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Abstract

In [5], the author and Martin constructed embeddings of Schur algebras S (2,7) < S (2, R). Here,
we generalise to the g-Schur algebras S ,(2, r).

1 Introduction

Let F be a field. The Schur algebra S (n, r) over F is a finite-dimensional which was introduced by
Schur; if F is infinite, the module category of S(n,r) is equivalent to the category of r-homogeneous
polynomial representations of GL,(F) over F. In [8] and [9], Henke observed various repeating pat-
terns in the decomposition matrices for the Schur algebras S (2, r), and proved the existence of algebra
embeddings S (2,r) — S(2, R) for various r and R depending on the characteristic of F', which explain
translational symmetry of the decomposition matrices. In [5], the author and Martin constructed these
embeddings explicitly, and also found embeddings S (2,r) <— S (2, pr) (when p = char(F) is positive)
which correspond to dilations of the decomposition matrices. In [4], the author constructed yet more
embeddings and showed that these could be used to recover the decomposition matrix of S (2, r).

Now let g be any element of F'. The g-Schur algebra S ;(n, r) is a deformation of S (n, r), introduced
by Dipper and James [3]. In the case where g is a prime power not divisible by the characteristic of
F, the g-Schur algebra describes the unipotent representations of the finite general linear group GL,(gq)
over F.

In this paper, we generalise the results of [5] to the g-Schur algebras S ,(2, r). Specifically, we exhibit
embeddings S ,(2,7) < §4(2,R) for various r and R depending on the characteristic of F and on the
integer

e=min{i>0|1+qg+---+¢ ' =0}

when the latter is finite, and we construct an embedding of the classical Schur algebra S (2, r) into the
g-Schur algebra S (2, er). Although the construction is simply a g-analogue of the results in [5], the
proof is rather different, and a ¢ = 1 specialisation of the proof here affords a much quicker proof of
the embedding in [5]. Additionally, by stating our results in terms of codeterminants, we are able to
conjecture a generalisation to the g-Schur algebras S 4(n, r) for arbitrary n.
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2 Notation

An excellent introduction to both the classical and quantum Schur algebras can be found in the book
by Martin [11]. Following Beilinson et al. [2], we define a basis and structure constants for S ,(n, r)
by considering n-step filtrations of vector spaces. So suppose ¢ is a prime power, and let V be an
n-dimensional vector space over F,.

Let ¥ denote the set of all n-step filtrations of V; then GL,(F) acts naturally on ¥ and ¥ X . We
use ~ to denote GL,(g)-conjugacy in both sets, and we let Of¢ denote the orbit of (F,G) € ¥ X F.
These orbits are in one-to-one correspondence with the set M(r) of n X n matrices with non-negative
integer entries summing to r: if

and

then we define the matrix Ar g by
(Arg)ij = dim(F;_y + (F; N G)) —dim(F;—y + (F; N Gj-1));

AF clearly only depends on the GL,(g)-orbit of (F, G).
Given A, B, C € M(r), we take F,G,H, 1, J,K € ¥ such that

A =Arg, B=Apny, C=Ajk,

and define
gapcqg=WKLeF | (J L)~ (F,G),(L,K) ~ (H,D};

this does not depend on the choice of F, G, H, 1, J, K.
Now let g be an indeterminate. For A, B,C € M(r), we define g4 4 to be the unique polynomial
in g such that
8A.B.Cq = 8A.BCq
whenever ¢ is a prime power. We may now define the g-Schur algebra for arbitrary ¢ € F to be the
associative algebra with basis M(r) and multiplication

AoB= Z gA,B,C,qC-
CeM(r)

In the case g = 1, the g-Schur algebra coincides with the classical Schur algebra S (n, r).

2.1 Codeterminants

A new basis of S (n, r), whose elements are called standard codeterminants, was introduced by J.
A. Green in [6], and generalised to S ,(n,r) by R. M. Green in [7]. We shall describe Schur algebra
embeddings in terms of codeterminants.

In our notation, a standard codeterminant is any product A o Bin S ,(n, r), where A, B € M(r) satisfy
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® ajp+-t+an = b+ + b
® ajj+--+ag <a-n+ -t ag-1)-1)»
o bjit b < bg-ni+ o+ bi-ne-n
forany 2 < j<nand 1 <k < n, where ag(;_1) and bj_1) are to be treated as zero.

Theorem 2.1 (Green [6], Woodcock [12], Green [7]). The standard codeterminants form a basis for
S4(n, r).

2.2 The g-Schur algebra S ,(2,7)

From now on, we assume n = 2. Since a two-step filtration of a vector space is specified simply by a
subspace of that vector space, the notation for S ,(2, r) is simplified considerably. g4 c is zero unless
the row sums of A and C are the same, the column sums of B and C are the same and the column sums
of A are the same as the row sums of B, so let

Az(a s—a )’ B:(b u—b )’ C:(k s—k )

u—a r—s—u+a t=b r—t—u+b t—k r—s—t+k
Now, for a prime power ¢, let V be an r-dimensional vector space over F, and let § and T be subspaces
withdimS§ = s5,dim7T = ¢, dim(S NT) = k. Then g4 4 is the number of u-dimensional subspaces U
of Vwithdim(UNS)=aand dm(UNT)=b.
For § 4(2,r), a standard codeterminant is simply a product

s 0 vw
( t u) ° (0 u ) ’
where s,v > u. In the next section we shall express standard codeterminants and products of standard

codeterminants in terms of the standard basis elements for S ,4(2, r), which will enable us to prove our
main results.

2.3 Quantum binomial coefficients

As usual, given ¢, we define the quantum integer [n] = 1 + g + --- + ¢"~! for any n > 0, and the
quantum factorial [n]! = [1][2]...[n]. We then define the quantum binomial coefficient

1= oo

for non-negative integers n > r. If r < 0 or r > n we define [Z] =0.

r

Let e be the smallest positive integer such that [e] = 0, if such an integer exists (so e is the multi-
plicative order of g if ¢ # 1, or the characteristic of F if ¢ = 1). We then have the following g-analogue
of Lucas’s Lemma.

Lemma 2.2. Suppose a, b, ¢, d are non-negative integers with b,d < e. Then
ae+b a\[b
I:(,e+d:|_(t)[d:|

In particular, [j:Z] = Qunless b > d.
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We also have the following standard results.
Lemma 2.3. Suppose p is a prime and m, s non-negative integers.

1. Ifr < ep®, then

[ n+mep® ]
r

["] (mod p).

2. Ifn—r < ep’ then

[ n+mep?® ]

r+mep*®

= [t] (mod p).

Lemma 2.4 ([10], Theorem 3.1). Let g be a prime power and V an r-dimensional vector space over .
Suppose Vi and V, are subspaces of V with dim(Vy) = a, dim(V;) = b and Vi NV, = 0. Then the
number of m-dimensional subspaces W of V with WN V| =0and W > V, is

qa(m,b)[ r—a-b ]

m—>b

Corollary 2.5. Let g be a prime power and V an r-dimensional vector space over F,. Suppose V| and
Vy are subspaces of V with dim(Vy) = a, dim(V,) = b and dim(V| N V,) = i. Then the number of
m-dimensional subspaces W of V with dim(W N V) =xand W > V, is

(a—x)(m—x—b+i)[ a—i ][ r—a—lzﬂ'_ ]
X—1 m—x—b+i

q

In the next section, we shall make use of several standard properties of quantum binomial coeffi-
cients, such as the ‘g-binomial Theorem’. These can be found in the book by Andrews [1].

3 Change of basis and structure constants for S ,(2,r)

In this section, we work out how to express a standard codeterminant or a product of two standard
codeterminants for S ,(2, r) in terms of the standard basis elements. We fix s, u < r; then the matrix

pi=( k)

U—i r—s—u+i

lies in M(r) provided
max(0, s + u — r) < i < min(s, u),

while the product
_ s 0 u x—u
Yx = (x—s r—x) © (0 r—x)
is a standard codeterminant provided
max(s,u,r — S, r —u) < X< r.
From now on, we assume that 7, x lie in these ranges.

Lemma 3.1.

( s 0 ) (u x—u) [r—s—u+i] ( i s—i )
o = E . ).
X—5 r—x 0 r—x - r—x u—i r—s—u+i
i
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Proof. Since [r—::;m] is a polynomial in g, we need only prove this in the case where g is a prime
power not divisible by char(F’). Suppose that V' is an r-dimensional vector space over F, and S and U
subspaces of V with dim(S) = s, dim(U) = u and dim(S N U) = i. Then the coefficient of 3; in y, is the
number of x-dimensional subspaces of V containing both S and U. By Lemma 2.4, this is [r_j::+i ] m|

Now we calculate the product of two standard codeterminants. Note that the structure constants
ga.p,c for §4(2,r) in terms of the standard basis may be easily calculated, but these are rather more
unwieldy than in the case g = 1, essentially because the identity

dim(WN (S + U)) =dim(WNS)+dim(WNU)-dim(WnS NU)

does not hold for vector spaces in general. However, the standard basis elements involved in a product
of standard codeterminants do not present this problem, and so we find that the formula we obtain is
more manageable; in particular, it does not involve powers of g — 1.

s 0 t v—t
(v—s r—v) O(O r—v)
(e ()
w—t r—w 0 r-w

are standard codeterminants in S 4(2,r). Then the product

(520 (6,m) o (0 ) o (675)
V=5 r—v 0 r—v w—t r—w 0 r—w

Proposition 3.2. Suppose that

and

equals

min(s,u)

Z Z (q(w—k+j—u)(v—k)+(v—s—j+i)(u—j)

i=max(0,s+u-r) jk
k0 v—Jr r—v-utj qp u—i [ r—s—u+i i —i
X [ t ][ k—j][ w—u—k+j][ J—i ][ vfsfjﬂ'] (ufi r—s—u+i ) )
Proof. We may assume that g is a prime power not divisible by char(F), and use Corollary 2.5. We have

(0,2) = L[G5 A2)
0r-v wtrw wkrwv+k
( ko vk uw u Z (w—k+ j—u) (v— k)[ ][”—V—“ﬂ'] joov=i
w—k r—w—v+k 0 r— W 9 w—u—k+j I\ u—j r-v—u+j
and

(vjs rgv) ° (u ‘/ r—y— u+1) Zq(" e J)[” l][::;:j:](ul—l r—j:liﬁi)’

whence the result. O

If we wish, we can easily invert the change-of-basis matrix given by Lemma 3.1, and then combine
this with Proposition 3.2 to obtain the structure constants for (2, r) in terms of the basis of standard
codeterminants. However, this will not be necessary in this paper.
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4 The main results

Our first result is a g-analogue of [5, Theorem 3.2], which we prove in an entirely similar way.
Note that we use the word ‘embedding’ to mean a linear injection preserving the multiplication rule; our
embeddings do not preserve the identity element.

Theorem 4.1. Let p = char(F), and let s be any non-negative integer. If r < R are non-negative integers
withr < 2ep® andm = R—r =0 (mod ep®), then the linear map ¢ : S 4;(2,r) — S 4(2,R) given by

(e;mi) (e+ fie+g>%)
(ef)|—> (;f;m) (e+fz25>e+g)
gh (gfmi) (e+g>i>e+f)

(;hfm) (3>e+fe+g)

is an algebra embedding.

Proof. We must show that ¢ preserves the multiplication rule in S 4(2, r). We shall calculate the image of
a standard codeterminant under ¢, and then use Proposition 3.2 to show that multiplication is preserved.

Suppose that
(2,8 e (602

is a standard codeterminant. Given that we want ¢ to preserve the multiplication rule, we should like

(;Jrnz rox)o(”;r)m Jrc—;l) (s,u> %)
o((.2, 2o (g =5 =)o o) 2 gm0
(xs+mrx)0(0 r—x) (u>§>s)
(x s+m rox)o(gx_ri:m) (2 S, )

. . . r
This follows easily from Lemma 3.1; in the case where 3 > s,u, we have s + u — r < 0, and so we get

min(s,u)
s 0 U x—u _ r—s—u+i i s—i
¢(( xX—s r—x) ° (0 r—x )) =¢ Z [ r—x ] (u—i r—s—u+i)
i=0
min(s,u)
_ Z [r—s—u+i]( i s—i )
- r—x u—i r—s—u+i+m
i=0
min(s,u)
_ Z [r—s—u+i+m ( i s—i )
- r—x u—i r—s—u+i+m
i=0

(by Lemma 2.3, since r — x < ep®)

=o((2,. %) 00 ((5,2)-

as required. The other cases are easier.
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Given this, we may check that ¢ preserves multiplication by multiplying standard codeterminants.

s 0 t v—t t 0 u w—u
(v—sr—v)o(()r—v)’ (w—tr—w)o(O r—w)

are standard codeterminants. There are several cases, depending on whether each of s, ¢t and u is at least

Suppose that

r ..
5. We treat only the case s,7,u > 5; the other cases are very similar. The product

(.5 2 (o)) e (L5 (005)
equals

min(s,u)

Z Z (q(w—k+j—u)(v+m—k)+(v—s—j+i+m)(u+m—j)

i=s+tu—r jk
k v+m—jr r-v—-u—m+j u—i r—Ss—u+i7 [ i+m  s—i .
X [t+m ][ k—j ][ w—u—k+j ][ j—i-m [v—s—j+i] ( u—i r—s—u+i) )’
replacing j and k with j + m and k + m respectively, we get

min(s,u)

Z Z ( q(w—k+ =) (v=k)+(v—s— j+i)(u—j)
i=s+u—-r jk
o] IS A et [ G )

. . . r .
The summand is zero unless k < v < r, but this gives k — ¢ < 3 < ep?®, so that [I::Z] = [l[‘], and so we
get

(55 (02 )) (L5 (0750)
=o((.5,%)°(0,5) 2 (L5 (0750):

as required. |

Our second main result is the existence of an embedding of §1(2,7) in S ,(2, er).

Theorem 4.2. For any r, the linear map  : S1(2,r) = §4(2, er) given by

. s 0 U x—u es 0 eu e(x—u)
R (x—s r—x) © (O r—x) — (e(x—s) e(r—x)) ° ( 0 g(r_x))
for s,u > r — x is an embedding of algebras.

Proof. We prove that i preserves the multiplication using Proposition 3.2. Consider the product

es 0 ) o et e(v—t) o et 0 o eu e(w—u) \
(e(vfs) e(r—v) 0 e(r—v) (E(W—f) e(r—w)) 0 e(r-w) )’
this involves the product

[

which is zero unless k — j = 0 or k = 0 (mod e), by Lemma 2.2. Similarly, the product
eu—i 1 e(r—s—u)+i
[ Jj=i ][ e(v—s)—j+i ]
is zero unless either j —i = 0or j =0 (mod e). So in order to reduce the product using Lemma 2.2, we
have four cases to consider:
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e i=j=k=0 (mod e);
e i# j=k=0 (mod e);
e i=j#k=0 (mod e);
e i=j=k#0 (mode).

replacing i with ei + ¢ where 0 < ¢ < e, and similarly for j and k, the above product becomes

zz( ;:‘1?,‘ T ()
e— 1

r=v=u+j\(u—i—1\/ r—s—u+i
+ )G ()
w u—k+j/\ j=i=1 /\ r—s—j+i
L:l
L0 (U G G ()
t I\ k—j=1/\ w—u—k+j J—i r—s—j+i
+ (k )( v—j-1 )( r—=v—u+j )( u—i—1 )( r—S—u+i )) ei+t e(s—i)—t
t k—j w—u—k+j J=i r—s—j+i e(u—i)—t e(r—s—u+i)+i

(since the exponent of ¢ is divisible by e in all cases). This equals

e—1
KN/ V= \g F=Vv=u+j\su—i\/r—s—u+i ei e(s—i) ei+t e(s—i)—t
Z ( t )( k—j )( w—u—k+j )( J—i )( r—s—j+i ) ( e(u—i) e(r—s—u+i) ) (e(ufi)fL e(r—s—u+i)+t ) ’
iv.j’k LIO
where we treat any matrix with a negative entry as zero.
The theorem will now follow if we show that

e—1 ei+t e(s—i)—t
(( i s—i )) _ ZL:O (e(s—u)—L e(r—s—u+i)+L) (su > 0)
YWt s ) = (e et (su=0)
e(u—i) e(r—s—u+i) su = 0).

But note that we have

min(s,u) )
—s—u+ i s—i
o2 (TG )
i=max(0,s+u—r
= w((x s r— x) ° (g )rC:Z))
_ ( es 0 ) o (eu e(x—u))
 \e(x—s) e(r—x) 0 e(r—x)

min(s,u) e—1

[e(r s— Lt+l)+t ei+t e(s—i)—t
Z Z e(r—x) e(u—i)—t e(r—s—u+i)+t

i=max(0,s+u-r) =0

min(s,u) e—l
r s— u+1

u i r—s— u+t
i:max(0,5+u—r) L:O

which gives the result. o
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4.1 A generalisation to n > 2

We conjecture that the embedding of Theorem 4.2 embedding works for all n. Given A € M(r),
write eA for the matrix with (eA);; = e(A;;). Then we propose the following.

Conjecture 4.3. For any n,r, there is an embedding ¢ : S(n,r) — §,(n,er) given by mapping the
standard codeterminant A o B to (eA) o (eB).
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