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Abstract

Suppose s and t are coprime positive integers, and let o be an s-core partition and T a t-core
partition. In this paper we consider the set P, (1) of partitions of n with s-core ¢ and t-core 7. We
find the smallest n for which this set is non-empty, and show that for this value of n the partitions
in Py (n) (which we call (¢, 7)-minimal partitions) are in bijection with a certain class of (0,1)-
matrices with s rows and f columns.

We then use these results in considering conjugate partitions: we determine exactly when the
set Py 1 (n) consists of a conjugate pair of partitions, and when P, (1) contains a unique self-
conjugate partition.

1 Introduction

In recent years there has been considerable interest in the study of core partitions. For any posi-
tive integer s, an integer partition is an s-core partition (or simply an s-core in this paper) if it has no
hooks of length s. These partitions are an important object of study from several points of view. They
first arose in the representation theory of the symmetric groups, where the p-block structure is deter-
mined by p-cores. (This is the Brauer-Robinson Theorem [Bra, Ro]; see the survey by Olsson [O1] for
more on the combinatorics of representation theory of symmetric groups.) s-cores are also important
in number theory, where they are used in proving Ramanujan-type congruences [GKS], and more
recently have been studied from the point of view of enumerative combinatorics. A popular theme
(which began with the work of Anderson [A]) is to take a second positive integer ¢, and study the
set of (s, f)-cores, i.e. partitions which are both s- and t-cores. More generally, one can consider the
set of partitions which are s-cores for all s in some given set; if the elements of this set are coprime,
there are only finitely many such partitions, leading to various enumerative results. See [T, AH]J, J]
for some of these results; there are many more results in which further restrictions are placed on the
partitions. The survey by Nath [Nat2] gives a good overview of the applications of core partitions.

Given a partition A which is not an s-core, one can define the s-core of A by repeatedly removing
rim hooks of length s. The focus in the present paper is to study the s-core and ¢-core operations on
partitions simultaneously. This approach has been taken before, in [O2, Natl, F1, F2]. In particular,
in [F2] a family of partitions called [s:t]-cores was introduced. One of the equivalent characterisations
of these partitions is that a partition A is an [s:f]-core if and only if there is no other partition with
the same size, s-core and t-core as A; this implies also that there is no smaller partition with the same
s-core and t-core as A. In the present paper we pursue this idea further: we take an s-core ¢ and a
t-core T, and study the set P, (1) of partitions of n with s-core o and t-core T. We determine the
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smallest n for which P, ;(n) is non-empty, and show that for this value of n the set P, (1) (whose
elements we call (o, T)-minimal partitions) is in bijection with a class of (0,1)-matrices. We use this to
recover the result from [F2] determining exactly when |P,(n)| = 1, and in addition we determine
when |Py.(n)| = 2.

We then use these results in relation to conjugation of partitions. The conjugate of a partition A
is the partition obtained by reflecting the Young diagram on the diagonal, and conjugation is sig-
nificant in the representation theory of the symmetric and alternating groups. We prove two results
analogous to our result from [F2]: we determine for which 7 there is a unique partition of n up to
conjugation with s-core ¢ and t-core 7, and we determine for which n there is a unique self-conjugate
partition of n with s-core ¢ and t-core 7.

In proving these results, we concentrate initially on the case where ¢ and 7 are both (s, t)-cores.
We then consider actions of affine symmetric and hyperoctahedral groups on the set of partitions.
If we define a partition to be (s, t)-minimal if it is (¢, T)-minimal for some o, 7, then these actions
preserve the set of (s, f)-minimal partitions, which allows us to extend our results to the case where
o and T are not necessarily (s, t)-cores.

Acknowledgement. The results presented in this paper were obtained with the help of extensive
calculations performed in GAP [GAP].

2 Partitions, cores and beta-sets

We begin by introducing various concepts relating to partitions.

Elementary notation

In this paper, N denotes the set of positive integers, —N the set of negative integers, and Ny the
set of non-negative integers.

If s € N, then Z/sZ is the set of cosets a + sZ for a € Z. (We do not employ the standard abuse of
notation in which Z/sZ is identified with {0,...,s — 1}.) Given any tuple of objects (x; | i € Z/sZ)
indexed by Z/sZ, we may write x, to mean x,,z for any integer a.

If X is any finite set of integers, we write }_ X for the sum of the elements of X.

Partitions

A composition is an infinite sequence A = (A1, Ay, ...) of non-negative integers which is eventually
zero. We write [A| = A1 + A2 + ..., and we say that A is a composition of |A|. We say that A is a
partition if A1 > Ay > .... We write P for the set of all partitions, and P (n) for the set of all partitions
of n.

When writing a partition, we usually group together equal parts and omit trailing zeroes, so that
the partition (7,7,7,6,6,6,3,0,0...) is written as (73,6°,3). We write @ for the unique partition of 0.
The Young diagram of a partition A is the set

{(r,0) €N2| c <A},

whose elements we call the nodes of A. We draw Young diagrams using the English convention, in
which the partition (42,1) is depicted as follows.
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If A is a partition, the conjugate partition is the partition A’ obtained by reflecting the Young dia-
gram of A on the main diagonal. In other words, the partition given by

A={ceN| A =r}|.

We say that A is self-conjugate if A’ = A.

The dominance order is a partial order defined on the set of all partitions by writing A &> u (and
saying that A dominates ) if |A| = |p|and Ay + -+ A, > 3 + -+ - + p, forall r.

Now we define the beta-set of a partition A. This is the set

B(A)={A,—r| reN}.
The next lemma (which is easy to prove by induction) gives some basic information about beta-sets.

Lemma 2.1. Suppose A € P. Then Ng N B(A) and (—N) \ B(A) are finite sets of the same size, and

Al =} (NoNB(A) =} ((=N) \ B(A)).

Conversely, any set B C Z for which Ng N B and (—N) \ B are finite sets of the same size is the beta-set
of a unique partition.

Conjugation of partitions is also encoded in beta-sets: it is easy to prove that
BAN)=Z\{-1-b|beB(A)}

for any partition A.

Rim hooks and cores

The rim of a partition A is the set of nodes (7,¢) of A such that (r +1,¢ + 1) is not a node of A. If
s € N, a rim s-hook of A is a connected set of s nodes in the rim which can be removed to leave the
Young diagram of a smaller partition. A partition is an s-core if it has no rim s-hooks. We write Cs for
the set of all s-cores.

If A is any partition, the s-core of A is the partition obtained by recursively removing rim s-hooks
until none remain. This is defined independently of the choice of rim s-hook removed at each stage.
We write ¢;(A) for the s-core of A. We define the s-weight wg(A) of A to be the number of rim s-hooks
removed to reach the s-core. Then |A| = |cs(A)] + sws(A).

Removal of rim hooks is closely related to the beta-set of a partition. It was first shown by
Nakayama [Nak] that removing a rim s-hook from a partition corresponds to reducing an element of

B(A) by s. In particular, A is an s-core if and only if b —s € B(A) forall b € B(A).

For example, the 5-core of (6%,5,12) is (3,1), as we see from the following diagrams, which show
the successive removal of rim 5-hooks. We also show the effect of removing these rim hooks on the
beta-sets of these partitions (at each stage, the underlined entry is reduced by 5).

— = | — [ ]

{54,2,-3,-4,-6,-7,...}  {42,0,-3,—4,-6,—7,...}  {42,-3,-4,...} {2,-1,-3,—-4,...}

The connection between rim hooks and beta-sets gives the following statement.
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Lemma 2.2. Suppose A, i € P. The following are equivalent.
(1) es(A) = es(p)-

(2) There is a bijection ¢ : B(A) — B(u) such that $(b) = b (mod s) foreachb € B(A), and ¢(b) =b
for all but finitely many b € B(A).

(3) There is a bijection ¢ : B(A) \ B(p) — B(u) \ B(A) such that ¢(b) = b (mod s) for each b €
B(A)\ B(p)-

Proof.

(1<2) Let o =cs(A) and T = ¢5(u). Let’s call a bijection ¢ as in (2) a good bijection for A and u. The
fact that B(c) is obtained from B(A) by successively reducing entries by s means that there is a
good bijection ¢ for A and . Similarly there is a good bijection ¢ for  and 7, so if ¢ = T then
the composition ¢! o ¢ is a good bijection for A and .

Conversely, if there is a good bijection ¢ for A and y, then there is a good bijection y = go o d~?
for o and 7. For any i € Z/sZ the bijection ¢ restricts to a bijection ¢ from B(c) Nito B(T) Ni
such that §(b) = b for all but finitely many elements of B(c) Ni. But the fact that o and 7 are
s-cores means that B(c) Ni = {c,c —s,c—2s,... }yand B(t)Ni={d,d —s,d — 2s,... } for some
integers c,d. The existence of ) now implies that ¢ = d, so that B(c) Ni = B(7) Ni. This applies
for all i, so that B(¢) = B(t), and hence ¢ = 7.

(2<3) Givenabijection ¢ : B(A) \ B(u) — B(u) \ B(A) asin (3), we extend it to a bijection from B(A)
to B(u) by defining ¢(b) = b forall b € B(A) N B(p). This bijection is good, because B(A) \ B(y)
is finite.

Conversely, suppose ¢ is a good bijection for A and p. Then we claim we can modify ¢ so
that ¢(b) = b for all b € B(A) N B(u): if there is some b € B(A) N B(u) with ¢(b) # b, then let
a=¢1(b) and ¢ = ¢(b), and replace a — b and b — c in the definition of ¢ with a — ¢ and
b — b. This reduces the number of b € B(A) N B(u) for which ¢(b) # b, and so in finitely many
steps we can reach a bijection ¢ in which ¢(b) = b for all b € B(A) N B(u). Now restricting ¢ to
B(A)\ B(u) gives a bijection as in (3). O

We also need some basic results on rim hooks and conjugation. These are well known to experts,
but it is easier to provide a proof than a reference.

Lemma 2.3.
(1) If A € P, then cs(A') = cs(A)’. Hence A’ is an s-core if and only if A is.

(2) If o € Cs, then there is at most one self-conjugate partition with s-core o and s-weight 1.

Proof.
(1) If p is a partition obtained from A by removing a rim s-hook, then by reflecting the diagrams
on the diagonal we find that y’ is obtained from A’ by removing a rim s-hook. Now the result
follows.

(2) This is most easily seen in terms of beta-sets. If we write b = —1 — b for any integer b, then (as

noted above) a partition A is self-conjugate if and only if B(>) = Z\ B(A).
If ¢ # ¢’ then by (1) there are no self-conjugate partitions with s-core 0. So assume o = ¢’.
If A is a partition with s-core o and s-weight 1, then B(A) is obtained from B(c) by replacing
some integer b with b +s. Given that B(D) = Z \ B(c), the only way we can also have B(>) =
Z\ B(A)isif b= (—1—s5)/2. So there is only one possibility for A.

O
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Simultaneous cores

From now on, we fix coprime natural numbers s and t greater than 1. ’

Aot of recent literature has been concerned with studying s- and ¢-cores simultaneously. Suppose
A is both an s-core and a t-core. In this case we say that A is an (s, t)-core. We write Cs; for the set of

all (s, t)-cores. In fact Cs  is finite: Anderson [A, Theorems 1 and 3] showed that |Cs | = SLH (S : t).

Cs,+ contains a unique largest partition, denoted «; . It can be constructed as follows. Let

Y — —t—1+s(t—1) —t—1+s(t—23) —t—1+s(3—t) —t—1+s(1—1t)
- 2 7 2 A 2 7 2 .
Then X is a set of t integers which are congruent modulo s but pairwise incongruent modulo ¢, and
it is shown in [F1, Section 5] that « is the partition whose beta-set is

U {x,x—t,x—=2t,...}.

xeX

Later we shall need the following result concerning «; ;, which appears to be new.

Proposition 2.4. Suppose A is a partition with |A| = |« | + st, and that ¢s(A) = ¢ (A) = k5. Then A is
obtained by adding a rim st-hook to « .

Proof. In this proof we write « for x5 ;. Let X’ be the set defined above, and for any integer b, write x;
for the unique element of X N (b + tZ).

Because ¢;(A) = x, Lemma 2.2 says that there is a bijection ¢ : (B(A) \ B(x)) — (B(x) \ B(A)) such
that ¢(b) = b (mod t) for each b € B(A) \ B(k). Then from Lemma 2.1

st=[A—=lf= ), (b—¢®)= ) (b-x)+ Y} (x-b) ()

beB(M)\B(x) beB(A)\B(x) beB(x)\B(A)

The relationship between B(x) and X means that b > x;, for every b € Z \ B(x), while b < x,, for every
b € B(x).

Since ¢s(A) = «, there is another bijection ¢ : (B(A) \ B(x)) — (B(x) \ B(A)) such that ¢(b) =
b (mod s) for all b. Because all the elements of X" are congruent modulo s, this means that the integer

Yo = (b= xp) + (xpp) — (b))

is divisible by s for every b € B(A) \ B(x). By definition y,, is also divisible by ¢, so it is divisible by
st. But b — x, > 0 and xy ) — ¢(b) > 0 for every b, so y, is a positive multiple of st. But (+) says that

Z Yy = st,

beB(A)\B(x)
and therefore |B(A) \ B(x)| = 1, which means that A is obtained from « by adding a rim hook. O

When considering s- and t-cores simultaneously, it is useful to depict beta-sets of partitions using
the (s, t)-diagram introduced by Anderson [A]. This diagram consists of the integer lattice Z2, with
the position (r,c) replaced by the integer rt + cs. For consistency with Young diagrams, we draw
(s, t)-diagrams so that the coordinate  increases down the page, and the coordinate c increases from
left to right.
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The (s,t)-diagram of a partition A is obtained by placing a bead on the diagram at all positions
labelled by elements of B(A). For example, a portion of the (3,4)-diagram for the partition (2) is as

follows. :9:9\:9:90
DI ¢
-1 2 5 s

0 3 6 9 12

Observe that the (s,t)-diagram is periodic: it is unchanged by translations through multiples of
(s, —t). We can easily tell from the (s, t)-diagram whether A is an (s, t)-core: every bead must have a
bead immediately above and a bead immediately to the left.

We end this section by recalling Olsson’s theorem on cores.

Theorem 2.5 [02, Theorem 1]. Suppose o is an s-core. Then ¢;(0) is also an s-core.

3 Minimal partitions with given cores

Partitions with prescribed cores

Suppose 0 € Cs and T € C;. It is an easy exercise using the Chinese Remainder Theorem to show
that there exist partitions with s-core ¢ and t-core 7. One of the main aims of this paper is to find
the smallest such partition(s). So let’s say that a partition with s-core ¢ and t-core T is (o, T)-minimal
if there is no smaller partition with s-core ¢ and t-core 7. In general, we say that a partition A is
(s,t)-minimal if it is (cs(A),ct(A))-minimal; that is, there is no smaller partition with the same s-core
and t-core as A.

In this section we will attempt to describe the (¢, T)-minimal partitions for given ¢ and 7; in
particular, to say how big these partitions are, and how many of them there are. Given ¢ € C; and
T € C;, we write M, 1 for the set of (¢, T)-minimal partitions, and m r for the common size of these
partitions. More generally, for any n we write Py (1) for the set of partitions of n with s-core ¢ and
t-core T.

Determining m, - for given ¢ and 7 allows us to determine for which 7 the set Por(n) is non-
empty. If P, .(n) # @, then by definition n > my . But also n = |¢] =my (mod s) and n = |1| =
myr (mod t), so that n = my (mod st). And the conditions n > my r and n = m, (mod st) are suf-
ficient for the existence of a partition of n with s-core ¢ and t-core T: taking a partition of m,  with
s-core 0 and #-core T, one can add a rim st-hook to get a partition A" of my ; + st. A rim st-hook can be
decomposed into s rim #-hooks (or ¢ rim s-hooks) so that A also has s-core o and t-core 7. Repeating
this operation as many times as needed gives the required partition of n. In fact (since there are at
least st ways to add a rim st-hook to any partition) we deduce the following.

Proposition 3.1. Suppose o € C;, T € C; and n € Ng. Then P, (n) # @ if and only if n > m, . and
n =my (mod st). Furthermore, if n > my r with n = m,r (mod st), then |P, (n)| > st.

This has the following consequence, which we will need later.
Corollary 3.2. If A € P with either ws(A) < t orw¢(A) <'s, then A is (s, t)-minimal.

Proof. Let 0 = ¢5(A) and T = ¢;(A), and take u € M, 1. If A is not (s, t)-minimal, then |A| > |u| + st
by Proposition 3.1, so that ws(A) > wg(u) +t > t and similarly w;(A) > s. O
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In this section we will mainly concentrate on the case where ¢ and T are both (s, )-cores; in
Section 5 we will extend some of our results to the general case using group actions.

Rectangles in the (s, t)-diagram

It will help us to introduce certain subsets of Z. Given x € Z, define

Uy ={x+as+Dbt]|ab>0},
Ly={x—as—bt|ab>0},
Ryi={x+as—bt|1<a<t 0<b<s—1}.

Call the R, the x-rectangle. Observe that Z is the disjoint union of Uy, £, and Ry, and that R, is a
transversal of the congruence classes modulo st.

The sets Ry, Uy and L, are most easily visualised in the (s, t)—diagram: the elements of R, form a
rectangle (in fact, a sequence of repetitions of a rectangle, given the periodicity of the diagram). Uy is

the region below and to the right of these rectangles, and Ly is the region above and to the left.
For example, in the (3,4)-diagram with x = 1, we have the following picture (with R shaded).

—4-12 5
0 3 6 9
4 7 10 13

L1

—-4-12 5
0 3 6 9

U
4 7 10 13

Now let’s say that x is a pinch-point for a partition A if
Ly CB(A) CLURy;

in other words, B(A) contains all elements of £, but no elements of Uy. So a partition with pinch-
point x can be specified by saying which elements of R, lie in B(A).
First we show that partitions having a pinch-point are (s, t)-minimal.

Proposition 3.3. Suppose A, i € P with ¢s(A) = ¢s(u) and ¢;(A) = ¢;(p), and that x € Z is a pinch-
point for A. Then || > |A|, with equality if and only if x is also a pinch-point for .

Proof. For each v € R, define

G A) =[(r+stZ) N (Ry UUy) NB(A)| — [(r +stZ) N Lo\ B(A)],
dr(A) =) ((r+stZ) N (R Uly) N B(A)) =Y ((r+stZ) N Ly \ B(A)),

and define g,(y) and d, (i) in the same way. First we claim that

Z rgr(A) = Z rgr(p). (1)

rERy reRy
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From the definition of R, we get

[ay

s—

Y rer(AN) = . rgr(w) = )0 ) (x +as — bt)(gxras—ot(A) = Sxtas—be (1))

reRy reRy =1b=0

s—1
(Z:l(x + QS) bX:(ngrasfbt(A) - gx+asbt(y))>
a= =0

2

s—1 t
_ (; bt El(ngraS,bt()\) — gx+usbt(y))> :
=0 a=

The fact that c¢(A) = c¢(4) means (using Lemma 2.2) that Y3 (§x1as—pt(A) — xras—pt (1)) = 0 for any
a, so that the first summand is zero. Similarly, the fact that cs(A) = cs(#) means that Y (g1 as_p1(A) —
Qx+as—pt (1)) = 0 for any b, so that the second summand is also zero and (1) is proved.

Now we consider d,(A) and d,(u). It follows from Lemma 2.1 that

ul—IAl =) (@ (u) —dr(A)). ()

reRy
But the definitions also give
dy(n) > r8r (1)

with equality if and only if B(u) contains every element of (r + stZ) N Ly and no elements of (r +
stZ) NUy. Summing over r, we obtain

Yo d(u) = Y ()
reERy reRy

with equality if and only if # has x as a pinch-point. Doing the same with A in place of y and using
the assumption that x is a pinch-point for A, we get

Yo d(A) =) rg(A).

reERy reERy
So from (t),
Y dr(u) =} di(A),
reRy re€Ry
and the result follows from (f). O

Corollary 3.4. Suppose 0 € Cs and T € C;. If there is a partition with s-core o, t-core T and a pinch-
point x, then M, . is precisely the set of partitions with s-core ¢, t-core T and x as a pinch-point.

The case of (s, t)-cores

Corollary 3.4 is very helpful in identifying (s, t)-minimal partitions. However, there are (s, t)-
minimal partitions without a pinch-point. For a simple example, take (s, t) = (2,3), and A = (5,3,1?).
Then A is a 3-core, so must be (2,3)-minimal. But it has no pinch-point, as we see from (a portion of)
its (2,3)-diagram.

DIID QD
SEEEREY
@D+ @ o 2@ s

371\1)3579
023)681012
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But now we restrict to the case where 7, T € Cs, in which case we can show that the partitions in
M+ have a common pinch-point.

[For the rest of Section 3, we assume that ¢ and 7 are (s, t)-cores.

For any i € Z/sZ, define
5=~ (max(B(¢) Ni) — max(B(t) Ni)).
Now choose y € Z/sZ for which the sum
So+ 0t + 02+ 49y

is maximised, and let x = max(B(t) Ny). Call x a peak for (¢, T). (Note that this depends on the order
of o and T: a peak for (o, T) will not in general be a peak for (7,0).)

Lemma 3.5. Suppose ¢ and T are (s, t)-cores and x is a peak for (¢, T). Then x is a pinch-point for
both o and t.

Proof. Let y = x + sZ. By definition x € B(7), and the choice of y means that J, > 0, so x € B(0)
as well. Since ¢ is an (s, t)-core, we get x —as — bt € B(c) forall a,b >0, so L, C B(c). Similarly
Ly C B(1).

The definition of x also means that x +s ¢ B(7), and therefore x + s + t ¢ B(t). The choice
of y implies that é,; < 0, so max(B(c) N (y +t)) < max(B(t) N (y +t)) < x + s+t and therefore
X+ s+t ¢ B(o). Again using the fact that o is an (s, t)-core, we get x + as + bt ¢ B(c) fora,b > 0, so
B(oc) NUy = @. Similarly B(t) NUy = @, so x is a pinch-point for ¢ and 7. O

In fact, x is not the only common pinch-point of o and 7: one can easily show that any two (s, t)-
cores must have at least two pinch-points in common. But we will show that a peak for (o, 7) is
a pinch-point for every A € M, .. To do this, we just have to show (by Corollary 3.4) that there is
at least one partition with s-core o, t-core T and x as a pinch-point. We do this using the theory of
(0,1)-matrices. First we set up a correspondence between (0, 1)-matrices and partitions.

Lemma 3.6. Suppose x € Z, and let A, denote the set of s x t (0,1)-matrices with exactly (st —s —
t —1) — x entries equal to 1. Then there is a bijection 0, between A, and the set of partitions with
pinch-point x, given by mapping a matrix m = (m;;) to the partition with beta-set

ExU{x—st+it+js| mz]zl}

If m,n € Ay, then 0,(m) and 6(n) have the same s-core if and only if m and n have the same row
sums, while 0,(m) and 0, (n) have the same t-core if and only if m and n have the same column sums.

Proof. If A € P has x as a pinch-point, then by Lemma 2.1,
[B(A) A R| = |(=N) N (Ra Ul)| = [No O L],

and it is a straightforward combinatorial exercise to show that the right-hand side equals 1 (st —s —
t—1) — x. So A is obtained from a matrix m € A as described. Conversely, if m € A, then the same
calculation shows that the set

B=LyU{x—st+it+js|m;=1}
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is a beta-set; that is, |Ng N B| = |(—N) \ B|. Clearly then the corresponding partition has x as a pinch-
point.
The statements about s- and t-cores follow from Lemma 2.2. O

For any partition A with x as a pinch-point, define a composition A by setting
Ar = |BA) N RN (x + 1t + SZ)|

forr=1,...,s,and A, =0 forr > s. Then Aq,...,A, are just the row sums of the matrix 9;1()\).

Now return to the situation of two (s,t)-cores o, T, with x being a peak for (¢, 7). In view of
Lemma 3.6, in order to show that x is a pinch-point of some (and hence every) partition in M, ., we
need to show that we can find a (0, 1)-matrix with the appropriate row and column sums.

Consider the compositions ¢ and . Because ¢ is a t-core we have b —t € B(c) "R N (x + (r —
1)t+sZ) foreveryb € B(c) "Ry N (x+rt+sZ)and everyr =2,...,s, whichmeans thato, > --- > 0;,
so that ¢ is actually a partition; similarly 7 is a partition, and |¢| = |T| by Lemma 3.6. We claim that
T > 0. If this is not true, then there isr € {1,...,s — 1} for which oy +---+0, >4 +--- + 7. But
observe that J; — 1; is the integer 6, defined above, so that 6yt + dx42t + -+ + dx4t > 0, which
then contradicts the assumption that x is a peak.

So 0 and T are partitions of the same size, both with first part at most ¢t and length at most s,
with 7 > ¢. By the Gale-Ryser theorem [G, Ry], this means that there is an s x t (0, 1)-matrix I whose
row sums are 07, ...,0; and whose column sums are 17,..., /. Now set A = 6(). Then Lemma 3.6
implies that A has x as a pinch-point, and has s-core ¢ and t-core 7.

Now Corollary 3.4 applies, and we conclude the following.

Theorem 3.7. Suppose o, T € Cs;, and x is a peak for (¢,7). Then M, . is the set of partitions with
s-core 0, t-core T and x as a pinch-point. These partitions are in bijection with the (0,1)-matrices
having row sums 07, ..., 0s and column sums ’fl’, I

Example 3.8. Takes =3, =4,0 = (1), T = (2). Then

..., —4,-3,-2,0},
., —4,-3,-2,1}.

With ¢; defined as above, we obtain

oo=1, 0 =-1, =0,

so that the unique peak for (¢, 7) is —3. The intersections of 5(¢) and B(t) with R_3 are illustrated
in the following diagrams.

III 1 IIIVD
<4 -12 5 <?-12 5

0) 3 6 9 0 3 6 9
B((T) NR_3 B(t)NR_3

We see that & = (3,12) and £ = (4,1). So M, is in bijection with the set of 3 x 4 (0, 1)-matrices with
row sums 3, 1,1 and column sums 2,1,1, 1. There are seven such matrices; the bijection between these
matrices and the partitions A € M, ; is indicated by the following diagrams.
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A B(A) NR_3 A B(A) NR_3
VIV - * I8 RS )
(]0) D - - (7,3) ») ..
VI - G 99
(6,2,12) e (4,3,13) Q- - -
1% BENE G 99
(33,1) Q- (25) D -
: . I® )
(22,16) Q- - -
J .

Now we determine the t-weight of the partitions in M, , which will enable us to find their size

Mg 7.

Proposition 3.9. Suppose x is a peak for (¢, 7). Then the common t-weight of the partitions in M, +
is
5x+t + 2(5x+2t + -+ (S — 1)(5x+(sfl)t + S5x.

Proof. Take A € M, ; because c;(A) = 0, we get A = 6. As observed above, Oxrit = 0; — 1; for
i=1,...,s, so we need to show that the t-weight of A is )} ;i ()A\i — 1;). In fact we show that this is
true for any partition A with t-core T and with x as a pinch-point, and we do this by induction on
wi(A). If wi(A) =0, then A = T and the result is immediate. Otherwise, there is some b € B(A) with
b—t ¢ B(A). Thenboth b and b — t lie in Ry, so b € x + jt + sZ for some 2 < j < s. So if we let p
denote the partition whose beta-set is obtained by replacing b with b — t, then u also has t-core T and
x as a pinch-point. In addition w;(y) = w¢(A) — 1, and

Ai+1 ifi=j—1

fi=<A—1 ifi=j
Ai otherwise,
so that Y5_; ifi; = Y.5_; iA; — 1. So the result follows by induction. O

The s-weight of a partition A € M, ; can be determined by interchanging the roles of s and t, or
from the t-weight, using the fact that |o| + sws(A) = |A| = |T] + tw(A).

Example 3.10. We continue Example 3.8, with —3 being the unique peak for (¢, 7). According to
Proposition 3.9 the 4-weight of the partitions in M, . is

61+ 25, + 309 = 2.

And indeed the partitions in M,  have 4-weight 2.

Counting partitions in P, (1)

Now we consider how many partitions there are in P, (n); in particular, we will determine
exactly when | P, ()| equals 1 or 2. For the case | Py (n)| = 1, we have the following (which is also
easily derived from the results in [F2]).
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Proposition 3.11. Suppose o, T € Cs;, and n € Ny. The following are equivalent.
(1) |Po(n)] =1.
(2) c=tandn =|o]|.
(B) n=my,r = |0].
4) n=myr = |7|.

Proof.

(1=-3) If there is a unique partition of n with s-core ¢ and t-core 7, then from Proposition 3.1 we
certainly have n = m, r. Now by Theorem 3.7, taking a peak x for (o, T), there is a unique (0,1)-
matrix with row-sum given by ¢ and column sums given by 7’. By [Bru, Theorem 3.2.4], this
implies that & = 7, so that o = 7. Clearly thenm, » = |c]|.

(3=2) If myr = ||, then M, = {0}, because the only partition of |¢| with s-core ¢ is o. But then
ct(0) = 7, and the assumption that o is a t-core means that ¢ = 7.

(2=1) If r = T and n = ||, then ¢ is a partition of n with s-core ¢ and t-core 7. Clearly it is unique,
because the only partition of |o| with s-core ¢ is 0.

Interchanging s and t, we also get 1=-4=-2. O

For later use, we also want to know when there are exactly two partitions in P, (n). For this
we need the following straightforward result on (0, 1)-matrices, which the author has been unable to
find explicitly in the literature.

Proposition 3.12. Suppose a, f € P with aq,p1 < t and uc’l,,B’l < s, and suppose there are exactly two
s x t (0,1)-matrices with rows sums 1, ...,as and column sums B}, ..., B;. Then there is some a €
{1,...,s = 1} for which a, = a;11 and

B=(a1,..., 001,00+ 1,00 —1,0502,...).

(In fact the condition given on « and p is sufficient as well as necessary for there to be exactly two
matrices with the given row- and column-sums, but we will not need this.)

Proof. Let m = (m;;) and n = (n;;) be the two matrices. By Ryser’s theorem [Ry, Theorem 3.1], m
and n differ by an interchange; that is, there are 1 <a < b <sand 1 < ¢ < d <t such that (up to
switching m and n) mg. = myg = nyy = nye = 1 and my; = my, = nye = nypy = 0, while m and n agree
in all other positions. This means that all positions except for (a,c), (a,d), (b,c), (b,d) are invariant
positions. It is easy to see that if (i, /) is an invariant 1-position (i.e. m;; = n;; = 1) then (because « and
pB are decreasing sequences) all positions above and/or to the left of (i,j) are invariant 1-positions,
while if (i, ) is an invariant 0-position, then all positions below and/or to the right are also invariant
O-positions. This means thatb =a+1andd = c + 1.

Furthermore, m;. = mjq for all d # a,b, and m,; = my,; for all j # c,d, since otherwise other inter-
changes from m would be possible, so there would be more (0,1)-matrices with the same row- and
column-sums as m. This is enough to show that « and B have the desired form. O

Now we can characterise when there are exactly two partitions with given size, s-core and ¢-core.

Proposition 3.13. Suppose o, T € Cs 1, and n € Ny. The following are equivalent.
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(1) |’Pg',"[(n)| - 2.
(2) 7 is obtained from o by adding or removing a rim hook, and n = |o| +s = |t| + ¢.

B) n=myr=|o|+s=|t|+t

Proof.

(1=-2) If there are only two partitions of n with s-core ¢ and t-core T, then n = m, by Proposition 3.1.
Now let x be a peak for (¢, T), and define the partitions & and T as above. Then by Theorem 3.7
there is a bijection from M, . to the set of (0,1)-matrices with row sums &1, ...,0; and column
sums 17,..., . Soif M| = 2, then by Proposition 3.12 there is some r € {1,...,s — 1} such
that 0, = 0,1 and T is obtained from ¢ by replacing 0;, 0,11 with 6; +1,0,41 — 1. If we let
b =max(B(c) N (x+rt +sZ)), then B(7) is obtained from B(c) by replacing b + t with b +s.
Hence 7 is obtained from ¢ either by removing a rim (t — s)-hook or by adding a rim (s — f)-
hook. If we define a partition A by B(A) = B(0) \{b+t} U{b+s+t}, then A € P,(|o| +5),
son=myr=|A|=|o|+s=|t|+t

(2=1,3) Assuming (2), there is an integer b such that B(¢) is obtained from B(7) by replacing b + s
with b + t. Since ¢ and T are both (s, t)-cores, b lies in both 5(¢) and B(7) while b + s + ¢ lies
neither in B(¢) nor in B(7). Now define two partitions A and y by

B(A)=B(o)\{b+t}U{b+s+t}, B(u)=B(c)\ {b} U{b+s}.

Then A and p both have s-core ¢ and t-core T, so are (¢, T)-minimal by Corollary 3.2. Hence
myr = |A| = |o| + s = |t| + ¢, proving (3). Now we claim that the only partitions in M,  are A
and p. If v € M, ¢, then v has s-weight and t-weight both equal to 1, so B(v) is obtained from
B(c) by replacing some integer ¢ with ¢ + s, and is also obtained from B(t) by replacing some
integer d with d + t. The relationship between B(c) and B(7) then means that ¢ can only be b
or b +t,so that v = A or u. So (1) is proved.

(3=2) Take A € M, . Condition (3) says that ws(A) = w;(A) = 1, so there are b, ¢ € Z such that
B(A) =B(o)\ {b} U{b+s}, B(t) =B(A)\ {c+t}U{c}.

Since 7 is an s-core, either b € B(t) or b + s ¢ B(7). Hence either c = b or c + t = b + 5. Either
way, B(7) is obtained from B(c) by replacing some integer d with d + s — t, which proves (2).
O

4 Conjugation

In Section 3 we addressed the question of when a partition is determined by its s-core, its f-core
and its size. Now we consider conjugation of partitions, and address the following two questions.
(1) When is a partition determined up to conjugation by its s-core, its t-core and its size?

(2) When is a self-conjugate partition determined by its s-core, its t-core and its size?

In this section we answer these questions in the case of partitions whose s-core and t-core are both
(s,t)-cores. Then in Section 5 we will use group actions to extend these results to all partitions.

{For the rest of Section 4, we assume that ¢ and 7 are (s, t)-cores.
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First question on conjugation

We begin with our first question, for which we have already done most of the work. So take
A€ P, leto=cs(A), T=ci(A), and assume ¢ and T are both (s, t)-cores. We want to know whether
the partitions with s-core o, t-core T and size |A| are precisely A and A'. If A’ = A, then we already
know the answer to this question from Proposition 3.11, so we assume A # A’. In order to have
cs(A) =0 and ¢;(V) = 7, weneed 0’ = o and T = T from Lemma 2.3(1). Assuming this is the case,
we first need to know when there are exactly two partitions with s-core o, t-core T and size |A|, and
this is answered in Proposition 3.13. We then need to know whether these two partitions form a
conjugate pair or are self-conjugate. We obtain the following result.

Proposition 4.1. Suppose 0, T € C,; and n € Ny. The following are equivalent.

(1) There are exactly two partitions of n with s-core ¢ and t-core T, and they form a conjugate pair.
(2) ¢’ = 0,1 = 1,0 is obtained from T by adding or removing a rim hook, and n = |o| +s = |t| + ¢t.
B) o =c,7=t,andn=myr =|0|+s=|t|+ ¢

Proof.
(1=2) If (1) holds, then ¢’ = ¢ and 7’ = T from Lemma 2.3(1). The rest of (2) follows from Proposi-
tion 3.13.

(2=3) This follows from Proposition 3.13.

(3=1) Assuming (3), Proposition 3.13 implies that |Py(1)| = 2. Since ¢/ = ¢ and 7’ = 7, the set
Po(n) is closed under conjugation, so the two partitions in P, (1) either form a conjugate
pair or are both self-conjugate. But (3) says that these partitions have s-weight 1, and two
partitions with s-weight 1 and the same s-core cannot both be self-conjugate by Lemma 2.3(2).
So these partitions form a conjugate pair. ]

We remark that the equivalent conditions in Proposition 4.1 can hold only if s — t is odd: if ¢ and
T are both self-conjugate and differ by the addition or removal of a rim hook of length |s — t|, then
this rim hook is symmetric about the diagonal, so must contain an odd number of nodes.

Example 4.2. Suppose s = 4 and t = 7. If we take 0 = (22) and T = (1), then the conditions in Propo-
sition 4.1 are satisfied when n = 8. And indeed the smallest partitions with 4-core (22) and 7-core (1)
are the conjugate partitions (6,2) and (22,1%) of size 8.

Second question on conjugation

Now we address our second question on conjugation: given ¢, T, 1, is there a unique self-conjugate
partition of n with s-core ¢ and t-core T? Again, this can only happen if ¢ and T are both self-
conjugate. But the answer to this question is considerably more complicated than for the previous
question.

Recall that we define b = —1 — b for b € Z, and that a partition A is self-conjugate if and only if
B(>) =17\ B(A). We now introduce two more items of notation.

o We write o 2 7 if there is an integer b € B(1) \ B(c) with b — b =t (mod 2s), and B(c) =
B(t) \ {b} U {b}. This means that ¢ is obtained from T either by adding a rim hook whose
length is congruent to t modulo 2s, or by removing a rim hook whose length is congruent to —¢

modulo 2s. Observe that (assuming o and T are both self-conjugate) this can only happen if ¢ is
odd.
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o We write ¢ = T if there are distinct integers b,c € B(t) \ B(c) such that b — b =t (mod 2s) and
¢—c=—s(mod2t),and B(c) = B(t) \ {b,c} U{b,c}. In this case we define another (s, t)-core
cxTby B(ocx1)=B(t)\{c}U{c}.

*t .
Note that we can have ¢ 2 T only if s and t are both odd.

Now we can answer our question about self-conjugate partitions in the case where ¢ and T are
both (s, t)-cores.

Theorem 4.3. Suppose o, T € Cs; and n € Ny. Then P, (n) contains a unique self-conjugate partition
if and only if o’ = ¢, T = T and one of the following conditions holds.

(C1) c=tandn = |o]|.
(C2) tisodd, o T and n = |T| +t.

(C3) sisodd, T o andn = lo| +s.

(C4) s and t are both odd, o2 tandn = loxT|+s+t.
(C5) s and t are both odd, 0 = T = ks; and n = ks ;| + st.

Proof of the “if” part. We show that each of the five given conditions (together with the assumption
that ¢’ = 0 and v/ = 7) implies that there is a unique self-conjugate partition in M, r.

(C1) In this case Py (1) = {¢}, and by assumption ¢ is self-conjugate.

(C2) If o % 7, then B(0) is obtained from B() by replacing b with b = b + t — 2ks, for some integers
b, k. So if we define a partition A by B(A) = B(t) U{b+t—ks}\ {b—ks}, then A € P, .(|7]| +1t).
In addition A is self-conjugate, because b + t — 2ks = b and b + t — ks = b — ks. Because A has
t-weight 1 it is the unique self-conjugate partition of || + t with t-core T, by Lemma 2.3(2).

(C3) This is the same as the previous case, with the roles of s, and of ¢, T reversed.

(C4) If o Z 7, then B(0) is obtained from B(T) by replacing two integers b, c with b, ¢, where b — b =
t — 2ks and ¢ — ¢ = —s + 2It for some integers k,I. Then ¢ = 52 — It and b = =51 + kt. Let
v = 0 * 7. We will show that m, r = |v| + s + t, and that M, ; contains a unique self-conjugate

partition.

Claim. 1</ < 52

Proof. If I < 0, then because T is a t-core and ¢ € B(t), we get ¢ + 2It € B(7), and then
(because T is an s-core) c +2It —s € B(7), i.e. ¢ € B(7), a contradiction. So! > 1, as claimed.
To see that [ < %, suppose first that [ > % Then the fact that ¢ ¢ B(c) and o is a t-core
gives :51 — =5t ¢ B(0). But then the fact that o is an s-core yields =5 ¢ B(c). Using the
fact that o is a t-core again, we get ‘51 ¢ B(c), but this contradicts the fact that ¢’ = 0.

So we can deduce that [ < % Symmetrically, we have k < %, ie.b> (S_l)zﬁ If in fact

=251 then B(0) # c = %, and so (since ¢ is an s-core)

B(o) # EUI0 4 (11 k) =,

a contradiction. So [ < %
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Similarly we get 1 < k < 52. Now to show that M, ; contains a unique self-conjugate partition,
we completely classify the partitions in M, ;. Take an arbitrary partition u € M, -, and use the
set-up from Section 3 using peaks. Recalling the integers J; defined there, we get

(5b =6, = —1, (5b+t = (Sc+2lt =1,
while all other §; equal 0. So the sum
Oo + 0t + o+ 0y
is maximised for
y=>b+t+5sZ b+2t+5Z, b+3t+5sZ, ..., c—t+sZ
and also for
y=c+2lt+sZ c+ QI+ 1)t+5sZ, c+ (2l +2)t+5Z, ..., b —t + sZ.

This provides a large number of peaks for (¢, 7), namely the values max(B(7) Ny) for the
y listed above. By Theorem 3.7, each of these peaks is a pinch-point for y. This means that
B(y)ny=DB(c)Ny=DB(t)Nyforally € Z/sZ except

b+sZ, b+t+sZ, c+8Z,c+t+sZ, ..., c+2lt+sZ.
Symmetrically, B(y) Nz = B(0c) Nz = B(t) Nz forall z € Z/tZ except
c—8s+1tZ, c+tZ, b—2ks+1t7,b— (2k—1)s+1tZ, ..., b+tZ.
So B(u) agrees with B(c) and B(t) except in the two disjoint sets

S={b—2ks,b— (2k—1)s,..., b} U{b+t—2ks,b+t— (2k —1)s,...,b+t},
T={c—sc—s+t...,c—s+2lt}U{c,c+t,...,c+2lt}.

These sets appear in the (s,t)-diagram as a 2 x (2k + 1) rectangle and a (2! + 1) x 2 rectangle
as shown in the following diagram.

The fact (shown above) that 1 < < % and 1 <k < % means that there is no congruence class
modulo s or t which intersects both S and 7. Given this, it is quite easy to find all p € M, ¢.
We consider B(u) NS first. Since ¢;(p) = o, the upper row of S contains 2k elements of B(y),
while the lower row contains one; since ¢;(¢) = T, each column of S contains one element of
B(u). So

B(u) NS = {b—2kt,b+s—2kt,...,b}\ {b—ist U{b—is+1t}
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(C5)

for some 0 < i < 2k. Similarly,
Bu)NT ={c—s,c—s+t,....,c—s+2lt}\{c—s+jt} U{c+jt}

for some 0 < j < 21. So M, contains exactly (2k 4 1)(2] + 1) partitions, corresponding to the
possible choices of i and j. Only the choice i =k, j = I gives a self-conjugate partition. Call this
partition A; then B(A) = B(v) \ { =%, =52 U {532, 51}, so thatmyr = [A| = [v| +s + .

By Proposition 2.4, any partition of |k, ;| + st with s-core and t-core both equal to ;; is obtained

by adding a rim st-hook to s, i.e. by replacing an element b € B(x;;) with b + st. Since «;; is

self-conjugate, only the choice b = =%t=1 will yield a self-conjugate partition.

Proof of the “only if” part. Suppose A is the unique self-conjugate partition of n with s-core ¢ and
t-core 7. Then ¢/ = ¢5(A)" = ¢5(A) = ¢5(A) = 0, and similarly 7/ = 7, so we need to show that one of
conditions (C1-5) holds.

Let’s define a tetrad (for A) to be a quadruple (w, x,y,z) of integers such that:

<

<

<

<&

<

w<x<z

w+z=x+y;

w = x (mod s);

w =y (mod t);

B(A) N{w,x,y,z} equals either {w,z} or {x,y}.

Let’s say that this tetrad is positive if w,z € B(A), or negative if x,y € B(A). Observe that if (w, x,y,z)
is a positive tetrad, then (z,¥, X, @) is a negative tetrad.

Claim 1. Suppose h > 0. In any congruence class modulo s, there are at least as many u for
which u € B(A) 3 u + ht as there are u for which u ¢ B(A) > u + ht.

Proof. Since 0 is a t-core, there is no u such that u ¢ B(c) > u + ht, so the claim is certainly
true with A replaced by 0. Now the claim for A follows from the fact that ¢;(A) = o, using
Lemma 2.2.

The same statement holds with s and t interchanged.

Claim 2. If (w, x,y,z) is a positive tetrad, then z equals either X or j.

Proof. Suppose first that {w, x,y,z} N {z,7, X, W} = @. If x # y, then we can form a new self-
conjugate partition by replacing the elements w, z, ¥, i in B(A) with x,y, @, z. This new partition
will have the same size, s-core and t-core as A, contradicting our assumption that A is unique.
On the other hand, if x =y, then w, x, y, z are congruent modulo st and we construct a partition y
by replacing z, ¥ with x,Z in B(A). Then y is self-conjugate, and is obtained from A by removing
an even number of st-hooks (so in particular has the same s-core and t-core as A). Now there are
several ways we can add these st-hooks back on to y to create self-conjugate partitions, which
will all have the same size, s-core and t-core as A. Again, we have a contradiction.

So instead we must have {w, x,y,z} N{z,7, X, w} # @. Given the relationships between w, x, y, z
and the fact that w, X,,z € B(A) # @, x,y,z, there are four possibilities: z =X, z = i, w = X or
w=y.
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Suppose w = j. Then z,w, x are congruent modulo s, with X =z 4+ ht, w = w + ht and z =
x + ht for some positive integer h. Moreover, ¥, w,z € B(A) # z,w, x. By Claim 1 there must be
some 2 # w with a = w (mod s) and a € B(A) Z a + ht. In fact (by replacing a with —a — ht if
necessary) we can assume 4 < w. But now we have another positive tetrad (a, x,a + ht,z) which
is disjoint from (Z,a + ht, x,a), and we get a contradiction as in the last paragraph. So w cannot
equal 7, and symmetrically w cannot equal X. So our claim that z € {X, 7} for any positive tetrad
(w,x,y,z) is proved.

Correspondingly, in any negative tetrad (w, x,y,z), we have w € {X,7}. We split the remainder of the
proof into two cases.

stl

Case A: B(A) does not contain + kst for any non-negative integer k
Under this assumption, we make the following claim.

Claim 3. If (w, x,y,z) is a positive tetrad with z = X, then z = %

Proof. To see this, first observe that because z = X, x = z (mod ) and x < z, we have
z = % + ht for some h > 0. (In particular, f is odd.) Assume for a contradiction that
h > 0. Because A is self-conjugate, one of the integers % and 7t271 (call it x") does not lie
in B(A). Now we have a pair ¥’ < z with x’ = z (mod t) and x’ ¢ B(A) 5 z. Now Claim 1
implies that x” and z belong to a tetrad: either a positive tetrad (w’,x’,1,z) or a negative
tetrad (x',w’,z,y'). The assumption that & > 0 means that z # x/, so from Claim 2 (and
the statement immediately following it) we get either z = i/ or x’ = w'. If x’ = W/, then
x' = % (mod s); but this is not true for either of the two possible values of x’. So instead
z =1/, which gives z = 5! (mod s). But then z has the form *-! + kst with k > 0, contrary
to our current assumption.

Symmetrically, if (w, x,y,z) is a positive tetrad with z = y, then z = 5 Combining what we
have seen so far, we can deduce the following: if u < v with u = v (mod t) and u ¢ B(A) > v,

then either u = %‘1 and v = t21, or u = _52_1, or v = % The same statement holds with s
and t interchanged throughout. So we can extract a lot of information about the sets B(A) N1,
fori € Z/tZ.

o Iftisodd and 5! € B(A), then
BN (5 +tz)={5 —ht| h>1} U {5}
o If sis odd and 5! € B(A), then

B(Am(%ﬂf) {37t —nt|h>a}U{5),
BAN (=2 +tz)={=L+nt| h<a}\ {=

for some a > 0. (The same variable a appears in both equations because A is self-conjugate.)
o In all other cases, and for all other i € Z/tZ, B(A) Ni has the form {r —ht | h > 0} for
some integer r.
The same statement holds with s and ¢ interchanged.

We can now determine which of cases (C1-5) holds, depending on whether 5! and ! lie in

B(A).
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—1

If neither *5! nor 5! lies in B(A), then the statements above about B(A) show that A is an
(s, t)-core, so that (7 = 17 = A and (C1) holds.

If &1 lies in B(A) but 5! does not, then certainly # is odd, and the statements above show that

wi(A) =1,50 A € M. B(1) is obtained from B(A) by replacing 5! with =41, So if we let
b denote the largest element of 5(A ) N (=51 +5s2), then b ==Ll tus w1th a > 0, and B(0) is
obtained from B(A) by replacing 5 and b with b and =5 Hence 01,50 (C2) holds.

By interchanging s and ¢ in the previous paragraph, we see that if <! lies in B(A) but 5! does
not, then (C3) holds.

Finally suppose both 5! and 5! lie in B(A). Then s and t are both odd. Let b denote the largest
element of B(7) N (=51 + sZ), and let ¢ denote the largest element of B(7) N (551 + Z). Then

B(7) is obtained from B(A) by replacing 1
B(0) is obtained from B(A) by replacing *5 1

— X E withc and Ewith 7571 . Similarly,
w1th b. Hence we

have ¢ 2 7, and |A| = |v| + s + £. So (C4) holds.

Case B: B()) contains -1 + kst for some non-negative integer k

Take k > 0 such that -1 + kst lies in B(A). Because A is self-conjugate, the integer =*=1 — kst
does not lie in B(A). Let u be the partition defined by B(u) = B(A) \ {#51 + kst} U { ==l
kst}. Then u is self-conjugate, and is obtained from A by removing a rim (2k + 1)st-hook. If
k > 0, then there are several ways to add 2k 4 1 rim st-hooks to u to obtain a self-conjugate
partition of n with s-core ¢ and t-core T, contradicting the uniqueness of A. So instead we must
have k = 0. We claim then # must be the unique self-conjugate partition of n — st with s-core
o and t-core 7. If not, then let v be another such partition. If *> L ¢ B(v), then we can define
a new self-conjugate partition ¢ of n by B(¢) = B(v) U {1} \ {==L}. Then ¢ has s-core &
and t-core T, contradicting the uniqueness of A. If #=1 € B(v), then the partition 7 of n — 2st
defined by B(7r) = B(v) \ {#52} U {=[=1} is self-conjugate with s-core o and t-core T; there
are several ways to add two rim st-hooks to 7t to obtain another self-conjugate partition of n
which contradicts the uniqueness of A.

So u is the unique self-conjugate partition of n — st with s-core ¢ and t-core 7, and B(p) does
not contain ! + kst for any k > 0. So from Case A applied to 1, the triple (¢, T,n — st) satisfies
one of the cond1t1ons (C1-4). By the proof of the “if” part of the theorem, we know in each case
exactly what u is. We consider these cases one by one.

(C1)

In this case 0 = T = u. If 0 = x,, then o, T, n satisfy condition (C5). If not, then we claim
that % € B(0o). To see this, recall the set X from the proof of Proposition 2.4. This
set defines «; ¢, in the sense that

B(xst) = | J {x,x— t,...}.

xeX

Since 0 # ks, B(0) contains an integer not in B(xs ), so contains x + at for some x € X’ and

a > 0. Since ¢ is a t-core, B(0) then contains x + t. Since the elements of X are congruent

modulo s and ¢ is an s-core, B(c) then contains min(X') + t = w as claimed. But
now there is a tetrad (w, %, %, M) for A which contradicts Claim 2 above.

In this case B(A) is obtained from B(7) by replacing =5 and =%t~ with 5! and !
We certainly have =5==1 € B(7): if T = ;, then this comes from the proof of Proposi-

tion 2.4, and otherwise it comes from the fact that w € B(7) (as shown in the case
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_st—&-;—t—l’ —t—1 s—1 st—l) for A

just above) and T is a t-core. But now we have a tetrad ( et

which contradicts Claim 2.
(C3) This is the same as the preceding case, with s and t interchanged.
(C4) This is similar to (C2), but now using the tetrad (’“%’t’l, %, %, %) O

Example 4.4. Take s = 5,t =9, ¢ = (7,32,1%), T = (6,3%,1%). Then ¢ s:t T, withb=5and c = -7,
giving v = o x T = (72,42,2%). Thenm, r = |v| + 14 = 42,and A = (73,67, 3) is the unique self-conjugate
partition in M, .. The integer x = 1 is a peak for (¢, T), and we illustrate the intersection of R with
the beta-set of each of the partitions ¢, 7, ¢ x T and A, with the sets S and 7 from the proof outlined.

VIIVWOV |- JVIIVIIII| -
y Q90Q - - - | L Q0L - - - -|-

|- - - 9 -

J - J -

9 - oo

VIVWIVII - JIVVI - VI
y Q99 - - - - 4, Q9 Q- |

S 9] - - -

- - Q-

- Sk

5 Group actions

In this section we extend the results of Sections 3 and 4 to the case where ¢ and T are not necessar-
ily (s, t)-cores, using actions of affine symmetric groups. These actions were introduced in [F1], and

studied further in [F2, F3], and we recall the essential details here, taking the exposition from [F2].

Throughout, we write sot for the integer %

The affine symmetric group
Let W; denote the Coxeter group of type A;_1. This has generators w; for i € Z/sZ, and relations
w% =1 for each i,
Wiwj = Wjw; ifj#Ai+1,
WiW;W; = W;W;W; ifj =i+1 75 i—1.
We define the level t action of W; on Z by
n+t ifne (i—1)t—sot
win=.n—t ifn €it—sot foreachi € Z/sZ.
n otherwise

This naturally yields an action of W on the set of all subsets of Z. This action sends beta-sets to
beta-sets, so we get a level t action of JV; on the set of all partitions, defined by

B(wA) = wB(A)

for w € Ws and A € P. From now on we will refer to this simply as “the action” of W, on P, and
whenever we write wA for w € W; and A € P, we will be referring to this action. The action has
several nice properties, summarised in the following lemma.
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Lemma 5.1 [F2, Lemma 3.11. Suppose A € P and w € W,
(1) ci(wA) = cr(A).
(2) ws(wh) = ws(A).
3) cs(wh) = w(cs(A)).

A consequence of part 2 of the lemma is that the action of W; restricts to an action on C;. By
interchanging s and ¢ in the definitions, we get a level s action of W; on P. This commutes with the
level t action of W;, so we have an action of W, x W;.

(s,t)-minimal partitions

We want to show that the set of (s,t)-minimal partitions is preserved under the action of W;.
First we observe a useful result about the sizes of partitions. For A € P, define |A|s; = [A| — |cs(A)| —

et (A)]-
Proposition 5.2. Suppose A € P and w € W; x W;. Then |wA|s; = |Als;.
Proof. Assume first that w € W;. Then
|[wAls; = |[wA] = |es(wA)| — |er(wA)]
= sws(wA) — |cr(wA)]

=sws(A) — |t (A)] by Lemma 5.1
= Al = les(AM)] = [e:(A)]
= |/\’S,tr

as required. The case where w € W, is proved in the same way, with s and ¢ interchanged, and the
general case follows by combining these two cases. O

Corollary 5.3. The set of (s, t)-minimal partitions is preserved under the action of Ws; x W on P.

Proof. To see this, take w € W; x W, and partitions A and p with wA = p. If A isnotan (s, f)-minimal
partition, let A~ be a smaller partition with the same s-core and t-core as A. Let y~ = wA ™. Then we
claim that #~ has the same s-core and t-core as i, but is smaller, so that y is not (s, f)-minimal. We
assume first that w € W;. Then by Lemma 5.1

c(p) =wes(A7) =wes(A) = cs(p),

ct(p) =a(A7) = c(A) = a(p),
and so by Proposition 5.2
L= Tul = A+ (AT < ul,

as claimed. The case where w € W} is the same, but with s and t interchanged, and the general case
follows by combining these two cases. O

We obtain the following corollary on the sizes of (s, t)-minimal partitions.
Corollary 5.4. Suppose o € Cs, T € Cy, u € Ws and v € W;. Then

Myg,or = Mg, — ‘U" - ’T| + |MU" + ‘Z)T’.
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Proof. Take A € M, r, and let y = uvA. Then cs(u) = uo and ¢;(u) = vt by Lemma 5.1, so that
U € My ur, by Corollary 5.3. Hence

Myg,or — Mgt = ‘V‘ - |)\|
= ([ulss + [uo| + o)) = (IMlss + |o] +[])
= |uo| + |vt| — |o| — | 7| by Proposition 5.2. [J

In order to use these results, we need the following lemma.
Lemma 5.5. Suppose O is an orbit for the action of W; on Cs. Then O contains exactly one (s, t)-core.

Proof. Take A € O. Then O contains ¢;(A) by [F2, Proposition 4.6], and by Theorem 2.5 this is an
(s,t)-core. By [F2, Corollary 4.7] the orbit for W, x W, containing O contains only one (s, t)-core, so
O certainly contains only one. O

This provides a method for working out my ; for any o € Cs and 7 € C;: find u € W; and v € W,
such that uo and vt are both (s,t)-cores, calculate m,y ., using Proposition 3.9, and apply Corol-
lary 5.4. We can find | M, | in the same way: by Lemma 5.1 and Corollary 5.3, the action of the
element uv € W, x W; restricts to a bijection from M, to Mygor. So [ M| = [ Muygor|, which
(modulo the difficult theory of (0, 1)-matrices!) can be worked out using Theorem 3.7.

Orbits and stabilisers

Corollary 5.3 implies that Vs x W; acts on the set of (s, f)-minimal partitions, and it is interesting
to ask about orbits and stabilisers for this action. First we consider the stabiliser Stabyy, xw, (Mo 7),
for given o, T.

Proposition 5.6. Suppose o € Cs and T € C;. Then Stabyy, ), (M,,r) = Stabyy, (o) x Stabyy, (7).

Proof. Take A € M, u € W, and v € W;. By Corollary 5.3, the partition uvA lies in M, ; if and
only if it has s-core ¢ and t-core 7. By Lemma 5.1

cs(uvd) = uo, ct(uvd) = ot,
so uvA € M, - if and only if u € Stabyy, (0) and v € Staby, (7). O

When o € C;, the stabiliser Stabyy, (¢) is found in [F3, Proposition 3.7]. To describe this, it is helpful
to recall the s-set of ¢ introduced in [F1]: for each i € Z/sZ we define a; to be the smallest element
of i not contained in B(c), and then set Q(0) = {a; | i € Z/sZ}. Then [F3, Proposition 3.7] says that
|Stabyy, (0)| =T Tiez/iz|i N Q(0)|!. If we restrict attention to the case where o is an (s, t)-core (which is
not unduly restrictive, in view of Lemma 5.5), then for each i € Z/tZ the set i N Q(¢) is an arithmetic
progression with common difference t, so that Stabyy, (0) is actually a parabolic subgroup of W: it is
generated by the elements w; for those i € Z/sZ satisfying a;;—sor = a(j_1)t—sot + t. This can be seen
in terms of the (s,t)-diagram: the generators of Stabyy, (¢) correspond to pairs of consecutive equal
rows in the (s, f)-diagram of 0. A corresponding statement holds for Stabyy,(7) and the columns
of the (s, t)-diagram. Now applying the correspondence between M, ; and the set of (0,1)-matrices
described in Theorem 3.7, we find that the action of Stabyy, x ), (M) on M, corresponds precisely
to the action on (0, 1)-matrices by row and column permutations.
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Example 5.7. We continue Example 3.8. In this case the 3-set of o is {—1,1,3}, so that Stabyy, (c) is
a copy of the symmetric group &,, generated by wy. The 4-set of T is {—1,0,2,5}, so that Stabyy, (7)
is a copy of &3, generated by wy and w3. The stabiliser Stabyy, (¢) then acts on M, by permuting
the last two rows in each of the diagrams in Example 3.8, while Stabyy, (7) acts by permuting the last
three columns. In particular, we see that the action of Stabyy, )y, (M,r) on M, - has two orbits.

Now we can consider the orbits of Ws x W; on the set of (s,t)-minimal partitions. For this, we
can reduce to the case of (s, t)-cores using the following lemma.

Lemma 5.8. Suppose A and y are (s,t)-minimal partitions. Then A and y lie in the same orbit under
the action of W x W; if and only if there are 7, T € Csy and w,x € W x Wy such that wA, xpy € My -
and wA and xy lie in the same orbit under the action of Stabyy, xw, (Mo 7).

Proof. The “if” part is trivial, so we prove the “only if” part. Let 0 = ¢;(cs(A)) and T = ¢s(c¢(A)). If
A and y lie in the same orbit under W, x W, then 0 = ¢;(cs(p)) and T = ¢s(c¢(¢)), by Lemma 5.1. In
addition, ¢;(A) and ¢ lie in the same orbit under the action of W, by [F2, Proposition 4.6], so we can
find u € W; such that ¢ = 1 ¢;(A). Similarly we can find v € W; such that v, (A) = 7. Letting w = uv
and applying Lemma 5.1, we have ¢;(wA) = o and ¢;(wA) = T, so that wA € M, , by Corollary 5.3. In
the same way we can find x € W, x W, with xu € M, .. If we also take y € W; x W such that yA =y,
then we claim that xyw ™! € Stabyy, x, (M, ), which is all we need. Writing xyw ! in the form ab,
where a € W; and b € W,;, Lemma 5.1 gives ao = ¢ and b7 = 7, so that ab € Stabyy, (¢) x Staby, (7) =
Stabwsxwt(Ma,T)- O

As a consequence, counting the orbits of WW; x W; on the set of (s, t)-minimal partitions amounts
to counting the orbits of Stabyy, ., (M) on M, ¢, for each pair o, T of (s,t)-cores. This in turn
amounts to counting (0,1)-matrices up to row- and column-equivalence. However, experiments
suggest that the number of orbits of W; x W, on the set of (s, t)-minimal partitions cannot be given
by a simple formula.

Counting partitions in P, (1)

Now we use our group action to generalise the results from Sections 3 and 4. We begin with
Proposition 3.11.

Theorem 5.9. Suppose o € Cs, T € C, and n € Ny. The following are equivalent.
(1) [Po(n)[ = 1.
(2) ci(0) = ¢cs(1) and n = |o| + [ 7] — |er(0)].
B) n=myr = |T| +twi(0).
4) n=myr = |o| +sws(T).
We remark that the equivalence of (1) and (2) is shown in [F2, Section 5].

Proof. Take u € W; and v € W;, and let n’ = n — |o| — |t| + |uc| + |vT|. First we show that each of
conditions 1-4 holds for the triple (¢, T, 1) if and only if it holds for the triple (1o, v, n’).

(1) If A is a partition of n with s-core ¢ and t-core T, then uvA is a partition of n’ with s-core uc and
t-core vT, by Lemma 5.1 and Proposition 5.2. The converse is also true, so the action of uv gives
a bijection from Py (1) to Py or ().
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(2) Lemma 5.1 implies that ¢;(1u0) = ¢;(0) and ¢s(vT) = ¢5(7), so ¢;(uA) = ¢s(v7T) if and only if
ct(0) = ¢5(7). By the definition of n’ we get

n' — Juc| — |ot| + |e;(uo)| = n — |o| — |t[ + |ee(0) ],
so that the second condition in (2) holds for (1,0, T) if and only if it holds for (n’, uc, vt).

(3) Corollary 5.4 implies that n’ = mys ¢ if and only if n = my . Asin part (2), n’ = |uc| + |vt| —
|c¢(uo)| if and only if n = |o| + |T| — |c:(0)|, which is the same as saying n’ = |vT| 4 t ws(uo) if
and only if n = || + tw(0).

(4) This is similar to (3).

By Lemma 5.5 we can find u € W; such that uo is an (s, f)-core. Similarly we can find v € W, such
that vt is an (s,t)-core. By Proposition 3.11 the theorem holds for (1o, vt,n’), and so it holds for
(o, T,n). O

Remark. It may be more helpful to have a version of Theorem 5.9 in terms of A rather than ¢, T and n:
given a partition A, is it the unique partition with its size, s-core and t-core? In fact, this is answered
in [F2]: A is unique if and only if wg(A) = w(ci(A)), or equivalently w¢(A) = w(cs(A)). This can
also be deduced from Theorem 5.9.

The hyperoctahedral group

Now we extend the results from Section 4 involving conjugation. With conjugation of partitions
in mind we need to look at a subgroup of Ws x W;. The following definitions are taken from [F3,
Section 4.1].

Recall that W has generators w; for i € Z/sZ. We define elements v, for a = 0,1,...,[s/2] as
follows:

wo ifa=0
WaW—g ifl<a<(s—2)/2
V, =
‘ waw_qw, ifa=(s—1)/2

(i ifa=s/2.

Let H; be the subgroup of W generated by Vo, -+, V|s/2)- Then H; is isomorphic to the affine hyper-
octahedral group, i.e. the Coxeter group of type C,/2|. By restricting the action of s on P, we obtain
an action (which we also refer to simply as “the action”) of H; on P. Doing the same with s and ¢
interchanged, we obtain an action of H;, and hence an action of H x H;, on P.

The next result follows easily from the definition of the level ¢ action of WV, (and explains why we
need the term —s o ¢ in the definition of this action).

Lemma 5.10 [F3, Lemma 4.3]. If v € H, and A € P, then (vA) =v(A).
We will also need the following.

Proposition 5.11 [F3, Proposition 4.7]. Suppose ¢ is a self-conjugate s-core. Then c;(c) lies in the
same orbit as o under the action of H;.

Now we can generalise Proposition 4.1.

Theorem 5.12. Suppose o € C;, T € Cy and n € Ny. The following are equivalent.
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(1) There are exactly two partitions of n with s-core ¢ and t-core T, and they form a conjugate pair.
(2) 0/ =0, v =1, ¢(0) is obtained from c;(7) by adding or removing a rim hook, and
n = o] +s(ws(t) +1) = |t + t(wi(0) +1).
3) ¢’ =0,7 =1,and
n=mgr=|0|+s(ws(t)+1) = |7| +t(wi(o) +1).

Proof. The proof strategy is the same as for Theorem 5.9. Take u € H; and v € H;, and let n’ =
n—|o| —|t| + |uc| + |vt|. We show first that each of conditions 1-3 holds for (¢, 7, 1) if and only if
it holds for (uo,vt,n’).

(1) As in the proof of Theorem 5.9, the action of uv gives a bijection from Py (1) to Pygor ().
Moreover, if a conjugate pair A, A" of partitions belong to Py (1), then by Lemma 5.10 the
partitions uvA and uv(A’) in Pyg e (n') form a conjugate pair.

(2) Lemma 5.10 implies that uc is self-conjugate if and only if ¢ is, and similarly for 7. Lemma 5.1
gives ¢;(uo) = ¢;(0) and ¢s(vT) = ¢5(7), so the remaining statements in (2) are true for o, T if
and only if they are true for uc, v.

(3) Corollary 5.4 implies that n = m, 7 if and only if #’ = m 7. The rest of (3) works in the same
way as (2).

By Proposition 5.11 we can choose u so that uc = ¢;(¢), and in particular uc is an (s, t)-core. Similarly
we choose v such that vT is an (s, t)-core. Now by Proposition 4.1 the theorem holds for (n’,uo,vt),
so it holds for (1,0, 7). O

As with Theorem 5.9, we would like a version of Theorem 5.12 in terms of a partition A: given
a non-self-conjugate partition A, is it the unique partition up to conjugation with its size, s-core and
t-core?

Theorem 5.13. Suppose A € P. The following are equivalent.
(1) A # X, and the only partitions with the same size, s-core and t-core as A are A and A’.
(2) cs(A) and ¢;(A) are both self-conjugate, and
Ws(A) = ws(ct(A)) = wi(A) —wi(es(A)) = 1.

Proof. Letn = |A|, 0 = ¢s(A) and T = ¢;(A). First we prove the theorem under the assumption that o

and T are both (s, f)-cores.

(1=2) If (1) holds in this case, then n, o, T satisfy the equivalent conditions in Proposition 4.1. Hence
o' =cand v =t,and n = || +s = |t| + t. But then

A —lel _
S

ws(A) —ws(cr(A)) = ws(t)=1-0=1,

and similarly for w;(A) — we(cs(A)).

(2=1) If (2) holds, then A has s-weight and t-weight both equal to 1, so is (s, t)-minimal by Corol-
lary 3.2. So [A| = mgr = |0| + s = |T| + t, s0 again the equivalent conditions in Proposition 4.1
hold.
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The general case is derived from this special case using the action of Hs X H;, as in the proof of
Theorem 5.12. n

In the same way, we can generalise Theorem 4.3. We obtain the following.

Theorem 5.14. Suppose 0 € C;, T € C; and n € Ny. Then Py (n) contains a unique self-conjugate
partition if and only if o = ¢’, T = T/ and one of the following occurs.
(1) c¢t(0) =cs(t) and n = |o| + |t]| — |ete(0)].

st

(2) tisodd, c;(0) = cs(t) and n = |t| + t(wi(0) + 1).

t,s

(3) sisodd, cs(t) = ct(0) and n = |o| + s(ws(T) +1).
(4) s and t are both odd, c;(0) pid ¢s(7) and

n=lc (o) xcs(T)| + s(ws(T) +1) + t(wi(o) +1).

(5) s and t are both odd, ¢;(0) = ¢s(T) = kst and n = || + |T| — |Ks¢| + st.

Example 5.15. Take s = 3, t = 4 and n = 20. There are seven self-conjugate partitions of 20. These
partitions have two different 3-cores between them, namely (4,2,1?) and (3,12), and two different
4-cores, namely (42,22) and (22). We consider each pair (¢, 7) in turn.

o If o = (4,2,1%) and T = (4?,22), then c4(¢) = @ = c3(7), and 20 = |¢| + |t| — |c4(¢)]|, so we are
in case (1) of the theorem, and there is a unique self-conjugate partition of 20 with 3-core ¢ and
4-core T, namely (7,5, 23,12).

o If o = (3,1%) and T = (4?,22), then c4(0) = ¢ while c3(7) = @ and w3(7) = 4. We can check
that o 25 (3,12),and 20 = || + 3(w3(T) + 1), so we are in case (3) of the theorem, and there is

a unique self-conjugate partition of 20 with 3-core ¢ and 4-core 7, namely (8,4,2%,1%).

o If o = (4,2,1%) and T = (22), then ¢4(0) = @ and c3(7) = (1), while w,(7) = 1. So ¢;(¢) # cs(7)
and n # |0 + s(ws(T) + 1), so that none of conditions 1-5 holds. And there are two self-
conjugate partitions of 20 with 3-core ¢ and 4-core T, namely (10,2,1%) and (5%,42,2).

o If ¢ = (3,12) and T = (22), then c4(c) = o and c3(7) = (1), while ws(T) = 1. Again, none of
conditions 1-5 holds, and there are three self-conjugate partitions of 20 with 3-core ¢ and 4-core
7, namely (9,3,2,1%), (6%,2%) and (6,4%,12).
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