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Abstract

We prove a new ‘runner removal theorem’ for g-decomposition numbers of the level

1 Fock space of type Agl_) , generalising earlier theorems of James—Mathas and the author.
By combining this with another theorem relating to the Mullineux map, we show that the
problem of finding all g-decomposition numbers indexed by partitions of a given weight is
a finite computation.

1 Introduction

Let e be an integer greater than or equal to 2, and let U denote the quantum algebra U, (ﬁe)
over Q. The level 1 Fock space for U is a Q(g)-vector space with a standard basis indexed by
the set of all partitions. This has the structure of an integrable /-module, and the submodule
generated by the empty partition is isomorphic to the irreducible highest-weight module L(A)
for U. On computing the Lusztig-Kashiwara canonical basis for this submodule and expanding
with respect to the standard basis, one obtains coefficients day(q) indexed by pairs of partitions A
and p with u e-regular. These polynomials have become known as ‘g-decomposition numbers’
in view of Ariki’s proof of the LLT Conjecture, which states that if A and u are partitions of n
with u e-regular, then dfw(l) = [S* : D#], where S* and D* denote a Specht module and a simple
module for an Iwahori-Hecke algebra at an eth root of unity in C. Leclerc and Thibon extended
the canonical basis for L(Ao) to a canonical basis for the whole of the Fock space, yielding
g-decomposition numbers d;y(q) for all pairs (A, i) of partitions, and conjectured that when
evaluated at g = 1, these polynomials should give decomposition numbers for appropriate
quantised Schur algebras. This conjecture was proved by Varagnolo and Vasserot [VV].

g-decomposition numbers have been studied extensively in the last ten years or so, with
some effort being devoted to finding faster or more enlightening methods for computing the g-
decomposition numbers. An important theorem on these lines is the ‘runner removal theorem’
of James and Mathas [JM], which shows how to equate a g-decomposition number diu(q) with

a ‘smaller” g-decomposition number d;f (9) under certain conditions based on abacus displays
for A and u. This observation that the g-decomposition numbers are ‘independent of ¢’ is
inherent in Lusztig’s famous conjecture for the characters of irreducible modules for reductive
algebraic groups, and indeed the James—-Mathas theorem admits a very simple proof using
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the interpretation (due to Goodman and Wenzl [GW] and Varagnolo and Vasserot [VV]) of
g-decomposition numbers as parabolic Kazhdan-Lusztig polynomials.

In [F2], the author proved another runner removal theorem which is in some sense ‘conju-
gate’ to the James—Mathas theorem, and more recently Chuang and Miyachi [CM] have shown
that there are Morita equivalences of C-Schur algebras underlying some of these results. In
this paper, we prove a rather stronger runner removal theorem for g-decomposition numbers;
this includes both the James—Mathas theorem and the author’s earlier theorem as special cases.
The way we do this is to define an integer £x(A) associated to a partition A and an integer
k €10,...,e -1}, and then to show that if two partitions A and p satisfy £x(A) = L(u) for some
k, then there is a runner which may be removed both abacus displays, resulting in an equality
of g-decomposition numbers. The proof of this theorem involves a long calculation using the
Leclerc-Thibon algorithm for computing the canonical basis of the Fock space.

In the remainder of the paper, we prove some results which indicate the strength of our
main theorem; the main result here is Corollary 3.10, in which we show that the problem of
computing all g-decomposition numbers dj#(q) for partitions A and u of a given e-weight as e
varies is a finite computation. This requires a further theorem (Theorem 3.5), which is the result
of a detailed computation describing a relationship between our function £, and the Mullineux
map.

Acknowledgement. This research was undertaken while the author was a visiting Postdoctoral
Fellow at Massachusetts Institute of Technology, with the support of a Research Fellowship
from the Royal Commission for the Exhibition of 1851. The author is very grateful to M.L.T. for
its hospitality, and to the 1851 Commission for its generous support.

2 Background

2.1 Miscellaneous notation

We begin with some mathematical conventions which might not be considered standard
by all readers.

e INj denotes the set of non-negative integers.

e If i, jand e are integers with ¢ > 2, we write i = j (mod e) to mean that i — j is divisible by
e, and we write i Mod e for the residue of i modulo e.

e If ] and | are multisets of integers, then we write I U | for the ‘disjoint union” of I and J;
that is, the multiset in which the multiplicity of an integer z is the multiplicity of z in I
plus the multiplicity of z in J.

o If ] is a multiset of integers and | a set of integers with | C I, then we write I\ | to indicate
the multiset which consists of I with one copy of each element of | removed.

e If ] is a multiset of integers and | a set of integers, then we define |I N ]| to be the number
of elements of I with multiplicity which are elements of |.
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2.2 Partitions

As usual, a partition of n is a weakly decreasing sequence A = (A1, A2,...) of non-negative
integers whose sum is n. We write # for the set of all partitions. When writing a parti-
tion, we usually group equal parts and omit zeroes, so that (42,3,1%) represents the partition
4,4,3,1,1,1,0,0,...). We use @ to denote the empty partition, i.e. the unique partition of 0.

If A is a partition, then the conjugate partition A" is given by

p=iz]a=il.

If e is an integer greater than 1 and A is a partition, then we say that A is e-reqular if there does
not exist i > 1 such that A; = A;,—1 > 0. We say that A is e-restricted if A; — Ajy1 < e for all i, or
equivalently if A’ is e-regular.

The Young diagram of a partition A is the set

M ={G ) e N* | j< A,

whose elements are called nodes of A. A node (i, j) of A is removable if [A] \ {(i, j)} is again the
Young diagram of a partition, while a pair (i, j) not in [A] is an addable node if [A] U {(i, j)} is a
Young diagram. If (7, j) and (i’, j’) are addable or removable nodes of A, then we say that (i, j)
is above (', j') if i < 7'.

With e fixed as above, we define the residue of any node or addable node (i, j) tobe j—i Mod e.
Given two partitions A and pand k € {0, ..., e — 1}, we write A LN u to mean that [u] is obtained
from [A] by adding an addable node of residue k.

2.3 g-decomposition numbers

Suppose eis an integer greater than or equal to 2. The quantised enveloping algebra U = U, (sl,)
is an associative algebra over Q(g) which arises as a deformation of the universal enveloping
algebra of the Kac-Moody algebra sl,. U has Chevalley generators e;, f;,q" for i € Z/eZ and h
lying in the coroot lattice of sly; defining relations between these generators are well-known;
for example, see [LLT, §4.1]. The bar involution is the Q-linear involution of U defined by

G=e,  fi=fi q=q', q=q"

In this paper we shall be concerned with a particular U/-module, namely the level 1 Fock
space . As a Q(g)-vector space, this has a ‘standard’ basis {|1) | A € #} indexed by the set of all
partitions. The U-module structure on ¥ was originally described by Hayashi [H], and may
be found in [LLT, §4.2] and many other references; it will suffice for us to describe the action
of the generators f. If A is a partition, then f;|A) is a linear combination of vectors |u) indexed
by those partitions p for which A % u. Given such a partition p, we write (i, j) for the node
added to [A] to obtain [u], and define N(A, ) to be the number of addable nodes of A of residue
k above (i, j) minus the number of removable nodes of A of residue k above (i, j). Then we have

fldy =) M),

A5
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The Fock space is of particular interest, because the submodule M generated by the vector
|@) is isomorphic to the irreducible highest-weight representation of U with highest weight
Ao. Accordingly, there is a bar involution on M, defined by @ =|@)and um = um foru € U,
m € M.

Leclerc and Thibon [LT] found a way to extend this bar involution to the whole of ¥; that
is, they defined a bar involution on the whole of # which extends the bar involution on M and
which is still compatible with the action of U. Furthermore, they provided a way to compute
the image of a standard basis element |u) under the bar involution, which shows that the
image LLl_) of a standard basis element |u) equals |u) plus a linear combination of standard basis
elements indexed by partitions dominated by u (see below for a definition of the dominance
order on partitions). This unitriangularity property of the bar involution means that one can
prove the following.

Theorem 2.1. [LT, Theorem 4.1] For each partition i, there is a unique vector

Glu) = ) &, @) € F

AeP

such that:

o G(u) = G(u);
o dj,(q) =1, while d;y(q) is a polynomial divisible by q for A # p.

The vectors G(u) form a Q(g)-basis of ¥, which is called the canonical basis; this is a global
basis in the sense of Kashiwara [Ka].

This paper is chiefly concerned with computing the transition coefficients d;u (g) arising in
Theorem 2.1. These polynomials are known as g-decomposition numbers, in view of the following
theorem.

Theorem 2.2. Suppose A and u are partitions of n, and let A(A) and L(u) denote the corresponding
Weyl module and simple module for the C-Schur algebra S¢(n, n), where C is a primitive eth root of unity
in C. Then

[AQ) : L] = 5, (1).

This theorem is due to Varagnolo and Vasserot [VV, §11, Theorem]; it generalises a version
for decomposition numbers of Iwahori-Hecke algebras conjectured by Lascoux, Leclerc and
Thibon and proved by Ariki [A, Theorem 4.4].

24 The Mullineux map

Fix an integer ¢ > 2. Given any non-negative integer n, there is a bijection m from the
set of e-regular partitions of n to itself, known as the Mullineux map. This map depends
on the value of ¢, and we may write it as m, if necessary. This map was introduced by
Mullineux in the case where ¢ is a prime, in an attempt to solve the problem of tensoring a
simple module for the symmetric group in characteristic e with the one-dimensional signature
representation. Specifically, if j1 is an e-regular partition of n and D* is the corresponding simple
F,S,-module, then the module D¥ ® sgn is also a simple module, and is therefore labelled
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by an e-regular partition which we denote M(u). Mullineux’s conjecture states that M(u) =
m(u) for all p. This conjecture was proved by Ford and Kleshchev [FK], using Kleshchev’s
alternative combinatorial characterisation [KI] of the map M. Kleshchev’s results have since
been generalised by Brundan [B] to Iwahori-Hecke algebras of type A at an eth root of unity
(where e need no longer be prime), and an analogue of the Mullineux conjecture holds in this
context as well.
Our interest in the Mullineux map derives from the following connection with g-decomposition

numbers; see the next section for the definition of the e-weight of a partition.

Proposition 2.3. [LLT, Theorem 7.2] Suppose A and u are partitions with e-weight w, and that u is
e-regular. Then

@ = 075,07

Understanding the Mullineux map will be very helpful for us in computing g-decomposition
numbers. Our main result concerning the Mullineux map is Theorem 3.5; this is proved in
Section 6, where a detailed description of the Mullineux map is given.

2.5 The abacus

Suppose A is a partition, and r is an integer greater than or equal to A|. Fori=1,...,r set
Bi = Ai + r—i. The integers fy, ..., 5, are distinct, and we refer to the set B,(A) = {1,...,p:} as
the r-beta-set for A.

Now we suppose e > 2, and take an abacus with e vertical runners numbered O, ...,e -1
from left to right. On runner i we mark positions labelled with the integers i,i +¢,i + 2, ...
from the top down. For example, if e = 4 then the abacus is marked as follows.

0 1 2 3
071172 73
4 1576 17

Placing a bead on the abacus at position f3; for each i = 1,...,r, we obtain an abacus display for
A. In an abacus display, we call a position occupied if it contains a bead, and empty if it does not,
and we we say that position i is later than or after position jif i > j. For example, we may speak
of the “last occupied position” on the abacus, meaning the position f;.

Taking an abacus display for A and sliding all the beads up their runners as far as they will
g0, we obtain an abacus display for a new partition, which is called the e-core of A; this partition
is independent of the choice of abacus display (i.e. the choice of 7). The total distance the beads
move when we slide them up to obtain the e-core of A is the e-weight of A. The e-weight and
e-core are of interest in this paper, because two standard basis vectors |1) and |u) lie in the same
weight space of F if and only if A and p have the same e-weight and e-core. (It is unfortunate
that the word ‘weight’ is conventionally used in two different ways in this subject; we hope
to avoid ambiguity by consistently saying ‘e-weight’, reserving ‘weight” for the Lie-theoretic
term.) Moreover, we have the following statement concerning g-decomposition numbers; this
essentially says that each canonical basis vector is a weight vector in F.
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Proposition 2.4. [LT, §41 Suppose A, u € P with d‘;“(q) # 0. Then A and p have the same e-core and
e-weight.

From the definition, we see that two partitions A and u have the same e-core if and only if
when we take abacus displays for A and p (with the same number of beads on each), there are
equal numbers of beads on corresponding runners.

The abacus formulation provides a way to compare different values of e. Suppose e and r
are chosen as above. Givenk € {0, ...,e—1}, wesetd = (r+k) Mod ¢, and we say that a partition
A is k-empty if all the beads on runner d of the abacus display for A are as high as possible; that
is, there is no f such that position d + te is occupied while 4 + (t — 1)e is empty. The way we have
defined this means that this definition does not depend on the choice of r. The term ‘k-empty’
derives from the fact A is k-empty if and only if the kth component of the e-quotient of A is the
empty partition; we refrain from defining and using e-quotients in this paper in order to avoid
over-complicating notation.

Throughout this paper, if we are given such a triple (A, k, ), we set d = (k + r) Mode, and
we define c to be the number of beads on runner d of the abacus display for A. The assertion
that A is k-empty means that these beads lie in positions d,d +e,...,d + (c — 1)e.

Example. Suppose e = 4, and A is the partition (14,11,9,5,4, 19). Taking r = 14, we obtain the
following abacus display for A.

We see that A is k-empty for both k = 0 and k = 3. For k = 0, we have d = ¢ = 2, while fork = 3
wehaved =1,c =4.

2.6 The dominance order

Now we introduce a partial order on the set of partitions, which we shall use in place of
the usual dominance order. First we need a partial order on the set of multisets of integers;
this is sometimes referred to as the Bruhat order. Suppose I = {iy,...,is} and | = {ji, ..., ji} are
multisets of non-negative integers. We write I > | if and only if s = t and there is a permutation
0 € G such that i, > j,) for all k. It is easy to see that > is a partial order.

Now for any finite multiset B of non-negative integers, we define the e-extension of B to be
the multiset X°(B) of non-negative integers in which the multiplicity of an integer z is

|Bﬂ{z,z+e,z+2€,...}|.

If A is a partition and r a large integer, we define the r-beta-set B,(A) for A as above, and then

define the extended beta-set
(1) = X(B ().

Given two partitions A and u, we say that p dominates A (and write p > A) if A and u have
the same e-core and X;(u) > X{(1). We note that this order does not depend on the choice of r.
Indeed, X! (A1) may be obtained from X{(A) by increasing each entry by 1, and then adding b
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copies of the integer 0, where b is the number of beads on runner 0 of the abacus display for A
with 7 + 1 beads. From this it is easy to see that X(u) > X7(A) if and only if X°_ (u) > ¥ ,(A).

We use = to denote this order throughout this paper; the usual dominance order will not
be used. Our dominance order depends on the integer ¢, and we may write >, where there is
a possibility of ambiguity.

2.7 The Scopes equivalence

In this section, we briefly recall the Scopes equivalence, as it relates to g-decomposition
numbers. Let us define a block to be an equivalence class of partitions under the equivalence
relation ‘has the same e-core and e-weight as’. In view of Proposition 2.4, any non-zero g-
decomposition number can be regarded as a g-decomposition number for (partitions lying in)
a particular block. We define the e-core and e-weight of a block to be the common e-core and
e-weight of the partitions in that block. It is easy to see (either combinatorially, or using the fact
that # has finite-dimensional weight spaces) that any block is finite.

Scopes defined an equivalence relation on the set of blocks of a given e-weight, for a given
value of e. To describe this, suppose B is a block with e-weight w and core 5. Suppose that
for some k € {0,...,e — 1} p has a addable nodes of residue k for some a > w, and let y be the
partition obtained by adding all these addable nodes. Then y is also an e-core; we let C denote
the block with e-weight w and core y. We say that B and C are Scopes equivalent, and we make
the Scopes equivalence into an equivalence relation by extending transitively and reflexively.

If B and C are as above, then any A € B has exactly 2 addable nodes of residue k and no
removable nodes of this residue. If we define ®(A) to be the partition obtained by adding these
addable nodes, then @ is a bijection between B and C; these results are proved in [S, §2]. The
condition on addable and removable nodes, together with the action of f; described in §2.3,
implies that for any A € B we have

£ = 101,
where fk(”) denotes the quantum divided power f/[a]!. This implies the following.
Proposition 2.5. [LM, Theorem 20] Let B and C be as above, and take A, u € B. Then

43,.(@) = Aoy (@)-

Proof. Since the g-decomposition number 47 (q) is zero unless y and v have the same e-core
and e-weight, we can write

G(p) = ), di(@)hv).

vEB

Then by the above remarks we have
06w =Y 5, @)ew).
veEB

This vector is invariant under the bar involution (since G(u) is, and the bar involution is com-
patible with the action of U), and hence by the uniqueness statement in Theorem 2.1 must
equal G(D(u)). |

This gives us an important finiteness result for g-decomposition numbers.
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Corollary 2.6. Suppose e, w are fixed, and let
D;, = {diy(q) | A, u partitions of e-weight w} .

Then D%, is finite, and there is a finite algorithm to compute it.

Proof. For any block B, write
Dy = {diy(q) | Aue B}.

Then by Proposition 2.4, we have
D5, = {0} u|_J Ds,
B

taking the union over all blocks of e-weight w. If B and C are as in Proposition 2.5, then by
that result we have Dp = Dc; extending transitively, we get Dg = Dc whenever B and C are
Scopes equivalent blocks. So to compute D, it suffices to consider just one block in each Scopes
equivalence class. Scopes [S, Theorem 1] shows that for given w, e there are only finitely many
classes (and indicates how to find a representative of each class), and so one only has finitely
many blocks to consider. But any block B is finite, and so the set Dg is finite and may be found
with a finite computation. m|

3 Removing a runner from the abacus — the main results

In this section, we describe the procedure of removing a runner from the abacus, and state
our main theorems.

3.1 The runner removal theorems

Supposee > 3,k € {0,...,e — 1} and A is a k-empty partition. Choose a large integer r, and
let ¢, d be as defined in §2.5. Construct the abacus display for A with r beads, and then remove
runner d. The resulting configuration will be the abacus display, with e — 1 runners and r — ¢
beads, for a partition which we denote A~*. It is a simple exercise to show that the definition of
A7F does not depend on the choice of 7.

We describe this construction in terms of beta-sets. Define a function

¢q:{z€Np |z #d (mod e)} — INp

by setting
z+e—d
qbd(Z) =z \‘TJ .

Then ¢, is an order-preserving bijection. If A is k-empty, then the r-beta-set for A consists of
the integers d,d +e,...,d + (c — 1)e, together with some integers h;y, ..., h,_. not congruent to d
modulo e. The set {¢4(h1), ..., pa(h,—c)} is then the (r — c)-beta-set for Ak,

The idea of removing a runner from the abacus was introduced by James and Mathas,
who proved the first ‘runner removal theorem’ for g-decomposition numbers; the author
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subsequently proved a ‘conjugate’ theorem to the James-Mathas theorem. The idea of these
theorems is that if A and u are partitions which are k-empty and satisfy some other specified
condition, then there is an equality of g-decomposition numbers

a5, = 1L
To give precise statements, we suppose that r, k are chosen as above, and set d = (r + k) Mod .

Theorem 3.1. [JM, Theorem 4.5] Suppose e > 3 and A and u are k-empty partitions with the same
e-core and e-weight. Suppose that in the r-bead abacus displays for each of A and u the last occupied
position on runner d is earlier than the first empty position on any runner. Then

&, = &L L)

Theorem 3.2. [F2, Theorem 4.1] Suppose e > 3 and A and i are k-empty partitions with the same
e-core and e-weight. Suppose that in the r-bead abacus displays for each of A and u the first empty
position on runner d is later than the last occupied position on any runner. Then

a5, = 1L

The theorem we shall prove in this paper generalises both of these theorems; the way we
achieve this generality is by finding a condition which is actually a relation between A and u
rather than just an absolute condition which both A and u satisfy. In order to state our theorem,
we need to introduce some more notation; the following is the key definition in this paper.

Definition 3.3. Suppose A is k-empty for some k; choose a large r, and let c,d be as in §2.5.
Construct the extended beta-set X5(1) as in §2.6, and then define £4(A) to be the number of
elements of X{(A) (with multiplicity) which are greater than d + ce.

It is straightforward to show that the definition of £;(1) does not depend on the choice of
r. Now we can state our main theorem.

Theorem 3.4. Suppose e > 3, A and 1 are partitions with the same e-core and e-weight, and k € {0, ..., e—1}.
If A and p are k-empty and L (A) = L(u), then

&0 = 47} (@)

Remark. We comment that the hypothesis ‘A and y have the same e-core and e-weight” in
Theorems 3.1, 3.2 and 3.4 is not at all restrictive from the point of view of computing g-
decomposition numbers, because of Proposition 2.4. We include the hypothesis about the
e-cores of A and u in order to avoid counterexamples where the abacus displays for A and u
have different numbers of beads on runner d; and we include the hypothesis concerning the
e-weights of A and u so that Theorem 3.4 is actually a generalisation of Theorem 3.1 (see the
remark following Corollary 4.9 below).

Example. Suppose ¢ = 4, A = (7,4,2, 12) and = (11,2,12). Taking r = 9, we obtain the
following abacus displays:
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We see that A and u both have the same 4-core and are 1-empty. We compute

X3(1) =1{0,0,1,1,2,2,3,3,3,4,5,6,7,7,8,11,11,15},
X3(u) =10,0,1,1,2,2,3,3,3,4,5,6,7,7,9,11,15,19}.

So, taking c = d = 2, we have £1(A) = £1(u) = 3, and hence
dy @ =4}, (),
where
A= =(5,3,2,1), ul= =(8,2,1).
Theorem 3.4 will be proved in Section 5. We now give our second main theorem, which

concerns the relationship between the Mullineux map and the function ;. Fix e > 2, and let m
denote the Mullineux map (see §2.4).

Theorem 3.5. Suppose i is an e-reqular partition. If uand m(u)’ are both k-empty, then L, (1) = Lr(m(u)’). ‘

Theorem 3.5 will be proved in Section 6, where a detailed description of the Mullineux map
will be given.

3.2 Consequences for the computation of g-decomposition numbers

For the rest of this section, we examine the consequences of Theorems 3.4 and 3.5 for the
computation of g-decomposition numbers. In order to get to our third main result as quickly
as possible, we quote some results which we do not prove until later.

First we need a result which relates g-decomposition numbers with the dominance order
and the Mullineux map.

Lemma 3.6. Suppose A and p are partitions with u e-regular. If dfw (q) # 0, then

pe AL mp).

Proof. The left-hand inequality is a standard result if & is taken to be the usual dominance
order; that it holds with our refined dominance order is proved in Proposition 5.3 below. The
right-hand inequality follows from this result, together with Proposition 2.3 and the fact that
conjugation of partitions reverses the dominance order (Proposition 4.2). m|

Now we prove a useful lemma which seems to be well-known but which the author cannot
find in print.

Proposition 3.7. Suppose A and u are partitions of e-weight w. If u is e-reqular and A = m(u)’, then
df\y(‘J) = g%. Otherwise, dﬁw(q) has degree at most w — 1.
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Proof. When pu is e-regular, this is a straightforward consequence of Proposition 2.3, since
df\,m(y)(q) is a polynomial which is divisible by g unless A’ = m(u). So we assume that u is
e-singular, and for a contradiction we suppose diy(q) has degree at least w.

Taking abacus displays for A and p, we add a new runner at the left of each display,
containing no beads. Let A* and u* be the partitions defined by the resulting displays. Then
by Theorem 3.1 we have dfMl(q) = djtiﬁ(q). A* and u* obviously have (e + 1)-weight w and p™ is
(e+1)-regular, and so by the ‘regular’ case of the present proposition we see that A* = m,.1(u*)’.
This implies in particular that A* is (e + 1)-restricted, and it is easy to see that this implies that
A is e-restricted. So we can define & = m(A’); then & is e-regular, and d¢ E(q) =g". Let & be the
partition obtained by adding an empty runner at the left of the abacus display for &; then & is
(e + 1)-regular, and we have df{:l& (q) = d:(q) = 4. Applying the ‘regular’ part of the present
proposition again, we find that A* = m,,1(%)". So

&= me+1((/\+)’) = ,U+/

and hence ¢ = u. But this means that u is e-regular; contradiction. O

Now we can combine Theorems 3.4 and 3.5.

Proposition 3.8. Suppose e > 3 and k € {0, ...,e — 1}. Suppose that p is an e-reqular partition such
that both u and m(u)" are k-empty. Then

1. u*is (e — 1)-reqular, with m,_1(u™%) = (m(u)")™, and

2. for every partition A with diy(q) # 0, we have dﬁw(q) = d;‘ly_k )}

-k

Proof. We prove (2) first. Since diy(q) #0,wehave u = A & m(u)’ by Lemma 3.6, so by Lemma
4.6 below and Theorem 3.5 A is k-empty and 2x(A) = £(1). Hence by Theorem 3.4 we have
dt (@) = d5,@).

Now we prove (1). Putting A = m(u)” in (2), we have d‘;‘jwk(q) = g%, where w is the e-weight

of u (and therefore the (e — 1)-weight of u=). Now (1) follows from Proposition 3.7. O

Now we can show that every g-decomposition number which occurs for partitions of e-
weight w occurs with e < 2w.

Corollary 3.9. Suppose e > 2w > 0. If A, u are partitions with e-weight w and with diu(q) # 0, then

there are partitions &, p of (2w)-weight w such that deAy(q) = d?;(q).

Proof. We begin with the case where u is e-regular. There are at least e — w values of k for
which u is k-empty, and at least e — w values for which m(u)’ is k-empty. Since e > 2w, there
must therefore be some k such that u and m(u)’ are both k-empty. By Proposition 3.8, u~* is
(e —1)-regular and diy(q) equals d;jyfk (9). By induction on e, this equals d?p‘j(q) for some &, p of
(2w)-weight w.

Now we consider the case where u is e-singular. In this case, we take abacus displays for A
and y, and add an empty runner at the left of each display. The resulting partitions A* and u*

both have (e + 1)-weight w, and u* is (e + 1)-regular, and we have diy(q) = df\tiﬁ (9). So we may
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apply the ‘regular’ case of the present proposition, replacing A, u, e with A*, u*,e + 1. |

This yields our third main result.

Corollary 3.10. Fix w > 0. Then the set
{diy(q) ’ e > 2, A, u partitions of e-weight w}

is finite, and there is a finite algorithm to compute it.

Proof. By Corollary 3.9, the given set equals
{diy(q) | 2 <e< 2w, A, u partitions of e-weight w} =D2UD3 U---UD2,
where Dy, is given in Corollary 2.6. Now Corollary 2.6 gives the result. m|

As an application of Corollary 3.10, consider the case w = 3. In this case, one can check
that each g-decomposition number d"w(q) is always zero or a monic monomial; specifically, it

always equals 0, 1, g, g° or ¢°. This is a significant part of a more general theorem (namely,
that all decomposition numbers for weight three blocks of Iwahori-Hecke algebras of type A
in characteristic at least 5 are either 0 or 1) which presented great difficulties for several years,
until finally proved by the author [F1]. Using the above results, more than half of the proof in
[F1] may be replaced by a short computer calculation.

4 Combinatorial results

In this section, we examine the combinatorics of dominance and runner removal, and prove
some simple results which will be useful in the rest of the paper.

4.1 Conjugation and the dominance order

First we examine how conjugation of partitions relates to the abacus and the dominance
order. Suppose A is a partition and 7, s are large integers. Let B,(A) = {1, ..., ;] be the r-beta-set
for A, and let Bs(A) = {y1,...,ys} be the s-beta-set for A]. The following relationship between
these beta-sets is well-known and easy to prove.

Lemma4.1. Theset {0,...,r+s—1}is thedisjoint union of {f1, ..., B,y and {r+s—=1—-y1, ..., r+s=1-ys}.

To express this result in terms of abacus displays, suppose that r + s = 0 (mod e). Then
the s-bead abacus display for A’ may be obtained from the r-bead abacus display for A by
truncating the diagram after position r + s — 1, rotating through 180°, replacing each bead with
an empty space, and replacing each empty space with a bead. As a consequence, we see that
the e-core of A’ is the conjugate of the e-core of A; hence two partitions A and u have the same
e-core if and only if A’ and u’ have the same e-core.
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Example. Suppose e = 3, and A = (9,7, 42,2,13), so that A’ = (8,5,4%,23,1%). Abacus displays
for A and A’, with 11 and 13 beads respectively, are as follows, and Lemma 4.1 can easily be
checked.

A A

One consequence of Lemma 4.1 is the fact that conjugation reverses the dominance order.
Proposition 4.2. Suppose A and p are partitions. Then u = A if and only if A’ = u’.

To prove this, we give an alternative characterisation of the dominance order. Given a
partition A and a large integer r, we define the weight multiset W(A) as follows. We construct
the abacus display for A with r beads, and slide the beads up their runners to obtain an abacus
display for the e-core of A. Each time we slide a bead up one space, from position b to position
b — e, say, we add a copy of the integer b to the multiset 2;(A).

Note that when we slide a bead from position b to position b — ¢, we remove a copy of b
from the extended beta-set X:(1). So if we let k¥ denote the e-core of A, then we see that

(1) = X() U W),

Example. Suppose e = 2 and A = (3%). Then x = (1), and taking r = 5 we get the following

abacus displays for A and «.
A K

X3(x) =1{0,0,1,1,1,2,3,3,5}.
W2(A) = {4,5,6,7},
x2(1)=10,0,1,1,1,2,3,3,4,5,5,6, 7).

We can compute

Now it is easy to see the following.

Lemma 4.3. Suppose A and u are partitions with the same e-core, and r is a large integer. Then i = A
if and only if Wi () > WH(A).

Notice that the cardinality of 2;(A) is the e-weight of A; so Lemma 4.3 implies in particular
that if y > A then A and u have the same e-weight.

Proof of Proposition 4.2. Assume A and u have the same e-core, and choose large integers
1,5. Define @ = r + s + e — 1 — a for any integer a. By Lemma 4.3, it suffices to show that if
We(u) > W(A) then W(A") > WE(u’). But by Lemma 4.1, we see that moving a bead from
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position b to position b — e in the r-bead abacus display for A corresponds to moving a bead
from position b to position b — e in the s-bead abacus display for A’. So if W(A) = {by, ..., by}
and W (u) = {c1, ..., cw}, then we have

W) = by, .., bl W) = (e, Cul.

Now if 0 € &y, is such that ¢; > b,(; for all i, then b; > Cy1(;) for all i. O

4.2 Runner removal and the dominance order
Lemma 4.4. Suppose A is a k-empty partition. Then the map & — &7 is a bijection from the set
{5 eP | & is k-empty and has the same e-core as A}

to the set
{n ep | 7t has the same (e — 1)-core as /\‘k}.

Furthermore, if £ is a k-empty partition with the same e-core as A, then we have & =, A if and only if
E_k Be—l /\_k-

Proof. The first statement is obvious from the construction. For the second statement, we use
the characterisation of the dominance order in terms of weight multisets from §4.1, and observe
that if WE(A) = {by,..., by}, then by, ..., by #d (mod e) and

WA = {pabr), -, dalba)}.

A similar statement applies to W=} (&), and the fact that ¢, is order-preserving gives the result. O

Lemma 4.5. Suppose A and p are k-empty partitions satisfying u = A. Then L (1) = Li(A).

Proof. This is immediate from the definitions. O

Example. We now demonstrate why it is important that we use our coarse version of the
dominance order in this paper. Suppose e =9, u = (9,5%,2%) and A = (72,33,1%). Taking r = 9,
we get beta-sets

Bo(u) = {17,12,11,7,6,5,4,1,0},
Bo(A) = {15,14,9,8,7,4,3,2,1},

giving abacus displays as follows.
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We see that A and u are 4-empty. The extended beta-sets are

Xg(y) =1{0,1,2,3,4,5,6,7,8,11,12,17},
%g()\) =1{0,1,2,3,4,5,6,7,8,9,14,15},
from which we see that €4(u) = 1, £4(A) =2 and u £ A. But it is easy to check that u = A in the

usual dominance order. So in Lemma 4.5 (and in everything that follows from it) we need to
use our dominance order.

Lemma 4.6. Suppose A and i are k-empty partitions satisfying u = A and L,(A) = L(u). Then any
partition & such that u = & = A is k-empty, with £,(&) = Lx(u). Furthermore, the map & +— &k defines
a bijection between the sets
{§€P|‘LlBe§|23/\}
and
fmePlp™ ey meq A7H,

Proof. It suffices to prove that & is k-empty; the other statements then follow from Lemmata 4.4

and 4.5. So suppose for a contradiction that & is not k-empty. The fact that u = & = A implies

that A, &, u all have the same e-core. So if we take a large integer » and define ¢, d as in §2.5, then

c is the number of beads on runner 4 in the abacus display for each of A, &, u. The fact that & is

not k-empty implies that in the abacus display for &, there is a bead at position d + te for some

t > c. In particular, this means that the extended beta-set X() contains the integer d + ce.
Write

XA = 1{ly,..., 1),
%s(é) = {X1, cecy xS}/
%,e,(‘u) = {ml/ e /ms}/

choosing the ordering so that /; < x; < m; for each i, and x1 = d + ce. Recall that
L) = (i 11 > d + cel
and similarly for u. Now given our choice of numbering, we see that
{i|l; >d+ce} c{i|m;>d+ce};

the inclusion is strict because I} < d + ce < my. So £x(A) < Lx(u), which is a contradiction. O

4.3 Runner removal and conjugation

Now we examine the relationship between runner removal and conjugation. We begin with
a lemma which gives an alternative way to compute £;(A); the proof of this is an easy exercise.

Lemma 4.7. Suppose A is a k-empty partition and r is a large integer. Let c,d be as defined in §2.5, and
for any integer B let

e

{MJ (B=d+(c—1)e)

0 (B<d+(c—1e).

ﬁo:
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Then

s =Y, b

BEB(A)

Lemma 4.8. Suppose A is a partition with e-core k and e-weight w, and k € {0,...,e — 1}. Then A is
k-empty if and only if A" is (e — 1 — k)-empty. If this is the case, then

L(A) + Le1k(A) = LK) + Lok (1) + w.

Proof. We construct abacus displays for A and A" using r beads and s beads respectively, where
for convenience we choose r and s such thate | r + s. Let ¢, d be as defined in §2.5, and set

d=e—1-4d, 5=m—c.
e
Thend = (s + (e — 1 — k)) Mode, and by Lemma 4.1 there are ¢ beads on runner d of the abacus
display for A”. A" is (e—1—k)-empty if and only if these beads are in positions dd+e,...,d+@&-1e.
By Lemma 4.1, this is equivalent to the condition that the beads on runner d of the abacus display
for A are in positions d,d +e,...,d + (c — 1), i.e. A is k-empty.

Now suppose A is k-empty. Assuming w > 0, we may slide a bead one space up its runner,
to obtain a new partition £. & has e-core x and e-weight w — 1 and is k-empty, so by induction
on w it suffices to show that £4(A) + Le_1_x(A) = Lk(&) + Lo1_1(&) + 1.

Suppose that to obtain & from A we move a bead from position b to position b — e. Then we
have X4(&) = X4(A) \ {b}, and therefore

(1) (b <d+ce)

o) = {Qk(/\) —1 (b>d+ce).

By Lemma 4.1, an abacus display for &’ is obtained from an abacus display for A’ by moving a
bead from position 7 +s —1—b + e to positionr+s—1—-b, so

X(E) =XAN)\{r+s—1—-b+e}.
By definition £,_1_¢(A’) is the number of elements of X(1”) greater than d + e, so

Lo1-(A) (r+s—1-b+e<d+ )

L&) = i
e-1-k(&") {Qe—l—k(/\')_l (r+s—1-b+e>d+ ).

Retracing the definitions gives r +s—1 — b +e < d + e if and only if b > d + ce, and the result
follows. =

Now the following is immediate.

Corollary 4.9. Suppose A and u are k-empty partitions with the same e-core and the same e-weight.
Then

Lr(A) + Lok (V) = L(u) + Loog k().
In particular, 8(A) = L(u) if and only if L1 (1) = Leqi(1).
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Remark. We can now show that Theorem 3.4 is a generalisation of Theorems 3.1 and 3.2. To
see this, it suffices to show that if A and p satisfy the conditions of one of these theorems then
Li(A) = L(u). For Theorem 3.2 this is easy, since by Lemma 4.7 the condition in that theorem
implies that £,(1) = 0 = £(u). For Theorem 3.1, we note that if A and u satisfy the given
conditions, then (by Lemma 4.1) the partitions A" and y” satisfy the hypotheses of Theorem 3.2
(with k replaced by e — 1 — k). Hence £,_1_¢(1") = 0 = £,_1_«(¢’), and so by Corollary 4.9 we
have () = L (w).

4.4 An alternative characterisation

The next result in this section gives an alternative characterisation of the relation £x(1) =
L (), for two partitions A and p. Given a large integer r, define ¢, d as in §2.5, and set

k() =

Lemma 4.10. Suppose A is a k-empty partition, with e-weight w and e-core k. If r is a large integer,
then

[a,be®,\)|a<b a=d=b(mod e)}].

Li(A) + 1, (A) = L) + 1y x(K) + w.

Proof. If A = « then there is nothing to prove, so we assume otherwise. Then in the abacus
display for A with r beads, we may slide a bead up its runner, from position b to position b —e,
say, to obtain a new partition & with e-weight w — 1. By induction on w, it suffices to prove that

Le(A) + 1(A) = L&) + n,1(E) + 1.

The r-beta-set B,(A) consists of the integers d,d +¢,...,d + (c — 1)e, together with r — ¢ integers
not congruent to d modulo ¢; the same statement applies to B,(£). Write

Nyi(A) = {a,b € B,(A) [a <b, a=d # b (mod )},
N(&) ={a,b € B,(&) |a<b, a=d#b(mod e)}.

Suppose first that b > d + ce. Then we have £,(1) — £4() = 1 by Lemma 4.7. On the other
hand, both b and b — e are greater than all of d,d +e,...,d + (c — 1)e, so we have

N, (&) = Nr,k(/‘\)u{(d, b—e),(d+eb—e),...,[d+(c—1eb- e)}
\{(@,b),(d+e,b),...,(d +(c— e, b))

and 1,x(A) = n,x(E).

Alternatively, suppose b < d + ce. Then £(A) = £(&) by Lemma 4.7. Let a be the largest
integer congruent to d modulo e which is less than b; thatis, a = b — ((b — d) Mode). Since
b <d+ce,wehavea € B,(A) and a € B,(&), so

Nox(&) = Np(Wul@d, b—e), @ +e,b—e),..., (@@= e,b—¢)}
\{@,b),d+e,b),...,(a, b))}
and nr,k(/\) = nrlk(é) + 1. O

This implies the following.
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Corollary 4.11. Suppose A and p are k-empty partitions with the same e-core and the same e-weight.
Then Lx(A) = L(u) if and only if n,,(A) = n. i (u).

5 Canonical bases and g-decomposition numbers

In this section, we prove Theorem 3.4. In order to do this, we must give a detailed description
of how to compute the g-decomposition numbers. The method we use here is via a direct
computation of the bar involution.

Our set-up is largely based on [LT], where the Fock space is realised as the space of semi-
infinite wedges (of a fixed charge) modulo ordering relations; this realisation is due to Kashiwara,
Miwa and Stern [KMS]. Our treatment actually uses finite wedges; for each r, we define the
truncated Fock space F° to be the span of wedges of length r modulo the ordering relations, and
we define a bar involution on . Given a partition p, there is a corresponding basis element
|u) in F¢ for any r > p}; moreover, the image of |u) under the bar involution, when written as
a linear combination of basis elements |1), is independent of r, provided r is sufficiently large
(in fact, r > |u| is sufficient; this stability result is implicit in the description in [LT] of the bar
involution). So for a given partition y we can define |y_) in the Fock space ¥ by taking a value
of r which is large relative to u. This defines the bar involution on the whole of the Fock space,
and hence the canonical basis and the g-decomposition numbers.

5.1 The truncated Fock space and the bar involution

Fix a positive integer 7, and define an r-wedge to be a symbol of the form

[in] A i) Ao A i,

where iy, ..., i, are non-negative integers. The r-wedge space is the Q(g)-vector space with the
set of all »-wedges as a basis. We say that the r-wedge A ... N |iy| is ordered if iy > -+ > i,.
Given e > 2, we impose commutation relations on the r-wedge space, depending on our fixed
integer e > 2, as follows. First suppose that r = 2 and [, m are non-negative integers with [ < m.

If I = m (mod e), then we set

If I # m (mod e), then we define i = (m —I) Mod e, and set

0[] =~ ) 7 )+ a2 - () w [
[ a [T

+q_2’m—e—i‘ A ’Z+e+i‘

—q_3’m—23‘ A ’l+2e‘

£ )

where the summation on the right continues as long as the terms are ordered. For r > 2, we
impose the above commutation relations in every adjacent pair of positions. The truncated Fock
space ¥ is defined to be the r-wedge space modulo the commutation relations.
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Now suppose p is a partition, and r > p}. Write B,(¢) = {f1,..., s} with 1 > --- > B,, and

define
|y = Ao A Bl

Clearly, any ordered r-wedge has the form |A) for some partition A with A} <r. Any unordered
r-wedge can be uniquely written as a linear combination of ordered r-wedges so the elements
[A) with A} < r form a basis for F, which we call the standard basis.

Now we can define the bar involution. Given a partition pwith uj <r,let|u) = Ao A

as above, and let @ be the reversed wedge AN . Write ﬁ:} as a linear combination
of ordered wedges using the commutation relations:

=) bu@I).
A

The coefficient b;,,(q) is easy to compute (an expression is given in [LT, §3]) and in particular is
non-zero. So we can normalise by defining a,,(q) = bau(q) / buu(g) for all A, u, and setting

W) =) a5, @I).

A

Example. Take ¢ = 3, r = 4 and y = (4). Then ﬁ;} = @ A A A , and applying the

commutation relations we find that this equals

g7 ARIAA[O] + (=g )5 A4 A[A]A[0] + (@77 +q70)[4] A 3] A 2] A[1].

Multiplying by g°, we obtain
@) = 14) + @=g7HIE) + @ = DIA").

As mentioned above, the coefficients aiy(q) are independent of the choice of 7, provided r
is sufficiently large. So we may define the bar involution on the full Fock space ¥ for each
partition u we define |u) by computing the coefficients a, u(q) in F7 for sufficiently large 7; then
we extend semi-linearly to the whole of ¥, i.e. given coefficients c,(q) € Q(q) we set

Y @l =Y cul@™ .

u H

As mentioned in §2.3 (and as we shall shortly prove), the coefficient aiy(q) is zero unless
u & A, and by construction the coefficient 4, ,(q) equals 1. So the canonical basis of  and the g-
decomposition numbers d " () may be defined as in Theorem 2.1, and there is a straightforward
algorithm to compute them. From this construction of the canonical basis, it follows that
diy(q) O unless i & A, and that d (q) depends only on the coefficients a (foruipl
A; the proof of Theorem 3.4 essentlally rests on these statements.

Now we prove the promised results concerning the dominance order. Recall from §2.6 the
partial order > and the definition of the e-extension of a multiset.
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Lemma 5.1. Suppose A ... N |iy| is any r-wedge, and write it as a linear combination of ordered

wedges:
A A i = Z i D ja] A A ]
1>y
Then for any j1 > --- > j, with cj,_j, # 0, the following statements hold.

1. j1 <max{iy,..., i} and j, > min{iy, ..., i}

2. The multisets
{iy Mode,...,i, Mode}, {j1 Mode, ..., j» Mode¢}

are equal.
3. Xo(in, v, ty) 2 X1, - oo 1)

Proof. Define (i1, ...,ir) = Yq<ka<,(ix — iy — 1)?, and proceed by induction on A(iy, ..., 7). If
A A is ordered then the lemma is trivial, so suppose otherwise and choose k such

that i < igpq. If iy = iy, then A A = 0 and again there is nothing to prove; so we
can assume i; < ix;1. Applying the commutation relations in positions k, k + 1, we can write
A ... A |i;| as a linear combination of wedges of the form

/\.../\/\/\/\/\.../\

with jk > jk41. To prove the lemma, it suffices to show that for any such jy, jk+1 we have:
0. 91(1'1/ ceey ik—l/jk/ jk+l/ ik+2/ ey Zi‘) < s)’I(il/ ceey lr)/

1. max{ill ceey ik—ll jk/ jk+1/ Z'k+2/ cee rir} < max{ill ceey 11’} and
min{il/ ceey ik—l/jk/ jk+1/ ik+2/ ceey 11’} 2 min{ilr ceey Zr}/

2. jk, jk+1 are congruent to i, i;1 in some order, modulo e.

3. Xy, ... ir) 2 X1, - ity ko oty fha2s o s )-

(0) is a simple exercise in inequalities, using the facts
e+ = Jk+jeer and G 2 e > ke 2k (1)

which are immediate from the commutation relations. (1) also follows from (t), and (2) is
inherent in the commutation relations. So we are left with (3). We suppose jx = ix (mod e); the
case jx = ixy1 is similar. (1) and (2) imply that the multiset X°(i1, . .., ik-1, jk, Jk+1, ik+2, - - -, ir) MAY
be obtained from X°(iy, .. .,i,) by adding a copy of each of the integers i + e, i, + 2e, ..., ji, and
removing a copy of each of ji1 + ¢, ki1 + 2e, ..., ik11. We have

k+1 T €

ik+€<
< k+1+zel

j
i +2e ]

Jk < Tkg1,
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and (3) follows. O
Given our definition of the dominance order, part (3) of Lemma 5.1 immediately gives the

following.

Corollary 5.2. Suppose A and i are partitions. Then the coefficient a’iu(q) equals 0 unless u = A.

Now the following result is deduced in exactly the same way as for the standard dominance
order [LT, §4].

Proposition 5.3. Suppose A and u are partitions. Then the g-decomposition number diu(q) equals 0
unless p = A.

5.2 Runner removal and the bar involution

The proof of Theorem 3.4 will reduce to the following, which is the corresponding statement
for the coefficients aEAH(q).

Proposition 5.4. Suppose e > 3, A and i are partitions and k € {0,...,e — 1}. If A and u are k-empty
and L (A) = L(u), then aiy(q) = ai‘_iy_k(q).

The proof of Proposition 5.4 amounts to comparing the computations of aiy(q) and af\‘_iy_k(q)

using the commutation relations. We begin by proving all the intermediate results we need
concerning the commutation relations.

Lemma 5.5. Suppose | < m —2e, and put i = m —1 Mode. Ifi # 0, then:

L [m] Al = [m—ef nll+e] =gl Afm] + g7t 1+ e A [m—e] + @ = q)[m—i] A [+ ]
2. [ [m) = [Lxef nlm=e] = =g m] A [I] +qlm—e] A [T+ e] + =g DL+ ] A [m 1]

Proof. Both statements are straightforward consequences of the commutation relations. O

Lemma 5.6. Suppose | < mand puti=m —1 Mode. Ifi # 0, then

1. /\ :—q/\+(q‘1—q)(]l+e‘/\]m—e‘+]l+2€‘/\]m—26‘+---+/\);
2. [[]A]m] :—q‘l/\+(q—q‘1)(’m—e‘/\’l+e‘+’m—2€‘/\’l+2€‘+---+/\).

Proof. Both statements are easily proved by induction on m—I; the casesm—I = iand m—I = e+i
follow easily from the commutation relations, and the inductive step from Lemma 5.5. |

Now we fixd € {0,...,e—1}.

Lemma 5.7. Suppose hy, ..., hs,i € INo, with hy,...,hs # d = i (mod e). Then the wedge A
A A |i| can be expressed as a linear combination of wedges |j| A Ao A in which
j=d#ky,... ks (mod e), and j ki, ..., ks <max{hy,..., hs,i}.

Furthermore, if max{hy, ..., hs, i} = i, then we may construct such a linear combination in such
a way that the only wedge of the form |i| A Ao A occurring with non-zero coefficient is

[i| A[la] Ao B
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Proof. We proceed by induction on s. The case s = 0 is trivial, so assume s > 1. Using Lemma
5.6, we may express A |i| as a linear combination of wedges |i’| A , withi =d # k (mod e);
we use part (1) of that lemma if hs > i, or part (2) if h; < i. Either way, we see that for every
such wedge we have i’, k < max{hs, i}; moreover, if hs < i, then the wedge |i| A occurs with

non-zero coefficient (and no other wedge of the form |i| A |k| occurs). Now for each such pair
(i’, k), we apply the inductive hypothesis to the s-wedge A A A . |

Corollary 5.8. Suppose we are given hy, ..., hs,i1,...,ic € Noand 0 < my < ... < m. < s such that:
® i,...,ic=d (mode)and iy <--- < i
e hy,..., hs #d (mod e);
® iy>hy,... hy foreachxefl,..., cl

Then the (s + c)-wedge

(/\.../\)/\/\( /\.../\)/\/\ /\/\( /\.../\)

may be written as a linear combination of wedges of the form

) Accon e Akl Ao k],
where
® ji1,...,jc =d (mod e);
® ki,..., ks #d (mod e);
o j.<iyforeachxell,...cl.

Furthermore, this may be done in such a way that the only wedge of the form |iy|A.. . Alic|Alk1|A...A
occurring with non-zero coefficient is

i A A i A i) AL A R
Proof. We use induction on ¢, with the case c = 0 being trivial. Assuming c > 1, we apply
Lemma 5.7 to the (m; + 1)-wedge Ao A A . This yields a linear combination

of wedges of the form A AL A , with ji,ki,...,ky, < i3 and j; = d (mod e);
furthermore, the only such wedge occurring with non-zero coefficient in which j; = i; is the

wedge |i1| A AR .
Given a wedge A AL A occurring in this linear combination, we have
ki,..., ku, <i1 <ip, 50 we can apply the inductive hypothesis to the (s + ¢ — 1)-wedge

(/\.../\/\/\.../\)/\/\ /\/\( A A )

which gives the result. |
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Corollary 5.9. Suppose we are given hy, ..., hs € Noand 0 < my < ... < m < s such that
e hy,...,hs #d (mod e);
® hy,...,hy, <d+(x—1eforeachxefl,..., c}

Let w be the (s + c)-wedge

(/\.../\)/\/\( /\.../\)/\/\ /\]d+(c—l)e\/\(]hmfﬂ\/\.../\).

Then w equals a non-zero multiple of the wedge

(/\/\.../\)/\( /\.../\).

Proof. Apply Corollary 5.8 to w, and suppose AL A A AL A is one of the
resulting wedges. Since jj, ..., jc are all congruent modulo e, we may re-write A A

as |jyn| AL A , where 1 € &, is such that jy1) > ... > jg(. If any two of jy, ..., jc are
equal, then the latter wedge will equal zero. So we may discard any terms in which j, ..., jc

are not pairwise distinct. But recall that we have ji,..., j. =d (mod e), and j, < d + (x — 1)e for
each x. The only way such ji,..., j. can be pairwise distinct is if j, = d + (x — 1)e for each x.
Now the last statement of Corollary 5.8 gives the result. m|

Example. Suppose e =3 and u = (7,3,1). Taking r = 6, we get B,(u) = {12,7,4,2,1,0}, so that

lwy=[0] A [1] A[2] A [4] A [7] A [12].

Taking d = 1 and applying Lemma 5.6 repeatedly to move terms congruent to 1 modulo 3 to
the left, we find that

—_—

= -q°

+q‘4(q—q‘1)

+ g -q7") |1 A
1]

—_
S|

> > > > > > > >
[ [ [5) [ [ (= (@] (S
> > > > > > > >
. [ (S (&) [19) [19) [19] [15] [15)
> > > > > > > >
SIS

EHEEHHE

/\

+7 g -q7") [ A 1] A
3@ -q [ A 1] A
+q - [ A4 A
—q3(q—q )?[1] A 4] A
Y[1] A [1] A

When we apply the commutation relations in the first three posmons all terms apart from the

first vanish, so that Iy) equals a non-zero multiple of |1 @ A

Now we need to compare the Fock spaces ¢ and F¢7!. To avoid ambiguity, we write a
wedge in the latter Fock space as
A A is];

so wedges written in this way are subject to the commutation relations modulo e — 1, while
wedges written using the symbol A are subject to the commutation relations modulo e. Now,
recalling the function ¢, from §3.1, we have the following.
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Lemma 5.10. Suppose we have iy € INg for 1 <k < tand 1 <1<s, with iy # d (mod e), and suppose
b1(q), ..., bi(q) € Q(q) are such that

t

‘Zm@@MAmAEm:Q

k=1
Then

t
Y 5@ ([$alin)] A .. R [gali)]) = 0.
k=1

Proof. This comes directly from a comparison of the commutation relations for |I| A and
for ’q,‘)d(l)‘ A ’qbd(m)‘ when | < m. We leave this for the reader to check. O

Example. Suppose e = 3. Then the commutation relations give

0] A 2) A [12] = =72 [12] A 2] A 0] + (7% = gD [1L] A [3] A [0]
+(@@2=qg 9] A 5] A 0] + (0 —g7%)[8] A 6] A[0],

while the commutation relations modulo 2 give

O AR =-g7[ A [ A[0] + (5 -4 H[7] A [2] A [0]
+@ 2 =g 6] A [3] A 0]+ (g7 —g7)[5] A [4] A [0].
We need one more ingredient before we prove our main result; this needs some preparation.

Lemma 5.11. Suppose j € Ny and w = AL A is a u-wedge having the following property:
there is a unique x € {1,...,u} such that i, = d (mod e), and for this value of x we have iy,. .. ,ix > ].
Then, when we write w as a linear combination of ordered wedges using the commutation relations, every
ordered wedge that occurs with non-zero coefficient contains exactly one term |i| with i = d (mod e),
and this value of i satisfies i > j.

Proof. If iy > ... > i, then there is nothing to prove, so we suppose i, < i,41 for some
y, and apply the commutation relations in positions v,y + 1. This gives an expression for
A A as a linear combination of wedges of the form |i;| A ... A A A A
A A . Defining U(iy, ..., i,) as in the proof of Lemma 5.1, it suffices to show that
Ay, ... i1, 1y, Lyr1, By, - -+, 1) < Uiy, ..., iy) and that the hypotheses of the lemma hold with
i1,..., iy replaced by iy,..., 11,1y, ly41,1y+2,. .., iy. The first fact is a simple exercise as before,
and the second fact is easy to check from the commutation relations. O

Lemma 5.12. Suppose j,ki,...,ks € No with j = d # ky,...,ks (mod e) and ky > --- > ks > |.
Then, when the (s + 1)-wedge w = |j| A AN is expressed as a linear combination of ordered

wedges using the commutation relations, each wedge that occurs contains exactly one term |i| with
i =d (mod e), and this term satisfies i > j. Moreover, the only wedge occurring that includes the term

isthewedge
kx| AoA k| A (],

occurring with coefficient (—q)~°.
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Proof. We use induction on s, with the case s = 0 being trivial. Assuming s > 1, we apply the
commutation relations in positions 1 and 2. This yields an expression

w = —q_lwl + Z by(q)v,

veV

where wy = A A A A , and V is a set of wedges each of which satisfies the
hypotheses of Lemma 5.11. Applying Lemma 5.11 to any v € V, we get a linear combination
of ordered wedges in which there is one term |i| with i = 4, and this i satisfies i > j. So we can
neglect all wedges v € V, and it suffices to show that the present lemma holds with w; in place
of w and (—¢)!~* in place of (—g)*.

By induction, when we write

Ul A fke] A [k = Zchls(q)./\
1> s

we have that:

e if cj i (q) # 0, then there is exactly one x such that j; = d (mod e), and this j, is greater

than or equal to j;

e ifc;. . i(9) # 0and j, = j for some x, then (j1, ..., js) = (kz,..., ks, j) and ¢, (9) = (—q)l‘s.
Also, by Lemma 5.1(1), each (j1, ..., js) with ¢, i.(q) # O satisfies j; < ka2 < k;. So we see that
wy = Z @] A ] AL A

jlr---rjs
is an expression for w; as a linear combination of ordered wedges, and the result follows. O

Lemma 5.13. Suppose j, ki, ..., ks € No with j = d (mod e) and ky > --- > k. Suppose also that for
somez € {1,...,s}wehavek, = d (mod e)andk, > j. Let w denote the (s+1) wedge |j| A k1| A. . A .
When w is wrztten as a linear combination of ordered wedges using the commutation relations, every
wedge that occurs with non-zero coefficient contains a term || with | = d (mod e) and [ > j +e.

Proof. Let y be maximal such that k, > j, and let w’ be the (y + 1)-wedge |j| A A A .
Write w’ as a linear combination of ordered wedges:

Z by,... y+1(q). ARTRRA '

~~~~~ y+1

If by, Iyt (q) # 0, then by Lemma 5.1(1) we have I,+1 > min{j ky,...,k,} = j, and by Lemma
5.1(2) at least two of Iy, ...,l4+1 are congruent to d modulo e. Hence for some x < y we have
Iy =d (mod e) and I, > j +e. The fact that [,;1 > j > k;41 implies that the (s + 1)-wedge

L] A A L] A Ry A A K]
is ordered. So we see that
w = Z by oty @[] A A L] A Ao A [k

is an expression for w as a linear combination of ordered wedges with the required properties. O
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Corollary 5.14. Suppose ki, ..., ks € No, with kq,...,ks # d (mod e) and ky > --- > ks, and let
0<n <...<n.<sbesuch that k,, > d+ (c — x)e > ky 41 for all x. Then, when the (s + c)-wedge

([d+@c=De|Afd+c=2e| A...nfd])A([ke] A... A [Ks])

is expressed as a linear combination of ordered wedges, the only ordered wedge occurring that includes
all the terms ]d +(c—1)e|, |d + (c—2)e|,..., |d| is the wedge

([ A Ak )A[d + (= De] A([kupsa | A Alk] JA[d+ €= 2e] A oo Ald]A([uea | A ATK]),

occurring with coefficient (—g)~(n+-+1s),

7

Proof. We use induction on ¢, with the case ¢ = 0 being trivial. Assuming ¢ > 1, apply the
inductive hypothesis to write

([d+ =2 n[d+c=3e|a...ald)A (k] A...A ):Zbu(q)u,

where:
e each u is an ordered wedge;

o if we set

w' = ([ki]A. . Ak |)A[d + (c—2)e\/\(]knz+1\/\.../\]kns\)/\]d+(c—3)e\/\ /\/\(/\.../\),

then by (q) = (—g) =241,

d+ (c—3)e

Now by Lemma 5.1(2), every wedge u with b,(q) # 0 contains exactly ¢ — 1 terms of the form

with z € INy; if u # w’ then these terms are not |d + (c — 2)e|, ..., , so u contains a
term with z > ¢ — 1. So by Lemma 5.13, when we write |d + (c — 1)e| A u as a linear

combination of ordered wedges, each wedge that occurs contains a term withz > ¢, and
therefore does not contain all the terms ’d +(c—=1e|, |d+(c— 2)6‘ ey . So we may ignore all

terms A uwith u # w’, and we concentrate on the wedge AW,
Write

and express w; as a linear combination of ordered wedges:

wy = Z co(q)0.

%

o ifu # w andb,(q) # 0, then u does not contain all of the terms ’d +(c—2)e

7

By Lemma 5.12, any wedge v with ¢,(g) # 0 contains a term withz > c—1, and if v

contains the term |d + (c — 1)e| then v = A A ’knl‘ A ’d + (c— 1)6‘ and c¢,(q) = (—g)7™.
Moreover, if v = AL A and c,(q) # 0, then by Lemma 5.1(1) we have v,,,41 >
d + (c — 1)e > ky,+1, so the wedge

OA ([kua] A A ] ) A [d+ =] Ao AJd] A ([Fuga] AL A )
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is ordered. So an expression for |d + (¢ — 1)e| Aw’ as a linear combination of ordered wedges is

/\w':ch(q)(z}/\(]ka\/\.../\]knz\)/\]d+(c—2)e\/\ /\/\(/\.../\)),

and the result follows. O

Example. Takinge = 3,7 = 6,d = 1, we have

Zingafam2fa2ajol= gt [12] A7) A4 A2J A1 A[0]
+q7q—q H[10] A [9] A [4] A[2] A [1] A 0]
+972(q— g ) [10] A [7] A 6] A [2] A [1] A 0]
~7'q-q H{10] A [7] A [4] A 3] A 2] A 0]
and also
a4 afaafa3afof= g* A7) A4 A3 A L] A0
+q‘4(q—q‘1)/\/\/\/\/\@
+77q =g [0 A [7] A 5] A [3] A [1] A [0]

+072(q - g )[10] A [7] A [4] A [3] A [2] A [0].
Now we can prove Proposition 5.4; the reader should combine the last three examples in
this section to follow the proof for the casee =3, u =(7,3,1), A = (6,3, 12).

Proof of Proposition 5.4. Choose a large 7, and let c and d be as defined in §2.5. For any
k-empty partition & with the same e-core and e-weight as 1, we know that the r-beta-set B,(¢)
contains the integers d,d +¢,...,d + (c — 1)e, together with r — c integers not congruent to d
modulo e, which we write as (&) > -+ > h,_(£). Then the (r — ¢)-beta-set B,_.(£75) equals

{Pa(h1(S)), - .., Palhr—c(E)))-

In the particular case £ = u, we have

1) = ([r=c] A A (2 GO]) A [d] A (@] A A [ 2 ()]
A+ ] A ([, (O] A A [ne10)])

Ad+ = De] A ([ @] A .. A @),

for appropriate 1 < my < ... < m. < r. By Corollary 5.9, this equals a non-zero multiple of the

wedge
([d] A A A A+ = De]) A([re@)] A A [ )]).

Now we examine p~*. Using (r — c)-wedges, we have

™ = [Pattr—cu)] A ... A [palin(w)],
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so (from the definition of the constants a°~! (g))
nuk

Gallr—cW)] A ... A [palin ()] —CZ at L@l

in the Fock space 7";”__61, for some non-zero C. Each m occurring has the same (e — 1)-core and
(e — 1)-weight as u~¥, and so can be written as &7 for some k-empty partition & with the same
e-core and e-weight as u. So by Lemma 5.10, we get

- A [l () Z ah @)1 ©] A A [hre©)

in the Fock space ¥, .. Combining this with the expression for i) u) above and the fact that

@ n FE e = (VO A A [d)

we find that m\) equals a non-zero multiple of
Y =1 . D) (B 1 )

summing over all k-empty partitions & with the same e-core and e-weight as u. Choose such a
partition &, let w: denote the wedge

(@ =18 A ) ([ ... @)

and let 0 < n; < ... < n, < r—cbesuch that h, () > d + (c — x)e > hy, +1() for each x. Note
that n + - - - + 1. is the integer 1, (&) defined in §4.4. By Corollary 5.14, wg equals (—g)~(11++1)
times

(@] A .. A [, ©)]) A [d + €= De] A ([Bgsr @] A A [1,D)))
A A+ = 2] A ([l @] A .. A [1,(E)])

A ) A (@) 1. 1 )

=1&)

plus alinear combination of other wedges, none of which includes all the terms |d + (c — 1)e|, ..., |d|.

Summing over &, we see that

W=D} a= @O+ Y f@lp)

ZeN peP\N

where D is a non-zero constant, N is the set of k-empty partitions with the same e-core and
e-weight as u, and f,(q) € Q(q) for p € £\ N. Normalising, we see that

Th @Y
)(—g) )

T = e

W"# (1
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But by Corollary 4.11, (1) = &(u) implies that 7, (1) = n, (1), and the proposition is proved.
O

5.3 Proof of Theorem 3.4

Now we can complete the proof of Theorem 3.4. We fix u, and proceed by induction on A
with respect to the dominance order. If A = u then the result is immediate, so assume A # p.
Comparing coefficients of |1) in the expression G(u) = G(u), we find that

d5,(@) = 8,7 = Y ds, (7 (o).

E#A

Similarly, we have

) = dT ) = ) A @ as ().
niEAK
Now dﬁ (q 1) = 0 unless u e &, while a (q) = 0 unless & =, A, so we may restrict the range
of summat1on in the first equation above to those & such that u >, £ >, A. Similarly, we may
restrict the range of summation in the second equation to y‘k .1 7T >eq A, Now since
Li(A) = L(u), the set of T with y D, q T Deq A K is precisely the set of £~ “k for & € P with
u e & >, A (Lemma 4.6). Moreover, we know that for any such £ we have 2x(&) = £(u), so we
have
a5,4(q) = a5 (q)
by Proposition 5.4, and
de, (@) =d, (a7
by induction. We deduce that
8,0 — d, 7 = @) - L@,

and since d’| (q) d°”, .(q) are polynomials divisible by g, the result follows.

Ak—k

6 The Mullineux map

In this section, we examine the Mullineux map in detail and prove Theorem 3.5.

6.1 Definition of the Mullineux map

The description of the Mullineux map that we use is based on the abacus, and largely taken
from [FM].

Definition 6.1. Suppose u is an e-regular partition, and take an abacus display for y with r
beads, for some r > . Let B, be the positions of the last bead and the first empty space on
the abacus, respectively; so 8 is the beta-number 1 = p1 +r — 1, while y equals r — p].

Assuming p # @, there is a unique sequence by > c; > --- > by > ¢; of non-negative integers
satisfying the following conditions.
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1. For each 1 <i < t, position b; is occupied and position ¢; is empty.

2. b =8.

3. For1 <i<t, wehave
e b; = c; (mod e), and all the positions b; — e, b; — 2e¢, ..., c; + e are occupied;
e all the positions¢; —1,¢; — 2,...,biy1 + 1 are empty.

4. Either:

(@) by = ¢t (mod e), all the positions b; —e, ..., c: + e are occupied, and all the positions
ct—1,¢4—2,...,y are empty; or

(b) all the positions b; — e, by — 2e, ... are occupied and ¢; = .

We define u* to be the partition whose abacus display is obtained by moving the beads
at positions by, ..., b; to positions cy, ..., c;, and we define the e-rim length of u to be rim(u) =
|l — 2] = Zle(bi —¢;). It is straightforward to see that neither u* nor rim(u) depends on the
choice of r.

Example. Suppose e = 3, and u = (12, 112,7,6,5,32,2). The abacus display for u withr = 15 is
as follows.

We see that § = 26 and y = 6. We find that t = 3 and
(bl/ c1, bZ/ C2, b3/ C3) = (261 201 18/ 151 14/ 6)

So rim(u) = 17, and

A = (10%,8,5%,22,1).

=
Il

Now we can describe the Mullineux map. We define m(u) recursively in |ul, setting m(@) =
@. If u # @, then we compute rim(u) and u* as in Definition 6.1. Obviously |u?| < |ul, and we
assume m(u*) is defined. Now set

- rim(u) — 1 (e | rim(y))
rim(u) —pf +1 (et rim(w)),

and define m(y) to be the unique e-regular partition such that (m(u)); = [, rim(m(y)) = rim(y)
and (m(u))® = m(u®). That this procedure always works (i.e. there is always a unique e-regular
m(u) with the required properties) is proved by Mullineux in [M].
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6.2 The Mullineux map and conjugation

Given the statement of Theorem 3.5, it will be helpful for us to study the map u — m(u)’
rather than m itself. To this end, we give a ‘conjugate’ definition to Definition 6.1.

Definition 6.2. Suppose v is an e-restricted partition, and take an abacus display for v with
r beads. Let §,€ be the position of the last bead and the first empty space on the abacus,
respectively. Assuming v # @, there is a unique sequence f; > g1 > --- > f, > g, of non-
negative integers satisfying the following conditions.

1. For each 1 <i < u, position f; is occupied and position g; is empty.
2. gu=€.
3. For1 < i< u,wehave

e f; = gi(mod e), and all the positions f; — e, f; — 2e, ..., gi + e are empty;
e all the positions f; + 1, fi +2,...,gi-1 — 1 are occupied.

4. Either:

(@) fi = g1 (mod e), all the positions f; —¢,..., g1 + e are empty, and all the positions
0,6 —1,..., fi + 1 are occupied; or
(b) all the positions g1 +¢,g1 + 2e,... are empty and f; = 0.
We define vV to be the partition whose abacus display is obtained by moving the beads at
positions fi,..., f, to positions g1,...,gu, and we define the conjugate e-rim length of v to be

rim’(v) = Y/_,(fi — &)- It is straightforward to see that neither v¥ nor rim’(v) depends on the
choice of r.

Definition 6.2 is the result of applying Definition 6.1 to the e-regular partition v/, and then
exploiting Lemma 4.1. This yields
rim’(v) = rim(v’)

and
VV - ((V/)A)/.
Hence we can describe the map p +— m(u)’, as follows.
Lemma 6.3. Suppose i is an e-regular partition. If u = @, then m(u)’ = @. Otherwise, set
- rim(u) — pg (e | rim(p))
rim(p) —py +1 (e 4 rim(u)).

Then m(u)’ is the unique e-restricted partition such that (m(u)’); = I, rim’(m(n)’) = rim(u) and
(m(u)’)” = m(u®)'.

We use Lemma 6.3 as our definition of the map y — m(u)’.

Examples. Suppose e = 3, and take r = 6.
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1. Suppose u = (3) and v = (2,1). These partitions have the following abacus displays.

u v
Applying Definition 6.1 to u, we see that § = 8 and y = 5. We have t = 1, with b; = 8 and
c1 =5 Sou” =@, rim(u) =3and [ = 2.

Applying Definition 6.2 to v, we have u = 1, with i =0 =7, g1 =€ =4. Sov' =,

rim’(v) = 3 and v = 2, and we see that m(u)’ = v.

2. Now suppose u = (6,3,1) and v = (5,3, 2).

v v
Applying Definition 6.1 to y, we have p =11,y = 3,t =2, and (b1, c1, by, ¢2) = (11,8,7, 3).
So u® = (3), rim(u) =7,and | = 5.

Applying Definition 6.2 to v, we have 6 = 10, ¢ = 3, u = 1, and (f1,$1) = (10,3). So

vY = (2,1) and rim’(v) = 7. By (1) above we have m(u”)’ = v", and since v; = 5 we have
m(u) =v.

6.3 Proof of Theorem 3.5

Now we proceed with the proof of Theorem 3.5; we begin with the following lemma.
Lemma 6.4. Suppose 1 is an e-regular partition. Then p &= m(u)’.

Proof. This is immediate from Propositions 2.3 and 5.3. O

Now we fix some notation which will be in force for the remainder of Section 6. We fix an
e-regular partition u # @ and setv = m(u)’. We fix alarge integer r, and let 8, y, by, c1, ..., by, c be
as in Definition 6.1, and 6, €, f1, g1, - - -, fu, Qu @s in Definition 6.2. Let y denote rim(u) (= rim’(v)).
Fix k such that u and v are both k-empty, and let ¢, d be as defined in §2.5. Let x = d + (c — 1)e
be the position of the last bead on runner d of the abacus display for y; since u and v have the
same e-core (which is implicit in Lemma 6.4), x is also the position of the last bead on runner d
of the abacus display for v.

Lemma 6.5.
1. We have

y= o—-y+1 (ely)
o—vy (et y).

2. Noneofby,c1,...,bi—1,c-1 07 f2,82,..., fu, Qu is congruent to d modulo e.
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3. by — ¢y is divisible by e if and only if fi — g1 is. If neither is divisible by e, then

y=c¢=g (mode) and 0=fi=b (mod e).

Proof.
1. This follows from the statements y =y} —r,6 =v; +r—1and

=l= Y- ly)
y—y3+1 (et y).

2. Suppose 1 <i < t. Then b; = ¢; (mod e) and b; > c;. But there is no bead on runner d of
the abacus display for u with an empty space above it, so we cannot have b; = d (mod e).
Similarly f;, gi #dif1 <i<u.

3. Since y = );(b; — ¢;) and b; — ¢; is divisible by e for i < t, we have b; — ¢; = y (mod e).
Similarly f; — g1 = y (mod e). Now suppose neither b; — ¢; nor f; — g1 is divisible by
e. Then in condition (4) of Definition 6.1 we must be in case (b), and in condition (4) of
Definition 6.2 we must in be case (b). Soc; = y and f; = 6. Let h,i,1’,i’ be the residues of
by, ct, f1, g1 modulo e. Since u and v have the same e-core, there must be the same numbers
of beads on corresponding runners of the abacus displays for p and v. Similarly, there
are the same numbers of beads on corresponding runners of the abacus displays for u*
and v". To get from the abacus display of u to the abacus display for u*, we move some
beads up their runners, and then move a bead from runner / to runner i. Similarly, to get
from v to vY, we move some beads up their runners and then move a bead from runner
I’ to runner /. Combining these statements, we see thath = h" and i = 7'.

O

The proof of Theorem 3.5 is is by induction on |u|; the inductive step is to assume that the
theorem holds with p replaced by u*, and to compare £;(u) with €(u*) and 2x(v) with £,(vY).
The calculation required for this inductive step is broken into several parts.

Lemma 6.6. Suppose neither fi nor g is congruent to d modulo e. Then v¥ is k-empty, and

2 = 207 +| =2,

Proof. We obtain an abacus display for vV by moving a bead from position f; to position g; for
each i. Since none of fi1, g1, ..., fu, Su is congruent to d modulo e, this has no effect on runner d
of the abacus display, and so v" is k-empty. Now we compute £x(v) — &(vY).

Suppose first that 0 < x + ¢; then we must show that £x(v) — £¢(vY) = 0. For each i we have
fi <6 < x+e, so that (by Lemma 4.7) moving a bead from position f; to position g; does not
alter the value of ¥, and we are done.

So we assume that 6 > x +e. g, = € is the first empty position on the abacus display for
v, and there is an empty space at position x + ¢, so we have g, < x +¢; but g, # d (mod ¢) by
assumption, so g, < x +e. Let / be minimal such that gy < x +¢,and fori=1,...,] write

gi=d+ae+j
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with 0 < j; <e. Also write
O=d+ ape + jo

with 0 < jo <e.
Claim. For1 <i <! we have

d+ ai—1e < fz <d+ (Ell'_l + 1)6.

Proof. Suppose first that i > 2. Recall that every position between f; and g;_; in the
abacus display for v is occupied. Since g;_1 > x + ¢, position d + a;_1e is unoccupied, so
d + a;_1e does not lie between f; and g;_1. Hence

d+ai1e< fi < gi-1 <d+(ai_1 + e,

as required.

Now consider i = 1. Either f; = 0 (in which case the result is immediate) or f; < 6 and
every position between f; and ¢ in the abacus display for v is occupied. Assuming the
latter and arguing as above, we get

d+ape < fi <6 <d+(ap+1e.

The claim, together with Lemma 4.7, implies that if 1 < i < [ then moving a bead from
position f; to position g; reduces the value of £, by a;_1 —a;. Since g; < x + ¢, moving the bead
from position f; to position g; reduces the value of £, by 4,1 — (c —1). For [ <i < t, we have
fi < g1 < x + ¢, so moving a bead from position f; to position g; does not affect the value of €.
Summing, we get

-1

GO) - G0 =Y @ —a) + @-c+1)
i=1

=ap—c+1.
On the other hand,
{6—xJ 3 d+ape+jo—d—(c—1)e
e | e
=qp—c+1
(since 0 < jp < e), and we are done. O

Lemma 6.7. Suppose ¢; > x + e. Then y is divisible by e, u® and v¥ are both k-empty, and we have

G - G =2, ) - L") > L
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Proof. Since there is an empty space at position x + e on the abacus display for u, we must
have y < x + e < ¢;. So in Definition 6.2(4) we must be in case (a), and hence e | y. Since b; = ¢;
and f; = g; (mod e) for each i and since it not possible to slide a bead up runner d in the abacus
display for either u or v, we have b;, ¢;, f;, i # d (mod e) for all i, so u* and v¥ are k-empty.

Now we examine . Since for each i we have x < ¢; = b; (mod e), Lemma 4.7 implies that
moving the bead at position b; to position ¢; reduces the value of £; by (b; — ¢;)/e. So

(b1 —co)+ -+ (b—c) _y

Lelp) — L(u®) = . "

as required.

Next we examine v. First we note that y > x. Indeed, Definition 6.1 tells us that every
position between ¢; and y in the abacus for p is empty; but position x is occupied, so does not
lie in this range. Since c; > x, we therefore have y > x.

Now we have

2% - 207 = | =] by Lemma 6.
+y—-x+1
_ |y - i J by Lemma 6.5(1)
>\
Le
=Y
e
as required. |

Lemma 6.8. Suppose ¢y < x + e, and by, ¢; # d (mod e). Then u* and v¥ are k-empty, and we have
Le(u) = L) = (V) = LEY).

Proof. By Lemma 6.6, we must show that

6—xJ
|

() - &) = |

We use a calculation very similar to that used in the proof of Lemma 6.6. Let / be maximal such
that b; > x; note that there is such an /, since b; = f > x and b; # x (mod e). For [ <i < t, write

bl' =d+aie+ji,
where 0 < j; <e.
Claim. ¢; < x +e.

Proof. If | = t then this is true by assumption, so suppose [ < t. There is no bead on the
abacus display for p in any position between c; and b;,1. But there is a bead at position x,
so x does not lie between ¢; and b;,;. Since b;,1 < x, we have ¢; < x < x +e.
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The claim implies that moving a bead from position b; to position c; reduces the value of £; by
a;—(c—1). For1 <i <, wehave ¢; > b > x, so moving a bead from position b; to position
c; reduces the value of £, by (b; —¢;)/e. Forl < i < t, we have b; < x, so moving a bead from
position b; to position ¢; does not affect the value of £;. So we have

-1
) - G = Y i)+ - 1)
i=1

Claim. If/ <i<t, thenc;=d +a;1e + j;.

Proof. There are no beads in the abacus display for i in any position between c; and b;,1;
since b;;1 < x, there is a bead at position d + (1,41 + 1)e, and therefore d + (a;41 + 1)e does
not lie between ¢; and b;;1. So we have

d+aie+ jiy1 = by < <d+ (a1 + 1)e;
since we know that ¢; = b; (mod e), this implies that j; > ji,1 and ¢; = d + a1 + ji.
Combining the claim with the expression above, we get

t—1
1 .
Qk(H)—Qk(HA):% - Z(ai—am) - JUrmetji—c) + a-(c-1

=l
1 .
Z%—(C—l)—z(d"']t—ct)-

Now we consider two cases, according to whether or not e divides y.

Here we have ¢; = y and y = 6 — y, by Lemma 6.5. So

o0—y—-elc-1)—-d—-ji +
Qk([u)_gk([iA) — )4 - JtTY
_ 6—x—jt

e

-5

since 0 < j; <e.

In this case, we write
y=d+ae+7, ct=d+ae+j.

with 0 < j, j. <e. Since none of the positionsy,y +1, ..., c; is occupied but position d +a.e
is occupied, we must have a. = a*, so that ¢; = d + a’e + j;. Now the factthaty =6 -y +1
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gives
O—y+1—-elc—1)+a'e
L) - () = ———
O—j+1-d-e(c—-1)
B e
_o-x-(-1)
B e
_{6—xJ
==
since 0 < j* <e. m|

Lemma 6.9. Suppose by = d (mod e). Then (1) =

Proof. First we note that, since it is impossible to move a bead up runner d, ¢; # d (mod e),
and this implies that e 1 y. So by Lemma 6.5(1) we have y = 6 — y. But 6 = f; is congruent to d
modulo e (by Lemma 6.5(3)) and is the last occupied position on the abacus for v, and so must
equalx. Soy =x—.

By Lemma 4.7, the conclusion £;(u) = 0is the same as saying that § < x +¢, so we prove the
latter statement. If b; < x for all i, then certainly f = b; < x + ¢, so we assume otherwise, and let
I be maximal such that b; >

For ] < i< twe write

bl' =d+aie+ji,

with 0 < j; <e. Since by,...,bi—1 #d = by (mod e), we actually have j; = 0and 0 < j; < e for
I <i <t Arguing as in the proof of Lemma 6.8, we have j; > ji;1 and ¢; = d + a;1e + j; for
I<i<t So

-T.
[y
H.

-1

= Z(b’ —-c) + —ai1)e + d4ame—vy
=1 1:l
-1

= (bl‘ —-¢j) + ae+ d-— V.

Combining this with the equality y = x — y from above, we get

-1
Z (b; —c) ae +d,
i=1

or
-1

Y bi-c) + b o= x+j.

i=1
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Now by assumption b; > x, and so Zg(bi —¢;) < j; < e, which forces | = 1. And now we have
bi=x+j1<x+e,

as required. |

Proof of Theorem 3.5. Proceed by induction on |u|. We consider several cases.

1. First suppose ¢; > x + e. Then by Lemma 6.7 * and v" are k-empty, and

a@-u@Ey=2  um-uen>L
By induction we have 2(u?) = & (vV), and so we get Lx(u) < £(v). By Lemmata 6.4 and
4.5 we have £4(u) > £x(v), and the result follows.

2. Next suppose that ¢; < x + ¢, and that neither b; nor ¢; is congruent to d modulo e. Then
by Lemma 6.8 y* and vV are k-empty, and

() = L(u®) = L) = L),
and the result follows by induction.

3. Next, suppose that b; = fi = d (mod e). Then by Lemma 6.9 we have £x(u) = 0. Since
p = v we have £, (1) > (v), so £(v) = 0 too.

4. Finally, consider the case where ¢; = g1 = d (mod ¢). Here, we replace the pair (u,v)
with (v/, u’). If we choose a large integer s and let by, é,..., 15;, ¢7 be the integers given by
Definition 6.1 with v’ in place of u and s in place of 7, then by Lemma 4.1 we have f = u
and

bi=r+s—1-guii, G=r+s=1—fu1
for each i. If we setd = (s + (e — 1 — k)) Mod e, then we can compute b; = d (mod e); hence
by case 3 above, we have £,_1_(v") = £,_1_«(1t'). Now Corollary 4.9 gives the result.
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