3.1. Let A = (a, b) be a partition of r. Then V(A) has a basis {x; | a > s > b}, and the action
of S(2,r) on V(Q) is given by

(e f) 0 X. = (ZKEZ(_I)K(i)( e;ﬁ;b )( f;f;b )) Xe+f (e + g = s)
¢ S 0 (e+g #5).

Remark. To aid notation, we write

Con(s 1) = SO

KEZ

and extend C, ) linearly over S (2, 7).
Note that e+g might lie between a and b, while e+ f does not. No ambiguity need arise in Proposition

3.1, since in this case it is easily seen that C(a,b)(((:; ;:)) =0.

3.2 Restriction of dual Weyl modules

Given an algebra A with an idempotent e, there is a natural functor between the module categories
of A and eAe, given by sending an A-module M to eM. Now recall the embedding of §(2,d) in S(2,r)
from [2, Theorem 3.2].

Theorem 3.2. Let p = char(k), and let s be any non-negative integer. If d < r, d < 2.p* andd = r
(mod p®), put m = r — d. Then we may embed S (2,d) in S (2, r) via

k /
i f+m]
i kool
d"(k l)'_> T R .
(ifi+j<k+landi+k>j+1)

tem f) (ifi+j>k+landi+k> j+1)

(ifi+jzk+landi+k<j+1)

! J] (ifi+j<k+landi+k< j+1).

Moreover, if we put
d
€ 0
€= Z(D((O d—e))’

then e is an idempotent in S (2, r) and ©(S (2,d)) = eS (2, r)e.



10 Matthew Fayers

Given d,r as in Theorem 3.2, let
G4, : mod(S(2,r)) — mod(S (2,d))
be the functor sending a module M to eM. We then have the following result.
Theorem 3.3. Let d, r be as above, and let (a, b) be a partition of r. Then

V(a—-m,b) (ifa—b>m)

0 (otherwise).

Gar(V(a, b)) = {

. i 0 e .
Proof. Since (l l) o x, equals x; if i = s and zero otherwise, we have

0
+ —
eoV(a,b)y={(x;lazs>2b;s > r Zm ors < z 2m>.
In particular, if a — b < m, we have e o V(a,b) = 0. If a — b > m, we define
als) = s—m (s> 5")
s (s <5,

and then define a linear isomorphism

f:eoV(a,b) — V(a—m,b)
via

Xs = Xa(s)s

we need to show that this is an isomorphism of modules. For A € M(d), we have

c1(@(A)) = s & c1(A) = a(s)
and

ri(®(A)) = s © ri(A) = a(s)
so we need only check that

Clan)(P(A)) = Cia-m.p)(A).

Put A = (]l( ;), C(a.)(A) is unchanged if we swap the columns and/or the rows of A, so we may assume
i+m j

X l)' Then the left-hand side equals

k[ D[ imk=b\(JH=bY
Z( 1) (K)( k—«k )( Jj—k )’
K
for the summand to be non-zero we must have « > 0, whence

d
k—K<k<§<ps;

thati+j>k+landi+k>j+l,sothat(D(A):(

then, by [2, Lemma 3.1],
( i+m+k—b )
k—k

( i+k—b )
k—k
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and so

4 = SO

K

=C (a—m,b)(( ,l( ;)) o

For the embedding ¥ : S(2,r) < S (2, rp + q) of Theorem 2.2, we cannot use exactly the same kind
of functor, since the embedded algebra is not of the form eS (2, rp + g)e. But we may use a composition
of such a functor with restriction: let S be the image of ¥, and let e = (152 ) be the identity element
of S. Put S = eS (2, rp + q)e. Then there is a natural functor

mod(S) — mod(S)

given by restriction: S is a subalgebra (with 1) of S, and so we simply regard an S-module as an
S-module. Now define
Fry :mod(S(2,rp + q)) — mod(S(2,r))

to be the composite of this functor with the functor
mod(S (2, rp + ¢)) — mod(S)
given by sending a module M to eM. We wish to identify F, ,(V(1)).

Theorem 3.4. Let A = (a, b) be a partition of pr + g, and put a = pc + d with 0 < d < p. Then

F, (V) = Vic,r=c) (ifd>qandc>%)
" B (otherwise).

To prove this, we begin by examining the coefficients C(4)(‘(A)).

Lemma 3.5. Take A = (;{ ) € M(r). Then, provided a > p(i + k) + q >

0 d<q)

Clan(F(A)) = { Cortt) oo

Proof. We have

p-1
Can®A) = " (M) Clun(Apy) + Z(l ~ (" PClanAy);
B=0 y=0

Ify=00ory=p,thenl - (p_ZJrq) = (, so we may replace y with p — 8 in the second sum and still sum
over 0 < B < p — 1. Rearranging, we get

Cup(F(A)) = X5 + Zg,
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where
p-1 8
+q
%5 = 3 (") Caun(Apa) = Caun(Ap-pg)
B=0
_ PZ_I :3*"1 ( 1)K pr+q— a)(“ pj— Pl)(a pi—pk— q)
=0 KEZ pk—B—«k pj-B-k
-1
S Z ﬁ+q ( I)K(pr+q a)( a—pj-pl )(a—pi—pk—q)
=0 xeZ. pk+p=B-x/\ pj+p—P-k
and
p-1
6= ) Ciah(Ap-pq)
=0
= r+ a a—pj—pl a—-pi-pk—q
N = 1) ” . k+ —B—K)( pj+p—pB-« )
B=0 keZ p P

We deal with Zs first. Replacing x with p + « in the second half of the sum and noting that
pr+q—a pr+q-ay\ _ (pr+ptq-a
( K )+( ptK ):( ptk )’

we have
1

Ts= )

-
ﬁ+q) «f Prp+q—aya—pj—ply a-pi-pk—q
D e W) e )
k—B— —B—
0= pHK Pk=B—x pi—B—k
Putk+p8=pu—-vwithO<v<p-1andputa= pc+d as above to get
p-1 p-1
_ ﬁ+q +v+ﬁ pr+p+q—pc—d s pc—pj—pl+d \ s pc—pi—pk+d—q
5= 2,0, 2, ) B ) )
pu+p-v—-PB pPk—pu+v pPJj—pu+y
B=0 pezZ v=
we consider separately the cases d = ¢, d > g, d < q.

o d= q
The second binomial coefficient is congruent to zero unless v + 8 = 0, and the last binomial
coefficient is zero unless v = 0. Thus in this case we have

pr+p pc pc pj—pl+d \  pc—pi-pk
Z5 = ) (- Ii( ) )
pj-pu

ez PtpH pk—pu
_ Z( 1) r+l c c— j—l)(c—i—k)
4 1+/4 k —u I\ jeu T
uE

e d>q
The term with 8 = v = 0 gives

c—j=I\/c—i-
- 1)/1(#”)( kJ,, )( j—,uk) =X,
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. . prq—d \(d—q
say. If 8 + v > p then the reduction modulo p of the summand in X5 has a factor (Zp—,B—V )( , )
which equals zero. So the sum of those terms with 8+ v > 0 is

min(p—B,p—1) g LtvaB( TC\( Pra—d\(cmiml\rd\(e—i—k\(d—q
Z ( q )(_1) ( M )(p—ﬁ—v)( k—u )(v)( J—u )( v );

1
B=0 ueZ v=max(1-3,0)

S

d
v

-d
we may replace the range of summation for v with ,.7, since (ii;_v )( ) =0if=v=0or
-1
B+v>porv<O0orv > p. If we replace (—1)° with (pﬁ ), we may also replace the range of
summation for 8 with Z. Terms involving 5 then give
By 4 \(pr-1y\/pte—d
2 (0G0

Be
-1 2p—1+g—d—
(")
by Lemma 2.3, whence

s=xe 3 ()

HVLEL

Consider the possible values of £: if { < O then (L[]) =0;if{>p+g—-d-1,then ! > ¢, so
2p—1+q—d—{) has

(i) =0.f0<{<p+g-d-landv+ >0, thenthereductionmodulopof( vt

o factor (p—1+q—d—§ )’ but (”_Hq_d_g)( d_q) = 0. So the only non-zero contribution comes from
p—v— pP—v=¢ 4
{ = v =0, which gives ) .
zs=x+ 3NN

UEZ

e d<gq
Here the term with 4 = 8 = 0 gives

)=

UEZ

say. If v + 8 > p, then again the summand in Zs is zero. If 0 < v + 8 < p, then the reduction of
—d
modulo p of the summand in X5 has factors (ﬁ ;q )( 1 )(d). If this is non-zero, then we must

p—B-v/\v
have
B+q<p,
p—-B-v<qg-d,
v <d,

which gives a contradiction. Hence X5 = Y.



14 Matthew Fayers

- 1
Now we evaluate Xg; again we put « + 8 = pu — v, and replace (Zgzé(—l)ﬁ ) with (Zﬂez(p ) . )
We have

p-1

+q— piopl i p—
RRDIPIY AL (e Pt tand
_ N ( 1H(=1) (P""’P‘H] a— 1)( a-pj-pl )( a—pi-pk—q )
) ueZ v=0 i pk+p—pu+v I\ pj+p—pu+v/’

for the summand to be non-zero modulo p, the mod p residue of ¢ — a — 1 must be at least that of —v,
and the mod p residue of a — g must be at least that of v. This is only possible if v = 0, so we get

_ pr+p+q—a—1\( a=pj=pl \/ a—pi—pk—q
%6 = é( i )(pk+p—p/1 )( pi+p—pu )
Replacing a with pc + d and p with u + 1 then gives
5, = -X d=q)
Y (d<gq),

where X and Y are as above. Adding X5 to X¢ gives

SN @z g

0 d<q)
Cupn(FP(A)) =
u I\

as required. m|

Proof of Theorem 3.4. Take A € M(r) as above. Each of the matrices in W(A) has first column sum
equal to p(i + k) + g and first row sum equal to p(i + j) + g, and so we have

W(A) o x, = 0 (sip(z:+k)+q)
Clapy(P(A).Xpitjy+g (s =pli+k)+q).

If d < g, then from Lemma 3.5 we have W(A) o x; = 0 for all A and s, so F,,(V(a, b)) = 0 as required.
Now suppose d > g. From above we have

Frq(V(a,b)) C(xs|s=¢q (mod p));

in fact equality holds: the identity element of S(2,r) is ., (g - ? 6); by Lemma 3.5, ifc > e > r —c,

we have C(a,b)(‘l’((g . (_) 6))) = C(c,r_c)((g . (_) 6)) =1,and so e o x5 = x; if s = ¢ (mod p).

If ¢ < 5, then there is no x; with s = g (mod p), and so F, j(V(a, b)) = 0, as required. Otherwise,
we define a bijection a from {s |a > s > b,s = g (mod p)} to {r —c,r —c+ 1,...,c} by sending s to
=4 and then a linear isomorphism

f 1 Fy(V(a, b)) — V(c,r-c)
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by

Xs > Xa(s)-

We need to show that this is a module isomorphism. But each matrix B involved in W(A) has ¢1(B) = s
if and only if ¢;(A) = a(s), and r|(B) = s if and only if r{(A) = a(s), so by Lemma 3.5 we have
Ao (f(x5)) = Y(A) o x5 and the theorem is proved. m]

4 Decomposition numbers for S (2, r)

In this section we show that we can use the results of the previous sections to recover the decompo-
sition numbers [V(A) : L(u)] for the Schur algebras S (2, ). These were first found by Carter and Cline
[1] in the context of the special linear group SL,(k). First we need to identify the images of the simple
modules L(A) under the functors G4, and F,,. Then we can use the fact that both of these functors are
exact to find the decomposition matrices of S (2, r) by induction, given only a few of the decomposition
numbers.

Lemma 4.1. The image of a simple module under G, , or F, is either simple or zero.

Proof. We use contravariant duality. Given a module M for S (2, r), define the contravariant dual M° of
M to be the dual vector space M* with transpose action

(A o ¢)(m) = ¢(A" o m)

forA € M(r),m € M, € M*. The embedding ® : S(2,d) — S(2,r) commutes with transposition of
matrices, i.e.

o(AT) = (@(A)'
for A € M(d), where transposition T is extended linearly. Hence G, respects contravariant duality, i.e.
Gar(M°) = Gy r(M)°

for M € mod(S (n, r)).

It is known ([6], Theorem 3.4.9) that L(1) is isomorphic to its contravariant dual; hence G4 (L(a, b))
is a contravariant self-dual submodule of G4 ,(V(a, b)). If a — b < m this gives G4 ,(L(a, b)) = 0, while if
a—b > m, then G4 ,(L(a, b)) is a contravariant self-dual submodule of V(a—m, b). The latter has a unique
simple submodule L(a — m, b), which must constitute the socle of G, ,(L(a, b)) if this is non-zero. But
L(a—m, b) is contravariant self-dual, and so the cosocle of G, ,(L(a, b)) is also isomorphic to L(a—m, b).
L(a — m, b) occurs only once as a composition factor of V(a — m, b), so if G, ,(L(a, b)) # 0, then

soc(Gg,r(L(a, b)) = cosoc(Gy (L(a, D)) = Ga,(L(a,b)) = L(a —m,b).
Similarly, for (a, b) a partition of pr + g with a = pc + d, we have

Fy4(L(a,b)) = L(c,r —c) or 0. m|
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Remark. In fact, for an algebra A with idempotent e, the functor M — eM always sends simple modules
to simple modules or to zero; moreover {eL | L a simple A-module} is a complete set of irreducibles for
eAe ([6], Proposition 4.1.3). So we know that G, ,(L(a, b)) = L(a —m, b) if a — b > m. The situation for
F4 is more complicated.

Since we now know G, (L) for simple modules L, we have an immediate consequence for decom-
position numbers.

Proposition 4.2. Let d, r, m be as in Theorem 3.2, and let (a,b),(f, g) be partitions of r witha — b >
m, f—g>m. Then
[V(a,b) : L(f, )] = [V(a—m,b) : L(f —m, g)].

We now recall the principle of column removal from [5].

Theorem 4.3 (James). If A, u are partitions of r both with exactly n non-zero parts, then define the
n-part partitions A, 1 by i = A; — 1, ji; = p; — 1. Then

[V : Lw)] = [V() : LED].

In the case n = 2, suppose (a, b) and (f, g) are partitions of r, and put @ = a— b, 8 = f — g. The
principle of column removal says that the number

dop = [V(a,b) : L(f, 8)]

is independent of r. So finding the decomposition numbers for all Schur algebras S (2, r) is equivalent
to finding all the numbers d, g for all pairs (@,f) of non-negative integers of the same parity. Since
[V(1) : L(u)] = 0 unless A dominates u, we have d,g = 0 for @ < . We re-state Proposition 4.2 as
follows.

Proposition 4.4. Suppose a« > [ are non-negative integers of the same parity with a — 8 < 2p* and
B=m=0 (mod p®). Then
d(t,,B = da—m,,B—m-

Now we show that we can find all the decomposition numbers for S (2, r) provided we have the
decomposition numbers for S (2, r) with r < 2p. First we need to find the images of the simple modules
under the functor F .

Proposition 4.5. Given the decomposition numbers d, g for a, 8 < 2p, we can find F,,(L(a, b)) for every
partition (a, b) of pr + q.

Proof. By Proposition 4.4 we can find all the decomposition numbers d, g with & — 8 < 2p, that is,
we can find the last p entries of each row of the decomposition matrix for S (2, pr + g). We now find
F4(L(a, b)) by induction on a. For the smallest value of a, that is a = [ 2547, we have L(a, b) = V(a, b),
and we know F,,(V(a,b)). Now suppose we know F, (L(a’,b")) for a’ < a. If F,,(V(a,b)) = 0, then
F,,(L(a,b)) = 0. Otherwise F,,(V(a,b)) = V(c,r — ¢), so some composition factor of V(a, b) maps to
L(c,r — c) under F,,. But all composition factors of V(a, b) other than L(a, b) have the form L(a’, b")
for a’ < a; we know the images under F,, of these factors; in particular, we know (from the proof of
Lemma 4.1) that F, ,(L(a’,b")) = L(c,r — c¢) only if a —a’ < p. And so F, ,(L(a, b)) = L(c,r — c) if and
only if for every a’ with F, ,(L(a’,b")) = L(c,r — ¢) we have [V(a,b) : L(a’,b")] = 0. O

From the above proof, we immediately see the following.
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Corollary 4.6. If a is minimal such that F,,(V(a, b)) = V(c,r—c), i.e. ifa = g (mod p), then F, ,(L(a, b)) =
L(c,r —c).

Proposition 4.7. Given the decomposition numbers d, g for a, 8 < 2p, we can find all the decomposition
numbers dy p.

Proof. We proceed by induction on @ — 8, with the decomposition numbers for @ — § < p following
from Proposition 4.4. Given «, § of the same parity with a — 8 = k, take R of the same parity as « and 8

with R = 8 (mod p) and sufficiently large that there exist partitions (a, b) and (f, g) of R witha - b = «,
R+,

f—g=p. PuttingR = rp+ g with0 < g < p, we have f = Tﬁ = g (mod p), so by Corollary 4.6
we have F, ,(L(f,g)) = L(c,r — ¢) (where now ¢ = I_JI—;J). Any other simple modules L(f”, g’) of S (2, R)
with F,,(L(f",g")) = L(c,r — c) satisfy f’ > f, so by induction we know the composition multiplicities
of these simples in V(a, b). Since F,, is exact, we have

[Frq(V(a, b)) : L(c,r = 0)] = Z[V(a, b): L(f",&N),
fl

the sum being over all f” (including f) with F,,(L(f’,g")) = L(c,r — ¢). Hence we can find the decom-
position number

[V(a,b) : L(f, 8)] = dap. .

Example. Let & be a field of characteristic 2; we show that the above results give a very simple recursive
formula for the decomposition numbers d, g, given only the information

dro = 1.

By Proposition 4.4, we have dzy2,-2 = 1 for all @. Now consider the embedding S (2,7) — S(2,2r).
We have

Fro(V(2a,2b)) = V(a, b),
Fro(V(2a +1,2b — 1)) = V(a, b);

since dry20-2 = 1, we deduce

Fy0(L(2a,2D)) = L(a, b),
Fro(LQ2a+1,2b— 1)) = 0.

Thus

[V(2a,2b) : L(2¢,2d)] = [V(a, D) : L(c,d)] 3)
[V(2a +1,2b - 1) : L(2¢,2d)] = [V(a,b) : L(c,d)]. “

Next we consider the embedding S (2, r) < S(2,2r + 1). This gives

Fr1(VQ2a + 1,2b)) = V(a, b),
F:1(V(Q2a,2b+ 1)) = 0;
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correspondingly
Fr1(LQ2a+ 1,2b)) = L(a, b),
Fr1(L(2a,2b + 1)) = 0.
Hence
[V(2a + 1,2b) : L(2c + 1,2d)] = [V(a, b) : L(c,d)], ®))
[V(2a,2b + 1) : L2c + 1,2d)] = 0. (6)
Applying (3-6) for all r, we find the recursive formula
dy s (if @ and B are even and congruent mod 4)
g = d; v (if @ and B are even but not congruent mod 4)
do =] (if @ and B are odd and congruent mod 4)
0 o (if @ and B are odd but not congruent mod 4).

5 Generalisations

Of course, we hope to be able to extend these methods to find Schur algebra embeddings for the
Schur algebras S (n, ) with n greater than two. S (n, ) has a basis indexed by the set of n X n matrices
with non-negative integer entries summing to r, and there is a multiplication rule which generalises that
for S(2,r). We have a conjectured embedding of S (n, r) in S(n, rp) for all n and r, and hope that this
together with other results could elucidate the symmetries of the decomposition matrices for these Schur
algebras.

The results ought also to extend to the quantum Schur algebra S,(n,r). In the case n = 2, the
decomposition matrices are known to have the same structure as for the classical case, but depending on
e=min{r|pl(1+...+q" ~1)} rather than on p. But we cannot find the subalgebra embeddings suggested
by the decomposition matrices; S 4(n, r) does not have the same natural basis as in the classical case.
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