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Abstract

In positive characteristic, the Specht modules S* corresponding to partitions A are not necessar-
ily irreducible, and understanding their structure is vital to understanding the representation theory
of the symmetric group. In this paper, we address the related problem of finding the spaces of ho-
momorphisms between Specht modules. Indeed in [2], Carter and Payne showed that the space of
homomorphisms from S to S* is non-zero for certain pairs of partitions A and u where the Young
diagram for yu is obtained from that for 1 by moving several nodes from one row to another. We also
consider partitions of this type, and, by explicitly examining certain combinations of semi-standard
homomorphisms, we are able to give a constructive proof of the Carter—Payne theorem and to gen-
eralise.

1 Introduction

Let k be a field, and let &,, denote the symmetric group on n letters. If the characteristic of k is infi-
nite, the irreducible representations of &, over k are afforded by the Specht modules S, as A ranges over
the set of partitions of n. If the characteristic of k is prime, the S are no longer necessarily simple, and
understanding their structure is vital to understanding the representation theory of the symmetric group
over field of prime characteristic; for example, determining the decomposition numbers — the simple
composition factors of the Specht modules — is widely regarded as the central problem in the subject. In
this paper, we address the related issue of finding the spaces of homomorphisms between Specht mod-
ules. In [2], Carter and Payne showed, using corresponding results from the theory of algebraic groups
based on the seminal work of Carter and Lusztig [1], that Homyg, (S 4 SH) is non-zero for certain pairs
of partitions A and y where the Young diagram for y is obtained from that for A by moving several nodes
from row i to row j, for some i < j. We address partitions of the same type; by explicitly examining
certain combinations of semi-standard homomorphisms, we are able to extend their results.

Kiinzer [5, 6] addresses the same problem in the case where the number of nodes moved is at most
two.

We now indicate the layout of this paper. For the remainder of this section, we summarise some
generalities concerning the representation theory of the symmetric groups. In Section 2, we introduce
semi-standard homomorphisms and prove some simple results which will be key to our calculations.
In Section 3, we specialise to the particular type of partitions considered by Carter and Payne, and we
define a particular semi-standard homomorphism f over the integers which will be used to construct
homomorphisms between Specht modules. In Section 4, we perform long calculations to evaluate /!, f
explicitly, and in Section 5 we use these results first to give a new proof of the Carter-Payne theorem,
and then (via further manipulations of tableaux) to try to generalise this result.
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1.1 Background and notation

The standard reference to characteristic-free representation theory of the symmetric groups is James’s
book [4], from which we take our notation and several important results. Recall that a composition of
n is a sequence 4 = (41, 4p,...) of non-negative integers summing to n, and that A is a partition if
A1 = A2 > .... The Young diagram for A is the subset

(Al =G ) [J< A}

of N2, whose elements we call nodes. A A-tableau consists of [A] with the nodes replaced by integers,
usually the integers 1,...,n in some order. There are natural equivalence relations ~o and ~¢o on
the set of A-tableaux (s ~w ¢ if we can obtain ¢ by permuting the entries within each row of s, and
similarly for columns). An equivalence class under ~ is called a fabloid, and we write {t} for the
tabloid containing ¢. The k-vector space with the set of A-tabloids as a basis and the natural action of S,
is the permutation module M]f. If A is a partition and ¢ a A-tableau, we define the polytabloid

er= ) (=1)"{s} e M},

S~coll

where (—1)* is the signature of the permutation required to change s into z. The k-span of the poly-
tabloids is called the Specht module Si. We often drop the field subscript when the field is understood
and write M* and S* for these modules respectively.

2 Homomorphisms between Specht modules and permutation modules

In order to construct homomorphisms between Specht modules, we shall use two important results
from [4]. The first concerns homomorphisms from S* to the permutation module M.

Let A be a partition of n and ¢ a composition of n. Recall that a A-tableau of type u is a tableau of
shape A with y; entries equal to i, for each i. We say that a A-tableau of type u is row standard if the
entries are increasing along rows, column standard if the entries are strictly increasing down columns,
and semi-standard if both row standard and column standard. We let 7 (4, i) denote the set of A-tableaux
of type u, and To(4, ) the set of semi-standard tableaux of type .

Let ¢ be a fixed A-tableau (of type (1)), and for a composition yu define a bijection between 7 (4, u)
and the set of u-tabloids by letting 7 € 7 (4, u) correspond to {r}, where, if corresponding positions of ¢
and T are occupied by the numbers i and j, then i appears in row j of . We shall frequently use 7 (4, )
as a basis for M* via this bijection.

Now, for each T € 7 (4, ), we define a homomorphism

Q7 : Mt — M*

over any field, by stipulating that

() — ZS
T

N ~row

and extending linearly. We then define the homomorphism ®7 : S — M* to be the restriction of @7
to the Specht module S*. If T € T¢(4, i), we call this a semi-standard homomorphism. We have the
following, due originally to Carter and Lusztig [1].
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Theorem 1. [4, Theorem 13.13] Let A and u be partitions of n. Then the set Or | T € To(, )}
is linearly independent over k. Moreover, it is a k-basis for Homyg, (SA,M;{‘ ), except possibly when
char(k) = 2 and A is 2-singular.

Later, we shall need the following lemma, which helps us to cope with the failure of Theorem 1
when p = 2 and A is 2-singular. The authors are indebted to Gordon James for providing a proof of this.

Lemma 2. Let A and u be partitions of n. Then the set {@)T | T € To(A, 1)} of semi-standard homomor-
phisms spans the same subspace of Homyg, (S 4 Mg ) as the set {@T | T € T (A, u)l

Proof. We must show that if T € 7°(1, u), then ®7 may be expressed as a linear combination of semi-
standard homomorphisms. This depends on the following claim, which is analogous to [4, Lemma
13.12]: if we write C:)T(e,) as a linear combination ), c¢gS of basis elements for M*, then

1. ¢s = 0 whenever S has two equal entries in some column, and
2. c¢s # 0 for some semi-standard tableau S .

To prove 1, observe that when we apply O to a polytabloid, we need only consider row permutations
of T in which any two entries in the same column are distinct. The proof of 2 is identical to the proof
of [4, Lemma 12.12(ii)]. The proof of Lemma 2 is now completed using an identical argument to that in
[4, Lemma 13.13]. O

In order to use homomorphisms S* — M* to construct homomorphisms S* — S¥, we need the
following characterization of the Specht module. Let d be a positive integer, and choose ¢ such that
0 <t < Ag4+1. Define the parts of v by the following prescription:

A+t (i=d)
vi=di—t (i=d+1)
A (otherwise).

Let T be any A-tableau with all entries in row i equal to i, except for i = d + 1, when there are ¢ entries
equal to d and Ay4; — ¢ entries equal to d + 1. T is then a A-tableau of type v, and we write ;.//2 for the
homomorphism @7 : M* — M”. (We may omit to mention v, since it is determined by A, d and ¢.) We
then have the following.

Theorem 3. [4, Corollary 17.18] If A is a partition of n, then

Ad+1

St = ﬂ ﬂ ker(y).

a1 t=1

It should be noted that WZJ coincides with 4 ,,,,—; as defined in [4]. Our strategy for constructing
homomorphisms §* — S# is as follows: we take a particular linear combination of semi-standard
homomorphisms, and show that the image lies in the Specht module by composing with the maps v/,
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2.1 Some useful results concerning semi-standard homomorphisms

Lemma 4. Let 1 < i} < ip < -+ < I5, and suppose T,...,T, are A-tableaux of type u which are
identical except in rows iy, iy, ...,Is Let fj be the tableau obtained from T; by deleting all rows apart
fromiy,..., i IfZ‘;.:l Cj(:)fj = 0 for some c; € Z, then Z‘;Zl cj(:)Tj =0.

Proof. Let A be the partition (4;,,...,4;,), and let /i be the composition in which ; is the number of
entries equal to i in each T, so that T, ..., T, are A-tableaux of type fi; suppose A and j are partitions
of m. Let 7 be a A-tableau, and let ¢ be a A-tableau which agrees with 7 outside rows iy, . . ., .

We need to define some S,,-homomorphisms from M# to M* (viewing M* as a ZS,,-module by
restriction): if § € 7 (4, w) is such that when rows iy, ..., i are deleted we get a A-tableau of type f,
define

ng 1 ME — MF
by
R+— U,

where R is a A-tableau of type fi, and U is a A-tableau which agrees with S in rows iy, ..., i; and agrees
with R elsewhere. This clearly defines a ZS,,-homomorphism.

Now suppose that Z;L] ch:)Tj = 0. Let C; be the column stabiliser of ¢, and as in [4] let x; =
Y.rec,(=1)70. Make similar definitions for 7. The agreement between ¢ and 7 guarantees that C; < Cy; if
we let oy, ...,04 be coset representatives, then we have

d
K = Z(—l)“ia,«;.
i=1

So we have
Or,(e)) = Or, (k1))

:i(—l)o—iO'l‘K[ Z S.
i=1

N NrowTj

We define new equivalence relations on 7 (4, u): say S ~ T if § and T differ by a row permutation on
rows iy,...,Is and agree elsewhere, or § = T if S and T agree in rows iy,..., i and differ by a row
permutation elsewhere. Then we have

S = Z Z S
S~rowT; U~T; S=U

D (@, ().

U~T;
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Hence
a a d
Dcrien=>"¢; Y (1) Towe Y (@, (i)
j=1 j=1 =1 U~T;
d a
=) 0o ) aw [Z cj®fj(:<;{f}>J 0
i=1 U~T) j=1
=0. O

Given a A-tableau T of type u, we write Tj. for the number of entries equal to i in row j. Note that
the row equivalence class of 7 (and hence Or) are determined by the T;

Lemma 5. Let T be a A-tableau of type u, and let

T(T,d,t)=1(t1,1t2,...)

d+1 _
0<lj<Tj ,Zl‘j—l‘
J

Fort = (t1,12,...) € T(T,d,1), let T(t) be a tableau obtained by changing t; of the entries d + 1 into

entries d in row j, for each j. Then

Y Or = n ( T;trtj )J Or().

teT(T,d,t)[ j !
Proof. Choosing a A-tableau ¢ and using the bases 7 (4, 1) and 7 (4, v) for M* and M", the map ;.//2 is

given by
S — Z R,
Re(S),

where (S is the set of A-tableaux which may be obtained from S by changing ¢ of the entries d + 1 to
the value d.
To prove the last equation of Lemma 5, it suffices to apply both sides to {¢}. Thus we are required to

b s- 2 0] 2 x
teT (T dn)\ j R~rowT (1)

N NrowT !

prove

Now the condition R ~yo T'(t) defines t uniquely; moreover, the number of S such that § ~.o 7T and

T94¢;
Re(S),is Hj( A ), and this is enough to complete the proof. O
t

j
2.1.1 Multisets

We now need a little notation concerning multisets: if P is a multiset of integers, we write P' for the
number of elements P equal to i. We also write P C Q to mean that P' < Q' for all i. The union of P and
Q is the multiset R with R’ = P’ + Q' for all i. We say that P and Q are disjoint subsets of Rif PUQ C R.

If P and Q are multisets, we write

P Pi
( 0 ) = 1—[ ( 0 )

i

The following is then immediate.
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Lemma 6.
Py _ (IP|
Z (Q) - ( q )
OCP | 1Q1=q
Our next lemma tells us how to express @7 in terms of other homomorphisms ®5 by moving entries
between rows.

Lemma 7. Suppose A is a partition, and j and | are integers with A; > A;. Suppose T is a A-tableau of
type v in which row j contains e entries equal to i and a multiset C of other entries and row [ contains
[ entries equal to i and a multiset D of other entries. For every submultiset F of C with |F| = f, let TF
be any tableau obtained by replacing the elements of F with entries equal to i, and replacing the entries
equal to i in row [ with the elements of F. Then

Or=cn' Y ("h)er,.

F
FCC | |FI=f

Proof. By Lemma 4, we may assume that A has only two parts, with j = 1, [ = 2. We begin by
considering the special case where the elements of C U D are distinct. Then for each F we have (D:F) =
1. Choose a A-tableau ¢ and S € 7 (4, u), and compare the coefficients of S in @T(e,) and (:)TF (e;). The
coeflicient of S in @T(e,) is zero if any of the following occurs:

e two elements of C occur in the same column of S’;
e two elements of D occur in the same column of S;
e two entries equal to { occur in the same column of S ;
e an element of D occurs in a column of S of length 1.

Suppose none of these happens, and that S has

e 1 columns of the form with ¢ € C,

na
Lc]

e v columns of the form with ¢ € C,

[~[=]

e w columns of the form .| withd € D,
e x columns of the form i withd € D,
i

e y columns of the form withc e C,d € D,

e 7 columns of the form d withce C,d € D.
c
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Then we must have u + v = f, and the coeflicient of § in O7(e;) is (—1)*¥+2,

Now look at the coefficient of S in (:)TF. This is zero if two elements of D occur in the same column,
two entries equal to i occur in the same column or an element of D occurs in a column of length 1. If
two elements ¢; and ¢, of C occur a column of § and the coefficient of S in (:)TF is non-zero, then F
must contain exactly one of ¢; and c¢;. If we construct F” by interchanging ¢ and c¢;, then the coefficient
of S in (:)TF, is minus the coefficient of S in (:)TF. So the coefficient of S in ) x (:)TF is zero. So we
assume that no two elements of C occur together in a column of S, and that u, v, w, x, y, z are as above.
Then the coefficient of S in ®TF is zero unless F is precisely the set of elements of C which occur in

columns of the form or with ¢ € C, in which case it is (—1)""**%. Hence the coeflicient of S
c

in(-1) Y F @TF is (—1)****2, This completes the case where the elements of C U D are distinct.

Now we proceed by downwards induction on the number of distinct elements of C U D, with the
initial case being that considered above. Suppose that the number a appears more than once in C U D,
and let 7’ be a tableau obtained from 7 by replacing one occurrence of a with a number « distinct from
any other element of C U D. By induction Lemma 7 holds for 7’; assuming without loss of generality
that @ = a + 1, we take the equation for @7, and compose with !, using Lemma 5.

First suppose that @ occurs in row [ of 7’. Recalling the definition of D for an element a of a
multiset D, we have

lﬂé@r! = DaéT.
Given F, we define T, in an obvious way, and we find
lﬁé@]} = (D" + Fa)éTF.
Thus we have
por=cor 3 ([ e,
FCC | |Fl=f \b#a
and the result follows; we may divide by D since it must be positive and since we may assume we are
working over Z.

Now suppose that @ occurs in row j of 7. Given F with F* > 0, we define a submultiset F* of the
set of entries in row j of 7’ by replacing an entry equal to a with @. We then define 7., in an obvious
way, so that our inductive assumption is

or-cv| > (e % (7,
FCC | |FI=f FCC | |FI=f,F*>0

Composing with ¢! using Lemma 5 again gives the result. O

3 Carter-Payne partitions

The pairs of partitions (4, ) for which we shall construct homomorphisms are those for which
Adi—s (i=a)
Hi=3di+s (i=b)
Ai (i+#a,b)
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for some a, b, 5. These are the partitions considered by Carter and Payne, whose main result is as follows.

Theorem 8. [2, p. 425, Theorem] Let A and pu be as above, and let S* and S* be the Specht modules
defined over a field k of characteristic p. Suppose also that for some e we have s < p® and 1, — Ap + b —
a—s5=0 (mod p°). Then Homkgn(S/l,S“) # 0.

In order to simplify matters, we use the following results, due to the first author and Lyle.

Theorem 9. [3, Theorems 2.2, 2.3] Suppose that k is a field of characteristic not two, and that & and v
are partitions of n with & = vi = r (or with & = v| = r). Denote by &,V the partitions of n — r obtained
by removing the first row (respectively, the first column) from [£], [v]. Then

dim; Homyz, (S¢,5”) = dimg Homye, (S, S™).
In view of this result, we assume that, with A and u as above, we have a = 1 and 1, = 0.

Remark. The failure of Theorem 9 in characteristic two need not worry us, since the homomorphisms
we define are all linear combinations of semi-standard homomorphisms. With & and ¥ as in Theorem 9,
let Hom, - (S ¢,8") denote the space of homomorphisms from S¢ to S” which are linear combinations
of semi-standard homomorphisms. In the case where & and ¥ are obtained by removing the first column,
Theorem 4.3 of [3] provides a linear injection from Hom(S 5—" S7) to Hom(S ¢ S, which works even
when the characteristic is two. Using [4, Theorem 8.15] we deduce a similar result for row removal.
So, since we are only interested in showing the existence of homomorphisms, we may remove rows and
columns from A and p.

We are now in a position to define the linear combination of semi-standard homomorphisms from
which we shall construct a homomorphism S* — S¥. We write

A= o+ s, It e ey
where lp =1} > >---> 1. > s, so that
po= o I BT e ),

and we assume henceforth that r > 1; the case where r = 0 is easily dealt with.
We shall not in fact use semi-standard A-tableaux of type u, but pseudo-standard tableaux. We say
that T is pseudo-standard if:

o the entries in each row of T are weakly increasing;
. Tj. is non-zero only if i = jor 4; < 4;.

Let 7°(2, ) denote the set of pseudo-standard A-tableaux of type .
For example, if A = (5,3%) and u = (33, 2), the pseudo-standard A-tableaux of type u are

4]4] 3]4] 2]4]

1/1]1
2|22
313]3

1111
2122
31314

1[1]1
2|24
313/3
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1[1]1]3]3] 1[1]1]2]3] 1[1]1]2]2]
2[2]2 214 4
3[4]4 , 3[3]4 , 3[3]3
while the semi-standard A-tableaux of type u are

1[1]1[4]4] 1[1]1[3]4] 1[1]1]2]4]
2[2]2 2[2]2 2[2]3
3[3]3 , 3[3/4 , 3[3]4
1[1]1]3]3] 1]1]1]2]3] 1[1][1]2]2]
21212 2[2]3 313
3[4]4 , 3[4]4 i 3/4]4

Remark. The homomorphisms corresponding to pseudo-standard tableaux are not linearly independent

in general. We shall discuss the consequences of this in Section 5.

Before defining our homomorphism f : S* — M, we introduce a small item of notation. Given
integers a and b with b > 0, we write

b—1
abt = 1_[((1 — i)
i=0
and

b—1
al = 1_[((1 +10).
i=0

Let A be as above, with & any composition of n, and let yy,...,y, be integers. Given T € T~ 04, &),
define f(T) € Z as follows. For each h, let Tj, = Zj>h Té, and for 1 > i > r, define

ni(T) = i T

h=m;_1+1
and
mi
C‘z'(T)ZYE‘Y_rl"(T))l l_[ Th!.
h=m;_+1
Now define
,
AT =] Jeum.
i=1
For example, the values of f(T) for T € 779((5, 3%), (33,2)) as above are
1[1][1]4]4] 1[1]1]3[4] 1[1][1]2]4]
fl12]2]2 =yin-1, f][2/2]2 =y, f|[2]2]4 =y,
3[3]3 31313 31313
1[1]1]3]3] 1[1]1]2]3] 1[1]1]2]2]
fl12]2]2 =2, f 4 =1, fl[2]414 =2
3[4]4 3[3]4 3[3]3
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Now define f : S2 — M% by
f= ), fDor.

TeTO(Ap)

We shall use f to construct homomorphisms over F,, by dividing by a suitable power of p, and then
reducing modulo p. The precise way in which we do this will depend upon the results of the next
section.

4 Composing f with ¢/,

In this section we discover the important properties of our map f : S% — Mg. These are concerned
with composing with the maps !, : M* — M”. We shall show that /!, f is divisible by certain integers;
our technique will be to evaluate 4/, f explicitly, and to express it in terms of pseudo-standard A-tableaux
of type v. We begin with the case where Ay = Ag41.

Proposition 10. Suppose g = 4.1, i.e. my < d < myyy for some i. Then for any 0 < t < Ag41 we have
Yhf =0.
We prove this proposition in two stages: given a pseudo-standard A-tableau T of type u, we express
:,b’d(:)T as a linear combination of homomorphisms ©g for S pseudostandard. Then we combine these

expressions in order to express ¢/, f in the same way.

Lemma 11. Choose t and d such that 3z = Ag41. For a pseudo-standard A-tableau R of type u or v,
define R[d] to be the multiset of entries in row d which are greater than d, and define R(d) to be the
multiset of rows other than d containing entries equal to d. That is:

. {Rd (> d)

0 (i<d)
d .

R = {Ri (i <d)

0 (i>d).

Define R[d + 1] and R(d + 1) analogously. Now fix T € T°(A, W), and let

S(T) =1{S € 7%, v) | T[d] C S|[d],
S[dIUS[d+1]=T[d]UT[d + 1],
S(d) cT@),
S(d)USd+1)=Td)UTd+1).

Then

'Or = \ISINTIdll( S\ S@)
Wior= > (-1 (IO,
SeS(T)
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Proof. We compose O with lﬁi; using Lemma 5. Given a submultiset / of 7(d + 1) of size i, we change
those entries d + 1 into entries d in rows corresponding to elements of /, and we change 7 —i entries d + 1
into entries d in row d + 1 (maintaining the row standard property). By Lemma 5, the homomorphism
corresponding to the resulting tableau occurs with coefficient ( vt )

Now we use Lemma 7 to move the entries equal to d in row d + 1 into row d. Given a submultiset
Z of T[d] of size t — i, we move the elements of Z from row d to row d + 1, and move those entries
equal to d in row d + 1 into row d, maintaining the row standard property. We get an additional coef-
ficient (—1)"’( T[dg]uz ), by Lemma 7, and the resulting tableau lies in S(7T'). In fact, each § € S(T)

corresponds to a unique choice of I and Z, and the result follows. |

Proof of Proposition 10. Let S be a pseudo-standard A-tableau S of type v, and assume the notation of
Lemma 11. By that lemma, we find that the coefficient of Oy in 1,02 fis

Z f(T)(—l)'S[dl\T[du(5[d+11)(S<d>)‘

T[d+11/\ T(d)
TeT )| €S(T)

Moreover, a tableau T such that S € S(T') corresponds to multisets I C S[d] and Z C S(d + 1) of sizes i
and 7 — i for some i, as in the proof of Lemma 11. Also, the tableau T corresponding to / and Z has

IS(d) VU ZINIS(d + 1)\ Z|!cj(S) _ )
e/(T) = S@IS@+ D! -
cj(S) (G #D.

Thus the coefficient of O in Yl f is

[T ci(S) » S(d+1)\( Sld]
=D IS(d) v Z|Sd+ 1)\ Z|!
IS (@IS (d + D! ;‘ ch%“ﬂ) I;d] ( z )( )

Zl=t—i =i
r . t
=50 d>|J!:|;Zz(i)1>|z izo(—l)f*"ds (1l = DS @ + DI = £+ (PP
by Lemma 6
_ [Tz ci(S)  IS[d] |'|S(d + 1)|'( by Z( N
IS@I!S (@ + D!
The alternating sum of binomial coefficients is zero, since t > 0. m|

When rows d and d+1 of A are of different lengths, things become a little more complex; in particular,
ij f need not be zero. However, we can calculate an exact expression for W; f. Suppose that d = my,
for some 0 < b < r, and let v be the composition such that ¢/, : M* — M". Given a pseudo-standard
A-tableau S of type v, define
( :_’:1 ci(S )) (lo+s—ll+l;?1—1—)’l)ﬁ (b = 0)

8(8) = 3 (Miwp i) (YOS g + DT, 4y 8 1) ey 0 <y < )
S

t!

_ _ "
(M= i) (™S a + 01T, 0 8 5Y) =2 b= n.
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Theorem 12. Suppose 13 > A4+1, i.e. d = my, for some 0 < b < r. Then

wif = . 8(8)8s.

SeTO1,y)

To assist with our calculations, we need some simple results concerning factorials and binomial
coeflicients.

Lemma 13. Suppose that ay, ..., ay, b1, ..., by, c are non-negative integers such that
ai+--+ay=by+---+b,=c.

Let C be the set of all arrays (c;j),1 <i<m,1 < j < nofnon-negative integers such that

¢ij = bj

m
i=1

forall j, and

foralli. Then

Proof. It suffices to prove

¢t _ [1,0;

[1;ai (ceC Hz; Cij
the left-hand side is the number of ways of partitioning a set of size c into sets of sizes by, ..., b,, while
the right-hand side is the number of ways of partitioning the disjoint union of sets of sizes ay,...,a;
into sets of sizes by, ..., b,. Clearly, these are the same. O

4.0.2 Binomial coefficients

In the course of proving Theorem 12, we shall allow ourselves to use binomial coefficients (Z) in
which a is negative (and b non-negative). Such a binomial coefficient is simply defined as

abt

()= %

There are some standard properties of binomial coefficients which we cannot use here; for example,
we cannot write (Z) = (;b ), although we can now write (Z) = (—l)b( marbl ) The only standard
properties of binomial coefficients we shall use are the following, which still hold with our extended

definition.
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Lemma 14. For any integers a, b, c with ¢ < 0,
C
SN =)
i

Proof. This is a standard result when a and b are non-negative. On the other hand, it may be regarded

as a polynomial identity in a and b, and so holds for all @ and b. |
Lemma 15. Let ¢ be a positive integer, and let x1, ..., x.,n be integers, with n > 0. Let A be the set of
all c-tuples (ay, ..., a.) of non-negative integers summing to n. Then
C
XjtajN _ f xptetxetnte—1
Z 1—[ ( aj ) - ( n )
(ay,....ac)€A j=1
Proof. This is readily proved by induction on . |

4.1 The proof of Theorem 12

The proof of Theorem 12 is a long calculation in which we use Lemma 5 and Lemma 7 repeatedly.
Essentially, we proceed as in the proof of Proposition 10: we take a pseudo-standard A-tableau T of type
u and express %(:)T as a linear combination of homomorphisms @g with S pseudo-standard. Then we
combine these expressions to get an expression for ¢/, f, and compare coefficients of an arbitrary Os.

We assume that 0 < b < r throughout; the proofs of the cases b = 0 and b = r are simpler, and may
be left to the reader to reconstruct; as we proceed, we shall indicate the places where they differ from
the general case.

We write a = my_1,c = mp41, and we shall use the word ‘set’ to mean ‘multiset’, with the conven-
tions for ‘subset’, ‘union’ and ‘disjoint’ described in 2.1.1.

4.1.1 Sets associated with 7'

Let T be a pseudo-standard A-tableau of type p. We shall need to refer to the following sets:

e E is the set of rows other than d which contain entries equal to d (with multiplicity), i.e. E' = Tl.d
fori <d;

e G is the set of rows higher than row a + 1 which contain entries equal to d + 1, i.e. G' = Tl.d“ for
i <a;

e Bis the set of rows between a + 1 and d — 1 which contain entries equal to d + 1, i.e. B' = Tl.dJrl
fora<i<d,

e fora+1 <i<d-1,C;is the set of entries between d + 2 and ¢ in row i, and D; is the set of
entries greater than ¢ in row i;

e ( is the set of entries between d + 2 and ¢ in row d, and D is the set of entries greater than ¢ in
row d;

e ( is the set of entries greater than d + 1 in row d + 1;
e ford +2 < j<c, Fjis the set of entries not equal to j in row j.

Note that we have 74! +|C| + |D| = |E| and |Q| = T4*! + |G| + |B.
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4.1.2 Composing O with Y,

In order to express %(:)T as a linear combination of pseudo-standard homomorphisms, we need to
consider all possible choices of the following:

e sets H C B and I C G and non-negative integers s < Tg” and k < Ip41 —|Q| such that [H| + h +
k+|I =t

e disjoint subsets J,.1, . .., Jg—1 of C, disjoint subsets K,.1, ..., K;—1 of D and non-negative integers
perl . P41 guch that P + |J;| + |K;| = H' for each i;

e sets LC C\J;J;and M C D\ |J; K; and a non-negative integer m such that m + |L| + |[M| = k;
° asethgFjWitthjl:Lf,forj:d+2,...,c.

We let P be the set defined by the P', and we write J for (J11, ..., ;1) and similarly for K and N.

Now we compose @T with 1//2. Let T(H, 1, h,k) be the row standard tableau obtained from T by
replacing entries equal to d + 1 with entries equal to d; the number of entries replaced in row i is I’ if
i<a,Hifa<i<d hifi=dorkifi=d+ 1. By Lemma 5, we have

/A EUIN{ l—lEl+h\ A
vlr= ), (5 )", Jorun.
H,Ihk

(In the case b = 0, we have no sets I, H.)

We seek to manipulate T'(H, I, h, k) using Lemma 7 to make it pseudo-standard. Let T(H, I, h, k, J, K, P)
be the row standard tableau obtained from 7'(H, I, h, k) by replacing the entries equal to d in row a + i
with P! entries equal to d + 1 and the elements of J; and K; for a < i < d, replacing the elements of
U; JiVl; K; inrow d together with |P| of the entries equal to d+ 1 with entries equal to d, and performing
a row permutation if necessary. By Lemma 7 we have

®T(H,l,h,k) — J;P(_l)lm( (B\IZ)UP ) l_l ( C,-:Ji )( D,-IL(JiK,- )®T(H,1,h,k,J,K,P)-
K 1

(In the case b = 0, this step is unnecessary, and the corresponding coefficients may be neglected.)

The next step in expressing wZ@T in terms of pseudo-standard homomorphisms is to eliminate all
the entries equal to d in rows d + 1 and below. Let T(H,1,h,k,J,K, P,L, M, m) be the row standard
tableau obtained from 7'(H, I, h, k, J, K, P) by replacing the elements of L U M in row d, together with m
of the entries equal to d + 1 in row d, with entries equal to d, and replacing the entries equal to d in row
d + 1 with the elements of L U M and m entries d + 1. By Lemma 7 we get

A k( lps1—10l—k+m\( QUM \ A
OTH L1k JKP) = Z (-1 ( . )( y )G)T(H,I,h,k,J,K,RL,M,m).
L.M,m

Finally, we need to move the entries of L in row d+1 to their correct rows. Let T(H, I, h, k, J, K, P, L, M, m,N)

be the row standard tableau obtained from
T(H, 1 hk J,K, P, L, M,m) by replacing the entries equal to j in row d + 1 with the elements of N,
and replacing the elements of N; in row j with entries equal to j, for j = d +2,...,c. Applying Lemma
7 for each j in turn, we find that
(:)T(H,I,h,k,J,K,P,L,M,m) =
R/ QUMUN 42 \ ( QUMUNg12UNg43 QUMUN42UNg43U-UNC \ A
Z( 1) ( N )( Noos ) : ( N )®T(H,I,h,k,J,K,P,L,M,m,N)-

N
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(This step may be ignored when b = r, or indeed when my1 = myp, + 1.)
By combining these equations, we can find an expression for ¢/,@r as a linear combination of
pseudo-standard homomorphisms.

4.1.3 Comparing coefficients of S

Now we take a pseudo-standard A-tableau S of type v, and examine how arises in the expressions
for %(:)T for various 7', Again, we shall label several sets. Suppose that, in S:

X is the set of rows other than d that contain elements equal to d, i.e. X' = Tid fori < a;

fora+1 <i<d-1,T;is the set of entries between d + 2 and ¢ in row i, and A; is the set of entries
greater than ¢ in row i;

I" is the set of entries between d + 2 and ¢ in row d, and A is the set of entries greater than ¢ in row
d,

Y is the set of entries in row d + 1 not equal to d + 1;
ford +2 < j < ¢, ®; is the set of entries not equal to j in row J;

IT is the set of rows between a + 1 and d — 1 which contain entries equal to d + 1 (i.e. I = S9!
for a < i < d), Y is the set of rows higher than row a + 1 containing entries equal to d + 1, i.e.
Yi =S4 fori < a);

We wish to write S as T(H, I, h,k,J,K, P, L, M,m,N), and to this end we choose:

Jicliand K; C A, fora+1<i<d-1;

P C 11, I € X and disjoint subsets M, Ny.2, ..., N, of V.

‘We then let
e C;=I;\J,
e D;=A\K,,

H' = P +|Ji| + K,

B=(I\P)UH,
E=X\I,
G=YUI,

O=Y\(MUNgzU---UN),
Fj=q)jUNj,

L/ =N},

C=FUUI'J,'UL,

D=AUlJ;K;iUM and
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Finally, we choose k such that |L|+ |M| < k < lp4+1 — |0, and putm = k—|L|—|M|and h = t —k—|H|—|l]|.
There is then a unique pseudo-standard A-tableau 7" of type u such that

S = T(H9Iah’k’J7K’P7LaM7m’N)a

and we seek the sum, over all 7' obtained in this way, of the product of the coefficients determined above
and f(T).
We have ¢;(T) = c¢;(S) whenever i # b,b + 1, while

cp(T)ep1(T) =
s=10I=-2IF DL

i —|Bl-2|Cil-2 IDil- (
o1 | TIEI ] [B + 1 +1DDNTS +1C1 + Dty A= IG2IPEN o
j i

By combining all the expressions we have found so far, the proof of Theorem 12 reduces to the
following combinatorial manipulation.

Proposition 16. The sum of
o] JIFIL ] B +1Cil+ IDDNTSH +IC1 + DD
j i

(s—|BI-3 ICil-3 ID{-IED] . (s=1QI=-21F ;DL
xYp Yp+1 /

% ( E;JI )( lb—|f|+h )(_1)|H| l_l ( C,-:J,- )( Dl;Ki )( (B\I;)UP)
4
—|0l- QUM QUMUN 4 QUMUN,2UNy, QUMUN442UN g43U---UN,
(l 10| k+m)( ;J/I )(_1)k+\LI( dZ)( Nj: d3).“( dchda )

m Nai2

over all possible choices of J,K, P, I, M,N, k as above, equals
d-1

_ _ Iy — oy + mpey —mp +yp — n
y}(}s S0 4+ 1) n s ;! (p = lps1 + mpyy . b+ Vb= Ybr1) .

J=mp-1+1

Proof. We eliminate the ranges of summation one by one.

Summing over N

We eliminate Ny,», ..., N, in stages: to begin with, we sum over the possible choices of Ng;2, ..., N,
with fixed union N. The only term which depends on the N; rather than just their union is the product

ﬁ 1 QUMM | QUMUN2 N QUMUN 442UN 443U--UN,
i X ) ( )

; N2 Nii3 N,
Jj=d+2
- il
=[] 1@ +ni ] e
Jj=d+2 i=c+1 (QU ) d+2 o Ver
We first sum over Ny,», ..., N, of fixed sizes [Nyl ..., |N.|; by Lemma 13, we get

m / c
S ] |(Dj+Nj|!
|N|! | | — | | —_
! 1
i=c+1 N j=d+2 IVt
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Now we sum over the possible |N;| (but still fixing N): we have

<D+ N < |0+N|
l_l —Jlel!j = l_[ I‘Djl!( lj;jlj),

j=d+2 Jj=d+2

which yields

C

O 2. @ jl+c—d+IN|-2
I_I | jL( IN| )
Jj=d+2

by Lemma 15. Next, we sum over possible sets N while fixing the cardinality |N|; the only terms which
depend on N rather than just |N| give

which gives o
M
() )

by Lemma 6.

Summing over M, I, J, K, P of given cardinalities

Using Lemma 6, we can also sum over the possible choices of M, I, J,41, ..., Ja-1, Kg+15 -+ - Ka-1,
P of given sizes. Re-assembling the terms, we find that the summand in Proposition 16 is equal to

d-1 ¢
Saet =M= IND! [ ] six v [ s
i=a+1 j=d+2
(=21 Sa=t+IDL_ (=X 40y S +IMDL
Xy, T Vour

S st [ (16 0

Ipe1=Sav1 \( Lijeaso S jre—d+INI=2 Sar1 \( Sar1—IM|
X(wm e ) )
k—=IN|-|M| IN| |M| N

5 (= 1P Zi ik Zi KN
(since |¥| = S 441, |@j] = S jand B + |C| + |D;| = TT + |Ty| + |A;] = S)).

Summing over |M|, |N|, |P|

Next, we sum over |N|; the product

Sa+1—IM
(Saet = IMI= INDINI(" )
equals (S 4+1 — [M])!, which does not depend on |N/|, so we need only sum

( Ipr1=San )( Xieasa S jre=d+INI-2 )(_1)|N|
k=INI-IM| IN|



18 M. Fayers & S. Martin

which equals
( lpr1—c+d—S 441 _Z;=d+2 Sj+1 )
k—=M|
by Lemma 14. To sum over |M|, we write

(5= Xigin SAHIMDL _ =01 (S) 1ML

b+1 b+1
s—nps1 (S
=y N (g = 5+ nper (S)M,
S+ S
observe that (S 4,1 — |M|)!( ] ) = IX/III! , and sum

( lp+1—c+d—np.1(S)+1 )( Vo1 —S+np41(S) )
k—|M| M|
to get
(lb+]—c+d+1+}’b+1—s )
k
Next we sum over |P|; the terms involving |P| give
(_1)|p|( Ip=IX|+t=k=|PI-X; Vil-X; 1Kil )( 11 )
t—k=|P|=2; Jil= X |Kil=| |P|
= (1) T LK ~lp+XI-lI-1 ) i )
t=k=|P|=2; Jil=2; IKil=lI1 7\ |P|
which in turn gives
(_1)r+k+z,-|f,«|+z,-|K,»|+|1|( =ty +X|=111-1 )
1—=k=2%; [il=2; IKil-l|

Summing over |/, |K;, ||

Next we sum over all possible |J;| and |K;| with fixed sums J = };|/;] and K = }}; |K;|; the summand

becomes
d-1
]—[ Sl (X = D'ep1(S)
i=a+1
% )/Zs—n;,(S)—l+|1|)l

x| MI—Ip+1X]-|71-1 Zillily 2 1Al
><(Ill )(t_k_ZiT;l_ZilKil_lll)( J )( K )

—c+d+1+vp1—s

k
Summing over J, K and & so that the last two lines of this product give

x (_1)t+|1| lb+1

IXI\ (=L X1+ 200 I 2 WAl e +d—c=s+ypat )
( |] )( =1 )( 1) .
Finally, we put

YT 6mmS)DL (8 + I,

and then sum over |/|. We end up with

d-1
— =3 ITi =2 1Al =1X]

i=a+1

Uy = lpst + My = mp + ¥y — Ype1)'
1!

as required. O

X (=1)

B
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5 Consequences for F,S,-homomorphisms

We now try to use our map f defined above to construct homomorphisms between Specht modules
in characteristic p. The way in which we do this depends upon the following obvious lemma.

Lemma 17. Suppose there exists a homomorphism f : S % - Mg such that, for some e > 0,
e foralldandt, y',f € p° Homzg, (S*, M), and
o f ¢ p°Homgze, (S2, M).

Then Homg, g,

(S3.85)#0.
r p

5.1 A proof of Theorem 8

Our first application of our results is a new proof of the Carter—Payne theorem. We are able to avoid
problems with linear dependence of pseudo-standard homomorphisms, chiefly by using the following
lemma. We maintain the definitions of A, ¢ and v.

Lemma 18. Let & equal either prorv. Givene = (e1 < ... < ey), let Te(A, €) be the set of pseudo-standard
A-tableaux of type & whose first row is

1 1 ... 1 e ... e

Let Ve be the Z-span of the set
(07| T € Te(A,6)).

>
(3

Then the sum

is direct.

Proof. It is enough to show that, given a pseudo-standard A-tableau T of type &, we can write

Or = Z xrOr,
R

where each R is a semi-standard tableau with the same first row as 7'.

Let T be the tableau obtained by removing the first row of T'; note that each entry of T is at least 2.
By Lemma 2 we may write @7 = Yz xz0z, where each R is semi-standard. For each R, define a tableau
R by adding a row at the top equal to the first row of 7. Then the above formula holds (with xg = xz) by
Lemma 4, and each R is semi-standard, because each entry of R is at least 2 and the first row of T has
weakly increasing entries, the first [y of which are equal to 1. |

Proof of Theorem 8. We define f : S % - M% as in Section 3, taking

vi=—=li+s—1+m—m,
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for all i. By Proposition 10 and Theorem 12, we have
Yaf =0
except possibly when d = 1. So we assume d = 1 from now on, and we have
r
D"
wﬁ=[ EI{FL“”H7T’
SeT0) N i=l

where D is the distance through which nodes are moved to get from A to u. We may also assume that
t < s, since for t > s there are no pseudo-standard A-tableaux of type v, and so we have ¢/, f = 0. Write

D"
T

’

the fact that D is divisible by some power of p greater than s (and hence greater than ¢) implies that a is
divisible by p.
Given a pseudo-standard A-tableau of type v whose first row is

1 1 ... 1 e ... e

we must have e; = --- = ¢, = 1; define e = (ey, ..., e;), and define € by changing ey, ..., e, from 1 to 2.
Now if S is a pseudo-standard A-tableau of type v, define $ to be the row standard tableau obtained by
changing ¢ of the entries equal to 1 in row 1 to 2s. Then"induces a bijection

Te(A,v) © Te(A, )
whenever the left-hand side is defined. In fact,”induces a linear isomorphism
Ve = Vg,
although the set
(05| S € Te(A. 1)}

might not be linearly independent, we have

[ Z XS(:)S :0}@[ Z XS®S~:0]
SeTe(A,v) SeTe(d,y)

by Lemma 4. Notice also that if S € 7°(4, v), then

r

[ Jeis)=rS.

i=1
The result of this is as follows. Let E be the set of all e such that 7¢(4, v) is defined, and let G be the set
of all g such that 7¢(4, u) is defined. Then we can write

f=>rf

geG
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where fg € Vg, and we can write

d/tlf = Zve

ecE
with ve € V. By Lemma 18, f is divisible by p' (i.e. f lies in p' Homzg, (S*, M*)) if and only if each
fg 1s divisible by p', and y!,f is divisible by p’ if and only if each ve is divisible by p/. By the above
discussion, we have

Ve = afe

for all e € E; since a is divisible by p, we find that 1//2 is divisible by a greater power of p than f is (the
fact that f is non-zero follows from Proposition 21 below), and this is sufficient. |

5.2 Quasi-standard homomorphisms

Now we try to find more general applications of Proposition 10 and Theorem 12. As remarked
earlier, the fact that the pseudo-standard homomorphisms are linearly dependent presents problems.
Here we try to address this.

Lemma 19. Let a be the partition (I), and suppose that B is a partition of Im with each B; < | and with
P14+ +Bn=lm—1). Let Ty,...,T, be the row standard a-tableaux of type 8 in which all entries

equal to i occur in row i, for 1 <i < m. Then:

1. there is a unique semi-standard a-tableau Ty of type B in which all the entries greater than m lie

in row m;

a
Z Or, = +07,,
=1

where the sign depends only upon |, m and B, ..., B,

3. if T is an a-tableau of type 8 in which all the entries greater than m occur in row m and in which
the first m — 1 rows form a semi-standard (I"~")-tableau, then ©r is a scalar multiple of ®T0'

Proof.

1. In Ty, the entries greater than m must occupy (in increasing order) the rightmost places of row m.
Now the remainder of Ty must be column standard and filled with entries equal to or less than m,
and so the entries in row { must all be either i or i + 1, for 1 < i < m. This tells us how to construct
To: we must put all the 1s in row 1, from the left, and fill in the remainder of row 1 with 2s. The
remaining 2s go at the left of row 2, which must then be filled with 3s, and so on. This constructs
To uniquely; that T is semi-standard follows from the condition 5; < [.

2. Apply Lemma 7 repeatedly to T, moving the entries equal to m into row m, then moving the
entries equal to m — 1 into row m — 1, and so on. The binomial coefficients which arise are all
equal to 1, and each T; arises uniquely. The signs occurring are all equal to

(_1)2’;;200)5;1 .
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3. We examine the smallest entry g in row m of §. If g = m, then S is row equivalent to T, and we
are done. Otherwise, suppose there are 4 entries in row m equal to g. Since the entries in row g of
S all equal g or g + 1, Lemma 7 implies that g is a scalar multiple of @g/, where S” is obtained
from §' by moving the entries equal to g from row m to row g, and moving % entries equal to g + 1
from row g to row m. S’ then satisfies the hypotheses of the lemma, and the smallest entry in row

mof S’ is g + 1, so we are done by induction.

O

Lemma 19 allows us to ‘group together’ our pseudo-standard tableaux. Given a A-tableau T of type
p and an integer 1 < i < r, let T(i) be the tableau consisting of the m; — m;_; rows of length /;. Say that
T is quasi-standard if:

e cach T'(i) is semi-standard;
o the entries of 7'(i) are all strictly greater than m;_1;
e any entries of 7'(7) which are greater than m; occur in the bottom row of 7'(i).

Let Q(A, i) denote the set of quasi-standard A-tableaux of type u. For example, the quasi-standard
(5, 32, 2)-tableaux of type (33,2%) are

1/1]1]5]5] 1/1]1]4]5] 1/1]1]3]5] 1/1]1]3]5] 1/1]1]2]5]
2[2]2 2[2]2 2[2]2 2[2]2 2[2]3
3[3[3 3[3]3 3[3]5 3[3[4 3[3]5
44 415 414 415 44
1[1]1]2]5] 1[1]1[4]4] 1[1]1[3]4] 1[1]1][3]4] 1[1]1]2]4]
2[2]3 2[2]2 2[2]2 2[2]2 2[2]3
313[4 31313 3[3]5 313[4 3[3]5
415 5[5 415 5[5 415
1]1]1]2]4] 1/1]1]3]3] 1[1][1]3]3 1]1]1]3]3] 1]1]1]2]3]
2[2]3 2[2]2 2122 2[2]2 2[2]3
3[3[4 3[5]5 3[4][5 3[4[4 3[5]5
5[5 44 415 5[5 44
11]1]2]3] 1]1]1]2]3] 11]1]2]2] 1[1][1]2]2] 1[1]1]2]2]
22 2[2]3 2[3 2[3 2313
3[4]5 344 3[5]5 3[4]5 344
415 5[5 414 415 5[5

We aim to express f in terms of quasi-standard homomorphisms. Define an equivalence relation on
the set of A-tableaux of type u by saying that two tableaux are equivalent if one can be obtained from the
other by re-arranging entries within rows and moving entries between rows of the same length. Given
an equivalence class C, suppose C contains the pseudo-standard tableaux Ty, ...,T,, with ¢ > 1. Then C
contains a unique quasi-standard tableau T: the rows of length /; contain at most /; entries equal to any
particular value, and at most s < /; entries greater than m;; these can be re-arranged as in Lemma 19(1).
Now we apply Lemma 19 for each i, bearing in mind Lemma 4. We get

¢
®To == Z ®T;-
i=1
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Since the homomorphisms corresponding to T4,..., T, occur with the same coefficient in f, we have
proved the following.

Lemma 20. The map f : S* — M* can be written as a Z-linear combination Y, SeQiy) €S O of quasi-

standard homomorphisms, with each coefficient cs being +f(T) for some pseudo-standard tableau T.

For example, each of the quasi-standard (5, 32,2)-tableaux of type (33,22) above is equivalent to a

1[1]1]2]3]
2123
314|5
unique pseudo-standard tableau, except for 415 , where we have
o -6 o
1[1][1]2]3] 11]1]2]3] 11][1]2]3]
21213 21214 21215
3145 313]5 31314
415 415 415

However, we are still in difficulty: the quasi-standard homomorphisms are not linearly independent
either. Notice that, among the quasi-standard (5, 32, 2)-tableaux of type (33, 22) above, the tableaux

1[1]1]3]3] 1[1][1]2]3] 1[1][1]2]2
2[2]2 2[2]3 2313
3[5]5 3[5]5 355
414 , 414 , 414
are not semi-standard, and in fact
0] =-0 e .
1[1][1]3]3] 1]1]1]3]3] 1]1]1]3]3]
2(2]2 2[2]2 2[2]2
3[5]5 3145 3[4]4
414 415 5[5

Note that this problem — having quasi-standard tableaux which are not semi-standard — arises when-
ever we have [; — [;;; < s. We content ourselves with the following: let T be a pseudo-standard or
quasi-standard A-tableau of type u, and say that T is nice if, for each i > 1, the number of entries greater
than m; in the rows of length /; is at most /; — [;;.;. For instance, of the quasi-standard (5, 32,2)-tableaux
of type (3%,22) above, the first eleven are nice while the last nine are not. Note that a nice quasi-standard
tableau is necessarily semi-standard.

Proposition 21. The homomorphisms corresponding to nice quasi-standard tableaux are linearly inde-
pendent of the other quasi-standard homomorphisms.

Proof. Take a quasi-standard A-tableau T of type y which is not nice. It suffices to show that when Or
is expressed as a linear combination of semi-standard homomorphisms C:)Tl, e, C:)Ta (which we can do,
by Lemma 2), none of the T; is a nice quasi-standard tableau.

Let i be minimal such that the number of entries greater than m; in row m; is greater than [; — [;4;.
Let ¢ be the (4;, I}7'™™, ..., [;"""")-tableau consisting of rows m;, ..., m, of T. Note that the entries of
t are all at least m;. Express ©; as a linear combination Zf;zl B j(:),_,. of semi-standard homomorphisms,
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and let T'; be the A-tableau which agrees with 7" on rows 1,...,m; — 1 and with ¢; on rows m;, ..., m,.
Then by Lemma 4 we have

a
Or = Zﬁi@Tj-
=

Moreover, for each j either T is semi-standard or ®T,~ = 0. Indeed, the entries of T are all at least
m;, while the entries in the first /; places of row m; — 1 of T are all at most m; (note that we might have
m; — 1 = m;_1, but in this case we know the minimality of i implies that only the last /;_; — /; entries of
row m;_; can be greater than m;). So the only way T'; can fail to be semi-standard is if rows m;_| and m;
contain an entry m; in the same column, in which case ®T,- =0.

It remains to see that none of the 7'; is a nice quasi-standard tableau. But each 7; contains fewer than
li+1 entries equal to m;, and so there must be more than /; — [;; entries greater than m; in row m;. And
so, even if T is quasi-standard, it is not nice. O

We can now state our main result.

Theorem 22. Suppose A and i are partitions of n + m such that [fi] is obtained from [1] by moving s
nodes from row a to row b, where a < b. Define

A=Ag = Apy ...y Ap—1 — Ap), =g = Aps... o1 — Ap, 8)

and suppose that A and u are partitions of n.
If we can choose e > 0 and yy, ...,y € Z so that

e for some nice pseudo-standard A-tableau T, the coefficient f(T) is not divisible by p°, while
o all the coefficients g(S) appearing in Theorem 12 are divisible by p°,

then
Homg ¢, (S*,5*) # 0

and hence
Homg ¢, (5%, S%) # 0.

Proof. This follows by combining Theorem 9, Theorem 12, Lemma 17, Lemma 20 and Proposition
21. O

Remark. In practice, Theorem 22 is most useful when we choose

lo—Ili+mi+s—1 (i<a)
Yi =
—Li+mi-m,+s—1 (>a)

for some 0 < a < r. Given d and ¢, we find that ¢/, f = 0 except when d = m,. With luck, the pseudo-
standard homomorphisms corresponding to this value of d can be analysed in a similar way to that used
in our proof of Theorem 8.
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Example. We illustrate our results with a small example which is not covered by Theorem 8. Let p = 3,
A=(,3)and u = (4,3%), so that we have r = 1 and s = 3. We choose v1 = —1. Then the nice
quasi-standard A-tableau

11
2|33

—_—

T = 1[2]2]3]

has f(T") = —2, which is not divisible by 3. Now we look at the coefficients appearing in Theorem 12.
For d = 2, each of these coeflicients is divisible by /, — s + 1 + vy, = 0, while for d = 1, each of the g(§)
is divisible by lp + s — I} + m; — 1 —y; = 6; so all the g(S) are divisible by 3. Hence

Homg,z (S 7, 5439) % 0.

It is possible to obtain more information by examining those quasi-standard tableaux which are not
nice: say that a quasi-standard A-tableau T of type u is good if the tableau formed by rows 1,my, ..., m,
of T is semi-standard. Then we have the following.

Proposition 23. The homomorphisms corresponding to good quasi-standard A-tableaux of type u are

linearly independent.

Proof. We may copy the proof of [4, Lemma 13.11], in which it is proved that the semi-standard homo-
morphisms are linearly independent. This only depends on the fact that the semi-standard tableaux are
row standard and that each ~, class of tableaux contains at most one semi-standard tableau. The same
is true of the good quasi-standard tableaux. |

If we could find a ‘straightening’ result describing how to express homomorphisms corresponding
to non-good quasi-standard tableaux in terms of those corresponding to good quasi-standard tableaux,
then it would be possible to strengthen our results. We leave this for a future paper.
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