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Abstract

We prove analogues of (Donkin’s generalisations of) James’s row and column removal theorems,
in the context of homomorphisms between Specht modules for symmetric groups.

1 Introduction

In [4], James proves two theorems regarding the decomposition numbers for the symmetric groups;
these concern the removal of a row or a column from a partition diagram. These results are generalised
by Donkin in [2]. In trying to understand the structure of Specht modules, the homomorphism spaces
Homyg, (S4, S#) are of similar interest to the decomposition numbers, and here we prove analogues of
Donkin’s results in this context.

For the remainder of this section, we recall some basic results and establish notation. In Section
2 we state our main results, and examine their interdependence; it turns out that we need only prove
the generalised row removal theorem, which we do in Section 3. Finally, in Section 4, we consider the
representation of homomorphisms in terms of polytabloids, and attempt to describe our results in this
way.

Similar results ought to be true for homomorphisms between Weyl modules for general linear groups.
Certainly a simple column removal theorem is true (even in characteristic two), since adding a column
to the Young diagram corresponds to tensoring with the determinant representation. Such a result would
not immediately imply our results, however, since spaces of homomorphisms are not preserved under
the Schur functor.

It is also unclear whether corresponding results hold for representations of finite general linear
groups in non-defining characteristic; partial results are obtained in the second author’s doctoral the-
sis [5].

*The authors were financially supported by the EPSRC while this research took place. They would also like to thank the
London Mathematical Society for organising the ‘Durham symposium on representations of finite groups and related algebras’,
at which some of this research was undertaken.
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1.1 Definitions and notation

Throughout this paper, we assume that k is a field of characteristic not two, and we let S, denote
the symmetric group on n letters. We are interested in the space of kS,-homomorphisms between the
Specht modules S+ and S¥, for A and u partitions of 7.

We take our notation from James’s book [3], from which we also recall some useful results. Recall
that a composition of n is a sequence A = (41, A2, ... ) of non-negative integers summing to #, and that a
composition A is a partition if ] > A > .... Write |4] = n. We define the Young diagram

[A] = {G, j) | j < 4} € N2

Note that the Young diagram is conventionally drawn with i increasing down the page. For example, the

Young diagram of the partition (4,2, 1) is
X X

X X

X X

X
Accordingly, we shall refer to lower rows of [1] to mean those corresponding to higher values of i.

Let A be a composition of n. A A-tableau is a bijection from [A] to {1,...,n} (or occasionally some
other specified set of size n), which we shall regard as ‘[1] with the nodes replaced by the elements of
{1,...,n}. The row equivalence relation ~.,, is defined on the set of A-tableaux in an obvious way, and
column equivalence ~ is defined similarly. An equivalence class of A-tableaux under ~q is called a
A-tabloid, and we denote by {#} the tabloid containing ¢. The set of tableaux and the set of tabloids are
acted upon in a natural way by S, and we let M* be the kS,-module which has the set of A-tabloids as
abasis. If x e Mtand I C {1,...,n}, we say that x is alternating in the elements of I if x(a b) = —x for
all a, b € I with a < b. If A is a partition, then for a tableau ¢t we define the polytabloid

e= Y (=D)"(s)e M,

S~coll

where (—1)* is the signature of the permutation sending s to 7. We define the Specht module §* < M*
to be the k-span of all A-polytabloids.

We are interested in homomorphisms between such modules. In order to define some of these, we
extend our definition of tableaux, allowing them to have repeated entries. Specifically, if A and yu are
compositions of n, a A-tableau of type u is a diagram obtained by replacing the nodes of [A] with y 1s,
U2 2s, and so on. We let 7 (4, i) denote the set of A-tableaux of type u. The relations ~oy and ~¢o| are
defined in the obvious way on 7 (4, ).

Let ¢ be a fixed A-tableau (of type (17)). Given a A-tableau S of type u, we define d;(S) to be any
p-tableau in which i € {1,...,n} appears in row j, where i and j occupy corresponding positions in ¢ and
S. This defines d,(S) up to ~ow equivalence, and thus defines {d;(S )} uniquely.

Now, for each T € 7 (4, i), we define a homomorphism

@)T M A — M*
by stipulating that

(th— > {di(S))

S~rowT

and extending linearly. Note that ®7 only depends on the ~.o equivalence class of 7.



Row and column removal theorems for homomorphisms between Specht modules 3

A particular set of such homomorphisms gives us a new characterisation of the Specht module S*,
which will prove very useful. Let d be a positive integer, and choose ¢ such that 0 < ¢ < Ag41. Define v
by

Ai+ A1 —t (lzd)
Vi =14t i=d+1)
A (otherwise).
Let T be the A-tableau with all entries in row i equal to i, except for i = d + 1, when there are Ag4) — ¢
entries equal to d and ¢ entries equal to d + 1. T is then a A-tableau of type v, and we write ¢4, for the

homomorphism @7 : M* — M”. (We may omit to mention v, since it is determined by A, d and ¢.) We
then have the following.

Theorem 1.1 ([3], Corollary 17.18). If A is a partition of n, then

Ag+1—1

St=() [ kerway).

d>1 =0

We are also interested in homomorphisms from S+, when A is a partition. Accordingly, we let
Or : S* — M* be the restriction of @7 to S*. We say that a A-tableau T of type u is semistandard if
its entries are non-decreasing along each row and strictly increasing down each column. We let 7¢(4, i)
denote the set of semistandard A-tableaux of type y. For example, we have

70((5,2),(3,2,2)) = {11122, 11123 11133}
The following result is originally due to Carter and Lusztig [1].

Theorem 1.2 ([3], Theorem 13.13). If A is a partition of n and u a composition of n, and if k is a field of
characteristic not two, then the set {Or | T € To(A, )} is a basis for Homgg, (S M.

This has the following corollary, which we shall use. Recall that, for compositions A and u, we say
that A dominates u (and write A > p) if

for all j.
Corollary 1.3. If A is a partition of n, and y a composition of n with A % i, then Homyg, (S 4 MH) = 0.

Proof. It is easily seen that there are no semistandard A-tableaux of type y unless A = . m|

We end this introduction with a few items of notation. For a partition A of n, A’ will denote the
conjugate partition, that is,
A, =max{j|4; > i}
M* will denote the dual of any module M, and sgn will denote the one-dimensional signature represen-
tation of kS,,. All tensor products will be taken over k.
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2 The main results

Our main theorem is as follows.
Theorem 2.1. Let k be any field with characteristic not equal to two. Suppose AR and uR are partitions

B

of I, each with at most s non-zero parts, and A and u® are partitions of m with A

,,u? < r. Let
n =rs + [+ m, and define the partitions

A=+ 28 r+ R85, ),
u= (r+ylf,...,r+u§,u]13,u2B,...).
Then, as k-vector spaces,
Homyz, (5%, $#) = Homye,(S*, S¥) ® Homye, (S, §4°).
In fact, we shall prove the following two theorems, which are direct analogues of Donkin’s results.

Theorem 2.2. Let k be any field with characteristic not equal to two. Let A and u be partitions of n, and
suppose that for some s we have

A+ A=+ + Uy

Define

AT =y,

AP = A1 A, o),

pE= (e )

U = (srts fhsaas o)
Then, putting m = |AB| = |uB|, we have

Homye, (S4, $#) = Homye,_ (S*,S*") ® Homye, (S*, S*°)

as k-vector spaces.

Theorem 2.3. Let k be any field with characteristic not equal to two. Let A and u be partitions of n, and
suppose that for some r we have

A+ + =+ + .
Define

AL = (min(Ay, 7), min(Ay, 7),...),

AR = (max(d; — r,0), max(d; — r,0),...),

ut = (min(uy, r), min(ua, 1), . ..),

u® = (max(u; — r,0), max(u — r,0), . .. ).
Then, putting I = |AR| = |uR|, we have

Homyz, (S4, $#) = Homye, ,(S*", S¥") ® Homge, (S1°, S#°)

as k-vector spaces.
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The partitions AR, A%, AT, AB appearing in these theorems may be viewed pictorially as follows:

AR AR
J—'J 4 AL
P -

Proposition 2.4. Theorems 2.2 and 2.3 together are equivalent to Theorem 2.1.

Proof. First of all, assume Theorem 2.1, and suppose that AT, 4T, AB and B are as in Theorem 2.2. If
either A7 > pf or A% < 4%, then A B p and either AT £ u" or 4B B 1B, so that both vector spaces in
Theorem 2.2 are zero. So we may assume Aj <y and A7 > uP. Putr = A7, [ =n—m—rs, and define

/lR=(/llT—r,...,/l;r—r), uR=(u?—r,...,,uz—r);
then AR, uR, AB, 1B satisfy the conditions of Theorem 2.1. So we have
Homyz, (57, $#) = Homye,(S™, $*) ® Homye, (S, S°)
by Theorem 2.1, and we need only show that
Homgz, (S*,S*') = Homye,(S*, 5.
But Theorem 2.1 implies (replacing AB and u® with the partition of zero) that

Homye, ,(S*,5*") = Home,(S™, $#*) @ Homyz, (S, S ©)
~ Homgz, (S, 5% ) @ k

= Homkgl(S/lR, S‘HR).

Theorem 2.3 is deduced from Theorem 2.1 similarly.
Conversely, assume Theorems 2.2 and 2.3 and the conditions of Theorem 2.1. The conditions of
Theorem 2.2 hold, with

/1T=(/llf+r,...,/l§+r), yTz(ylf+r,...,/J§+r);
by Theorem 2.3 (with AL =yt = (%)) we have
Homye, (S, S#) = Homys,,, (S*,S#'):;
now Theorem 2.2 gives the conclusion of Theorem 2.1. O

Fortunately (and unlike the corresponding results for decomposition numbers), we only need to
prove one of Theorems 2.2 and 2.3.

Proposition 2.5. Theorems 2.2 and 2.3 are equivalent.

We need the following result from [3].
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Proposition 2.6 ([3], Theorem 8.15). Let sgn denote the alternating representation of the symmetric
group. Then, for any A and any field k,

s sgn = (SY*.
From this we prove the following.
Corollary 2.7. For any partitions A and y we have
Homys, (S, $*) = Homye, (S*, S).
Proof. Since sgn is one-dimensional, we have
Homyg, (M ® sgn, N ® sgn) = Homyg, (M, N)
for any modules M, N. So we have

Homyg, (S ’l/, S "/) = Homyg, (S S sgn, S H & sgn)
= Homye, ((S)", (%))
= Homksn(S", S/l). ]

Proof of Proposition 2.5. If A and u satisfy the conditions of Theorem 2.2, then A’ and y’ satisfy the
conditions of Theorem 2.3, with r = s, [ = m and with

Wk =@y,
R =By,

W =@,
W) = Py
So we have
Homye, (S¥,8%) = Homye, (7, S*)
and

Homie, (S, S%")® Homye, (S#,S%") = Homye, (S, 5"") @ Homye, (S, 547

by Corollary 2.7. |

Remark. It is not clear to what extent our results hold in characteristic two. The crucial point is the
failure of Theorem 1.2, but in fact some our later arguments (in the proofs of Propositions 3.2 and 3.4)
rely on the characteristic not being two. An unmodified version of Theorem 2.1 in characteristic two is
false: putr = 1,5 = 2 and

R=,1, =@, 2B=u®=0.
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Then
Homg,, (S, S#) = Homg,z,(S @2, 5%V) = 0,

while
HomIFZSz(S(l’l),S(Z)) ~ HOIn]ero(S(O),S(O)) = F,.

However, the authors suspect that Theorem 2.1 holds in characteristic two when A is 2-regular.

3 The proof of theorem 2.2

We shall prove Theorem 2.2 using Theorem 1.1: given homomorphisms V : ST SH and W :
s* 5 “B, we shall define a homomorphism (V, W) : S — M* and show that (V, Wpa, = 0forall d
and ¢, so that the image of (V, W) lies in S#; we proceed similarly in the other direction.

Let A be a partition of n and v a composition of n with 4} + --- + Ay, = v{ + -+ - + vy = n — m. Define
AT and AB as in Theorem 2.2, and v! and v analogously.

Definition. Suppose that R € 7(AT,vT) has entry xj. in position i of row jand § € 7(AB,v®) has entry
yj. in position i of row j. Define (R, §) to be the A-tableau of type v with entry zi. in position i of row j,

where
A E R
A=1{"
y’j+s (> 9).
For example, if
111112 112
R=2223 | S =23,
333 3
then
111112
EER
R, S)= 14145
56
6

Lemma 3.1. If R and S are semistandard, then so is (R,S), and {(R,S)|R € To(AT,v"), S € To(1B,vB))
is precisely the set of semistandard A-tableaux of type v.
Proof. The first statement is clear. Suppose 7 is a semistandard A-tableau of type v with entry z; in

position i of row j. Then the entries of T strictly increase down the columns, so that for j > s we
have that sz > 5. Since the number |vT| of entries less than or equal to s equals the number |AT| of

positions in rows 1,..., s, it also is also true that zi. < s for j < 5. So the top s rows of T constitute a
AT-tableau of type v! (which is clearly semistandard), and a similar statement holds for the lower rows. O

Definition. Suppose

V=) ag®g  Homys, ,(S",M")
RETH(AT VT)

and

W= Z bs®g € Homye, (S, M™).
SeTo(AB,vB)
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Define (V, W) € Homyg, (S*, M”) by
V,w) = Z Z arbs Ok ).
R S

Proposition 3.2. Suppose U € T(AT,v") and S € To(AB,vB). Then
Ows) = Oy, Oy).
In order to prove this, we need a lemma.

Lemma 3.3. Let t be a A-tableau, © € S, an element of the column stabiliser of t, and 6 : S* — M any
kS, -homomorphism. Then

e0m = e(m)e,0.

Proof. We have ¢;; = e(m)e,, so that
€(me,0 = (e1r)0
= (e;m)6

= e,0m

since 6 is a kS,-homomorphism. |

Proof of Proposition 3.2. By Theorem 1.2, we may write

a

(:)U = Z CiéR,-

i=1
with Ry, ..., R, semistandard. We then need to prove that

a

Ows) = Z CiOR,S)-
i=1

We apply both homomorphisms to an arbitrary A-polytabloid e;, and compare coefficients of an arbitrary
y-tabloid {u}. Note that if 7 is in the column stabiliser of ¢, then

(eOw.s))m = (e(m)eOws)

and

(e/(@y, Os))1 = (e(m))e( Oy, Bs),

by Lemma 3.3.

Suppose first that there are distinct numbers a and b in the same row of # and the same column of
t. Then the coeflicient of {u} in the image of e, under both maps is equal to the coefficient of {u} in the
image of e, ), and hence must be zero. We may therefore assume that the entries of any column of ¢
occur in distinct rows of u.
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Foreachc > 1,lett.,¢.2,... be the numbers in column c of ¢, with 7. | < .2 <.... Then thereis a
unique element 7 of the column stabiliser of ¢ such that, in ur, the entry #. ;.1 occurs in a lower row than
t.; for any i and any c. This means that none of the entries # 541, f¢ s+2, . . . can occur in rows 1,...,s. So
rows 1,..., s of ur contain only entries ?.; for i < s; but the number of such entries is |AT], and so all tei
with i < s occur in rows 1,..., s of umr. By replacing u with um, we may simply assume that u has this
property.

Let 1T be the AT-tableau consisting of the first s rows of 7, and 2 the AB-tableau consisting of the
remaining rows, and define u" and u® similarly. Then {u"} is a tabloid with entries in the same set as 11,
and {uB)} is a tabloid with entries in the same set as 2. So the coefficient of {u} in e,@)(U,S) equals

(coefficient of {u'} in e,T(:)U) x (coefficient of {¥®} in em Os)
a

c¢i(coefficient of {uT} in e C:)R,.) X (coeflicient of {uB} in es (:)5)

i=1

a
= coeflicient of {u} in ¢, (Z ci(:)(R,.,S)). ]

i=1

A similar argument proves the following.
Proposition 3.4. Suppose U € To(AT,v") and S € T(AB,vB). Then
Ows) = Oy, Oy).
Now we suppose that A and u are as in Theorem 2.2.

Lemma 3.5. If V € Homys,_, (S*, M*') and W € Homye, (ST, M*"), then

Wap, W) (d<s)
V. Wia_ss) (d>5).

v, W)Wd,t =

Proof. We deal with the case where d < s; the other case follows similarly. By linearity, we need only
show that

(Or, O5Wa, = (Oray, Os)

for R € To(AT,u"), S € To(AB,uB). Let Uy, be the set of row standard AT-tableaux which may be
obtained from R by replacing 1,1 — ¢ entries equal to d + 1 with ds. Let U € Uy, and suppose that U
contains ay; entries equal to d in row i while R contains b; entries equal to d in row i. Then

(OrYas, Os) = [ Z l_l (abl{i)@y,@s = Z ]_[(abl]_i)éw,w

UeUy, i UelUy, i

by Proposition 3.2 and

A A A ayi\a
(O, Os W = OwsWar = Z l_[( bU_l)G(U,S)
l

UEUdJ i

as required. |
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Lemma 3.6. Suppose V € Homyz, (S, S*')and W € Homys, (S, SH"). Then (V, W) € Homys, (S*, SH).

Proof. We have that (V, W) € Homyg, (S, SHyif (V, Wpa: = 0 for all d and ¢. Let v be the composition
such that g, : M¥ — M".

If d = sthen (since Ay + -+ + Ay = yy + -+ - + ug) we have 4 % v and so Hom(S4, M”) = 0. Hence
(V. Wiga = 0.

If d < s then by Lemma 3.5 we have

(V, W)'ﬁd,t = (Vl//d,t, W),

which is zero, since the image of V lies in § M Similarly for d > s. O

Definition. Let
¢ : Homgs, (S*, M"')® Homye, (S, M*") — Homys, (S*, M*)
be given by

VoW (V,W).
Note that ¢ is a linear bijection, by Lemma 3.1 and Proposition 3.2.

Theorem 3.7. Let ¢ denote the restriction of ¢ to Homgs, (S, S#') ® Homye, (ST, SH°). Then ¢ is a
bijection between Homys, ,(S*,S#') ® Homye, (S, S#°) and Homyg, (S, SH).

Proof. Lemma 3.6 shows that if V® W € Homys, (S1',S#') ® Homys, (S*°,S#°) then (V ® W) €
Homys, (S4, S#). Also since ¢ is injective, we have that ¢ is injective. It remains only to show that ¢ is
surjective.
Suppose that {A; |i € I} is a basis of Homyz, (S*', S#") and that {B,| j € J}is abasis of Homyg,, (S B guy
Let
z= > D crs(Op,O5) € Home, (S, 54).
ReTo(AT uT) S €To(AB uB)

Then (z > crs(Og, @S)) ¥q; = 0 for all d. When d > s, this gives
R S

Z Z((:)R’CR,S Os¥a—ss) = 0.
RS

Since ¢ is injective, we get

Z crsOsWy—s; =0

S

for every R, so that ) cps @S € Homyg, (S /lB, S “B) for every R. Writing
S

Z CR,S(:)S = Z a/R,ij

S jel
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for ag ; € k, we have

[Z Z @ (O, Bj)} Yar =0

jeJ R

for all d < s. The injectivity of ¢ gives
Z ar,OrYa; =0
R
for every j when d < s, so that

Z CZR,jéR € Homkgn_m(S/lT, SIJT).
R

Writing )’ ag, j@R = ) Bi jA; for each j, we have
R icl

Z=) ) BifAiB) =2,

iel jeJ
where
Z'= > Bij(Ai®B)).
]
This completes the proof of Theorem 2.2, and hence of Theorem 2.1. O

4 Expressing homomorphisms in terms of polytabloids

Given a homomorphism 6 : S* — S, it is often useful to have a description of the action of 6 in
terms of polytabloids, i.e.
e — Z Cses
S

for a A-tableau ¢, and p-tableaux s. We address this for Theorem 2.1; in particular, given such descrip-
tions of homomorphisms S — S#* and S*° — S#°, we provide one for the corresponding homomor-
phism §* — S#. We do this in two stages: first for Theorem 2.3 and then for the following special case
of Theorem 2.2, which may be regarded as an ordinary row removal theorem for homomorphisms.

Proposition 4.1. Let v and & be partitions of m with v, &, < r, and define

v=_(r,vi,va,...), E=é,8,...).

Then ~
Honys,, (S”,5%) = Homgg, (S”, S%).

It is easily shown (by modifying the proof of Proposition 2.4) that Theorem 2.3 and Proposition 4.1
are together equivalent to Theorem 2.1.

We begin by addressing Theorem 2.3, which is fairly easily dealt with. Let A%, AR, 4" and uR be
as in Theorem 2.3. Given a A"-tableau 7% and a AR-tableau TR (with any entries), define the A-tableau
TTR simply by juxtaposing T% and TR. For A“- and AR-tabloids u" and uR, define u"[uR similarly,
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and extend this to the whole of M*, so that if x* = 3,1 c,.u" is a linear combination of A"-tabloids on

{1,...,n—=1, and xR = DR CuRMR is a linear combination of AR-tabloids on {n — [ + 1,...,n}, then we
define
xR = Z c e rutul;
ub uR

we make similar definitions for u- and uR-tableaux and tabloids. It is then clear that for a u"-tableau “
on{l,...,n—1},and a,uR—tableau Ron{n-1+1,...,n}, we have

eLiR = eplex.

We now assume that A& > uL and AR > ,uR; there is no loss in doing this, since otherwise all the
homomorphism spaces involved are zero. We require the following lemma.

Lemma 4.2. Suppose T" is a semistandard A“-tableau of type u“ and that TR is a semistandard AR-
tableau of type uR. Suppose also that S is a row permutation of T¥|TR in which each column has
distinct entries. Then S = UX|UR for some row permutations U and UR of T™ and TR respectively.

Proof. Let s be the number of non-zero parts of uR. Then, since we are assuming A~ = p* and AR > uR,
we have
L L_ L L
/11 :---:/ls :#l :---:/,[S =17,

and we know that the number of non-zero parts of AR is at most s.

So, for 1 < i < s, every entry of the ith row of T" equals i. We must therefore show that the ith row
of S begins with r entries equal to i, for all such i. Suppose we have shown this fori =s,s—-1,...,j+1,
and consider row j. The entries of TR are all at most s, while the entries in row j of S are all at least
j (since T" and TR are semistandard). So the first r entries of row j of S all lie between j and s. But
none of them can be greater than j, since then S would have equal entries in some column. The result
follows. O

Now suppose T is a semistandard A"-tableau of type u", and TR a semistandard AR-tableau of type
uR. In order to calculate the image of a A-polytabloid under @TL|TR, we need only consider row permu-
tations of T|TR in which each column has distinct entries. By Lemma 4.2, any such row permutation is
of the form U|UR, where U" and UR are row permutations of T™ and TR respectively. For a A"-tableau
Aon{l,...,n—1} and a AR-tableau R on {n — [+ 1,...,n}, this gives us

(enm)Orirr = ((e)Or1)|((er)O ).

Hence we have the following.

Theorem 4.3. Let i~ be a A-tableau on {1,...,n—1}, and X a AR-tableauon {n—1+1,...,n). Suppose
that
e -
TLeTo(Al b

. . L L.
is a homomorphism from S* to M¥~ with

()6 = > dyeg,
st
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for some ,uL-tableaux ston{l,...,n—1), and some crL,dg € k, and similarly suppose that
GR = Z CTR(:)TR
TReTH(AR uR)

. . R R .
is a homomorphism from S* to M*" with
(ex)0® = " dweg,
sR

R

for uR-tableaux sR on {(n—1+1,...,n).

Then the homomorphism

0= CTLCTR @TL TR
2 |

TLeTo(al ) TRETH(AR uR)

(etthR)e = Z Z dsLdsResLlsR,'

sk sR

satisfies

in particular, the image of 6 lies in the Specht module S*.

Now we turn our attention to Proposition 4.1; this is rather more complicated, and requires additional
notation. Given a v- or £-tableau f on {1, . .., m}, recall the definition of ¥ and £ from Proposition 4.1, and
define the V- or &-tableau 7 by adding a row with entries m+1, ..., m+r in order. Given a homomorphism

0:SY — S¢ with
(et)g = Z Cs€s,

N

we would like to find a homomorphism 6 : S¥ — § ¢ with

(e;)@ = Z cse5.

N

Unfortunately, this does not work in general. We must express the image (e;)6 in a particular way.
Suppose that I = {I},...,1I,} is a partition of the set {1,...,m}. We define an equivalence relation
~ on é-tableaux by putting s ~; u if and only if for each i, the elements of /; between them occupy the
same positions in s as in u. (We shall be considering the case where ¢ is a v-tableau, and I; the set of
entries of the ith column of ¢. Then we shall have s ~; u if and only if u = s for some 7 € C(¢).)
Given a ¢-tableau s, define
Ci(s) ={u|s ~yu},

and let {uy,...,u,} be a transversal of the ~, equivalence classes in C;(s). Now define the multipoly-
tabloid
a
ey =D (~1)"ey,.
j=1

Remarks.
1. The multipolytabloid is constructed in order to be alternating in the elements of each [;; in partic-
ular, eﬁ = 0 if any two elements of some /; lie in the same row of s.
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2. Since e, = (—1)"e, whenever u ~.o v, the multipolytabloid e§ is independent of the choice of

Ul,...,Ug.

We shall use multipolytabloids to describe the images of homomorphisms between Specht modules,
but in fact we shall need to be slightly more stringent. We say that the multipolytabloid e’ is rectified if
the elements of I; occur in the first i columns of s, for each i.

Proposition 4.4. Suppose that an element x of S¢ is alternating in the elements of each I;. Then x can

. . . . . . I
be expressed as a linear combination of rectified multipolytabloids e.

Proof. By permuting the elements of {1, ..., m}, we may assume that the sets /; are intervals in increasing
order, i.e. thatif a € I;, b € I; withi < j, thena < b.

Recall the lexicographic order on &-tabloids: {s} < {u} if the least entry which does not lie in the
same row of s as of u lies in a higher row of s. Write {s} < {u} if {s} < {u} and {s} # {u}. This gives a
total order on é-tabloids. By putting s < u if {s} < {u}, we obtain a partial order on the set of £-tableaux,
and a total order on the set of standard &-tableaux. We shall need the following crucial fact (which is
weak form of [3, Lemma 8.3]): for any tableau ¢ and any standard tableau s with ¢ < s, the tabloid {¢}
does not occur in the polytabloid e;.

Express x as a linear combination of standard polytabloids, and suppose that e; is the first standard
polytabloid (with respect to the order <) appearing with a non-zero coefficient c. We claim that e is
rectified, and that the first standard polytabloid occurring in x — ce’ is later with respect to the order <
than s. This is then sufficient, since x — ce! is alternating in the elements of each I;, and so by induction
can expressed as a linear combination of rectified multipolytabloids.

To prove the claim, we assert that for each i, the entries of I; occur in increasing rows of s, that is, if
a,b € I; with a < b, then a occurs in a strictly higher row of s than b does. By the fact stated above, the
tabloid {s} occurs in x with coefficient ¢, and no tabloid {¢} with ¢t < s occurs. For a, b € I;, the tabloid
{s}(a b) occurs in x with coefficient —c, and so we must have {s} < {s}(a b), i.e. @ must appear in a
strictly higher row of s than b does. So the elements of /; occur in distinct rows of s, and this (together
with the fact that s is standard) tells us that eé is rectified: the elements of I; occur as the first |/;| entries
of column 1 of s; the elements of I, each occur either in the first column of s or immediately to the right
of an element of I;, and so on.

Now consider the effect of subtracting the multipolytabloid e/ from x. The above description of s

shows us that we may choose s = uy,...,u, to be standard; since the elements of /; lie in increasing
rows of s, we have s < uy, ..., Uy, so that the first standard polytabloid occurring in x — ce’ is later than
s. O

Given this proposition, we may find the expression we seek for 6 : S” — S¢ in terms of polytabloids.
For a semistandard v-tableau T of type &, define the semistandard v-tableau T of type & by adding 1 to
each entry of T, and then adding a row of r 1s at the top.

Given a tableau ¢, let I(z); be the set of entries in the ith column of z. Let I(¢) = {I(¢)1,1(2)>,...}.

Theorem 4.5. Let v and & be as in Proposition 4.1, and suppose that
0= Z CT®T
TeTo(f)

is a homomorphism with image lying inside the Specht module S¢. Then there exist rectified &-multipolytabloids

ei(t) and coefficients d such that
()t =) dyel”
S
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and such that the homomorphism

é = Z CTC:)T

TeTo(vé)

()0 = Y diel®;
N

satisfies

in particular, the image of 0 lies in the Specht module S £,

Proof. The polytabloid e;, and hence its image (e;)6, are alternating in the entries of each I(¢); by defini-
tion, so by Proposition 4.4 (e,)6 can be described as a linear combination of rectified multipolytabloids.
So we need only prove the last equation, by comparing the coefficient of an arbitrary &-tabloid {r} on
each side.

Both sides of the equation are alternating in the entries of each I(7); by construction, so we may
assume that the entries of I(f); occur in distinct rows of r, for each i. This means that the first row
of » must contain exactly one element of each I(7);; by the alternating property, we may assume these
elements are m + 1,...,m + r, i.e. that r = g for some &-tableau ¢g. It is clear that the coefficient of {g}
in (e;)(:)f equals the coeflicient of {g} in (e,)0O7 for every T, so it suffices to show that the coefficient of

{g} in Pug equals the coefficient of {g} in eg(’ ) If we let ui,...,u, be the tableaux used in the definition

S
of eé(t), then (since eé(t) is rectified) the entry m + i occurs in the first i columns of u; for each i, j. So
the only way {r} can occur in ey; is if m + i lies in column i of u; for each i; let uj,, ..., u;, be the set of
such u;. We may assume that the entries m + 1,...,m + r lie in the first row of u;,, i.e. that u; = v; for
some &-tableau v;. Furthermore, we may choose v1, ..., v, to be a possible set of tableaux used in the

definition of ef.(t), ie.

b
& = Y (=D,
=1

Then we see that the coeflicient of {r} in u;, equals the coeflicient of {g} in v;, which gives the result. O
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