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Abstract

We examine blocks of the Ariki-Koike algebra, in an attempt to generalise the combina-
torial representation theory of the Iwahori-Hecke algebra of type A. We identify a particular
type of combinatorial block, which we call a core block, which may be viewed as an ana-
logue of a simple block of the Iwahori-Hecke algebra. We give equivalent characterisations
of core blocks, and examine their basic combinatorics.

1 Introduction

Let F be a field and g a non-zero element of F. For each n > 0, one defines the Iwahori—Hecke
algebra H, = Hy4(S,) of the symmetric group &,. This algebra (of which the group algebra
F&, is a special case) arises naturally, and its representation theory has been extensively
studied. There are important H,-modules indexed by partitions of n, and there are many
theorems concerning H,, which reduce representation-theoretic notions to statements about the
combinatorics of partitions and Young diagrams.

In this paper, we consider the representation theory of the Ariki—Koike algebra. This is
a deformation of the group algebra of the complex reflection group C, ¢ ©,, defined using
parametersg, Q, ..., Qr € F. The development of the representation theory of this algebra is still
in its early stages, but already it seems that in many respects the Ariki-Koike algebra behaves in
the same way as the Iwahori-Hecke algebra; many of the combinatorial theorems concerning
H, have been generalised to the Ariki-Koike algebra, with the role of partitions being played by
multipartitions. In fact, much of the difficulty of understanding the Ariki-Koike algebra seems
to lie in finding the right generalisations of the combinatorics of partitions to multipartitions —
very simple combinatorial notions (such as the definition of an e-restricted partition) can have
rather nebulous generalisations (such as ‘Kleshchev” multipartitions). This paper is intended
as a contribution towards understanding the combinatorics of multipartitions, as it relates to
the Ariki-Koike algebra. This paper may also be read from the point of view of quantum
groups — the decomposition matrices of Ariki-Koike algebras are in certain cases described
using canonical bases of higher-level Fock spaces for the quantum groups U,(sl,), and the
combinatorial notions here should be invaluable for studying these Fock spaces. Our results
apply also to the cyclotomic g-Schur algebra of Dipper, James and Mathas [2], although the
statements about Kleshchev multipartitions are of less importance there.
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In the representation theory of the Iwahori-Hecke algebra, the weight and core of a partition
play an important role; they give rise to block invariants which provide information about
the representation theory of a block — the weight of a block is an excellent measure of how
complicated the representation theory of that block is. In [4], we generalised the notion of
weight to multipartitions. We gave a (non-obvious) definition of the weight of a multipartition,
and examined its properties. In this paper (which relies heavily on [4], and may be regarded as
a sequel), we consider generalising the notion of the core of a partition. Given a multipartition
A, it seems that we cannot sensibly define another multipartition which we regard as the core
of A; rather, we define a combinatorial block which we call the core block of A.

Core blocks can be quite complicated (in fact, they can have arbitrarily large weight), but we
show that they are well-behaved in certain ways. After giving several equivalent definitions of
a core block, we show that we may describe the set of multipartitions in a core block in a simple
way. We then show that every core block ‘occurs at e = oo’, by which we mean that for any
core block B there is another Ariki-Koike algebra H,, defined using parameters §,Q1, ..., Q;
with § not a root of unity in F and a combinatorial block B of %, which closely resembles B.
This resemblance should reflect underlying algebraic structure, but we content ourselves with
examining combinatorics, proving that B and B contain the same multipartitions and the same
Kleshchev multipartitions.

Finally, we examine combinatorial blocks which are ‘decomposable’ in a certain combina-
torial sense. The idea is that the representation theory of such blocks should reduce to studying
blocks of Ariki-Koike algebras defined for smaller values of . We show that a decomposable
combinatorial block is a core block, and we show that the set of multipartitions and the set
of Kleshchev multipartitions in a decomposable combinatorial block may be determined from
those of the “factor” blocks.

For the remainder of this introduction, we describe the background theory and notation we
shall need. In Section 2, we prove some purely combinatorial theorems which will be useful in
what follows. In Section 3, we look at core blocks.

Acknowledgement. The author wishes to thank the referee for many helpful comments, and
Anton Cox for pointing out the invalidity of a reference cited in an earlier version of this paper.

1.1 Basic definitions

The Ariki-Koike algebra

Let IF be a field, and let ¢, Q, . .., Q; be non-zero elements of . We also assume that g # 1;
there is a corresponding theory for the case g = 1, but it requires a ‘degenerate” Ariki—Koike
algebra, which we shall not describe here.

For a non-negative integer 1, we define the Ariki—Koike algebra H,, to be the unital associative
[F-algebra with generators Ty, ..., T,—1 and relations

(Ti+g)(Ti=1)=0 1<isn-1)
(To—Q1)---(To—Qr) =0
TiTj:TjTi O0O<ijsn-=1,li—-j>1)
TiTiTi = Tina TiTia (I<i<n-2)

ToT1ToTy = T1ToT1 To.
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We define e to be the multiplicative order of g in F; the assumption that 4 # 1 means that
e €12,3,...} U{oo}. We shall often consider whether two integers are congruent modulo ¢, and
we allow the case e = oo, where ‘congruent modulo e’ will mean ‘equal’, and where the set Z /eZ
should be read as Z. Q, ..., Q, are referred to as the cyclotomic parameters of H,,.

Multipartitions and Specht modules

A partition of n is defined to be a decreasing sequence A = (A, A2,...) of non-negative
integers whose sum is n. We write |A] = 1, and we use @ to denote the unique partition
of 0. A partition is often written with equal terms grouped and zeroes omitted, so that
2,2,2,1,1,0,0,...) becomes (23,1%). The Young diagram [A] of a partition A is defined as

{(,) eNXN|j< Ay,

and the elements of [1] are called nodes.

A multipartition of n with r components is a sequence A = (AW, ..., 1) of partitions such that
AW+ A0 = n. Again, we write |A| = n, and we write the unique multipartition of 0 as &,
if v is understood. The Young diagram [A] of a multipartition A is the set

(G, k) eNxNx{1,...,11]j < AY),

whose elements are also called nodes. We say that the node (i, j, k) is higher than the node
(', j', k') if either k < k' or (k = k" and i < i"). A node n of [A] is called removable if [A] \ {n} is the
Young diagram of some multipartition, while a triple n = (i, j, k) not in [A] is called an addable
node of [A] if [A] U {n} is the Young diagram of some multipartition with » components. We
emphasise the potentially confusing point that an addable node of [A] is not a node of [A].

To each multipartition A of 1, one associates a Specht module S}. These modules arise from
a cellular basis of H,,; each Specht module lies in one block of H,,, and we abuse notation by
saying that a multipartition A lies in a block B if S* lies in B. On the other hand, each block
contains at least one Specht module, so in order to classify the blocks of H,, it suffices to
describe the corresponding partition of the set of multipartitions.

Rim e-hooks and e-cores

If A is a partition, then the rim of [A] is defined to be the set of nodes (i, j) in [A] for which
(i+ 1,7+ 1) does not lie in [A]. If e is finite, then a rim e-hook is defined to be a connected
subset R of the rim containing exactly e nodes, such that [A] \ R is the Young diagram of a
multipartition. If [A] does not have any rim e-hooks, or if e = oo, then we say that A is an e-core.
IfA=(AD,. .., A0)isa multipartition and each A0 is an e-core, then we say that A is a multicore.

Residues, blocks and combinatorial blocks

If A is a multipartition and (i, j, k) is a node or an addable node of [A], then we define the
residue of (i, j,k) to be the element g/~'Q; of F. For each f € F, we write c #(A) for the number of
nodes of [A] of residue f; now we say that two multipartitions A and y lie in the same combinatorial
block (of Hy) if cf(A) = c¢(u) for all f € F. Then we have the following.
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Theorem 1.1. [5, Proposition 5.9(ii)] If A and y are multipartitions of n, then A and p lie in the same
block of H,, only if they lie in the same combinatorial block.

Graham and Lehrer have conjectured a converse to this theorem, namely that if two mul-
tipartitions lie in the same combinatorial block, then they lie in the same block. This has now
been proved by Lyle and Mathas [6, Theorem 2.11], but since their result uses the results of the
present paper, we cannot assume it here. Accordingly, this paper is entirely concerned with
combinatorial blocks. Of course, when re-reading this paper in the light of the work of Lyle
and Mathas, the word ‘combinatorial” can be ignored. According to our abuse of terminol-
ogy, we view a (combinatorial) block as a set of multipartitions, and under this interpretation
Theorem 1.1 shows that a combinatorial block B is a disjoint union of blocks By, ...,B;. Of
course, By, ..., Bs are more correctly viewed as algebras (in particular, indecomposable direct
summands of H,,); occasionally, we shall interpret B as an algebra too, namely the direct sum
of the algebras By, ..., B;. We switch between these two interpretations without notice; there
should be no risk of confusion.

The author’s earlier paper [4] is extensively referenced here, and unfortunately refers to a
now discredited preprint containing a purported proof of the converse of Theorem 1.1. This
result is not used in a fundamental way in [4], but some of the results need to be re-stated when
the classification of blocks is not being assumed. Essentially, this means reading ‘combinatorial
block” instead of ‘block” throughout [4]. A new version of [4] with the appropriate changes
appears on the author’s web site:

http://www.maths.gmul.ac.uk/ "mf/papers/weight.pdf.

Kleshchev multipartitions

Residues of nodes are also useful in classifying the simple H,,-modules. Suppose A is a
multipartition, and given f € F define the f-signature of A by examining all the addable and
removable nodes of A in turn from higher to lower, and writing a + for each addable node of
residue f and a — for each removable node of residue f. Now construct the reduced f-signature
by successively deleting all adjacent pairs —+. If there are any — signs in the reduced f-signature
of A, the corresponding removable nodes are called normal nodes of [A]. The highest normal
node is called a good node of [A].

We say that A is Kleshchev if and only if there is a sequence

A=An),A(n-1),...,A(0) = @

of multipartitions such that for each 7, [A(i — 1)] is obtained from [A(i)] by removing a good
node. The importance of Kleshchev multipartitions lies in the fact (proved by Ariki [1,
Theorem 4.2]) that if A is Kleshchev, then S has an irreducible cosocle D?, and the set
{D* | A a Kleshchev multipartition} is a complete set of non-isomorphic simple H,-modules.
We shall need a slightly stronger statement about which multipartitions are Kleshchev.

Lemma 1.2. Suppose A is a multipartition and f € F, and suppose A is a multipartition whose Young
diagram is obtained by removing all the normal nodes of residue f from [A]. Then A is Kleshchev if and
only if A is.
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Proof. Suppose the normal nodes are ny, ..., in descending order. We define A(0),...,A(t)
by putting A(0) = A, and then removing n; from [A(i — 1)] to obtain [A(})], fori = 1,...,t. Then
obviously A(t) = A, and it is easy to check that n; is a good node of [A(i — 1)]. Now the result
follows from [4, Proposition 1.1]. O

g-connected cyclotomic parameters

We say that the parameters Qy, ..., Q, are g-connected if there exist integers a;; such that Q; =
q"iQ; for each i, j. Dipper and Mathas [3] showed that if Q, ..., Q, are not g-connected, then
‘H,, is Morita equivalent to a direct sum of tensor products of ‘smaller” Ariki-Koike algebras.
So one typically assumes that Qj,...,Q, are g-connected. We make this assumption in this
paper, too; the relationship between g-connectedness and the combinatorics of multipartitions
is discussed to some extent in [4, §3.1], and the reader should be able to extend this discussion
to cover the content of the current paper.

In fact, since the cyclotomic parameters of H,, may be simultaneously re-scaled without
affecting the isomorphism type of H;, we assume that each Q; is a power of 4. So we assume
that we can find an r-tuple of integers a = (ay,...,a,) such that Q; = g% for each j; following
Yvonne [9], we call such an a a multi-charge. If e is finite then we may change any of the a; by
adding a multiple of ¢, and we shall still have Q; = g"i. If e = oo, then we have only one possible
choice of multi-charge a.

The abacus

Given the assumption that the cyclotomic parameters of H,, are all powers of 4, we may
conveniently represent multipartitions on an abacus display. Given a multipartition A, choose a
multi-chargea = (a1, ...,4,), and then for eachi > 1and each j € {1, ..., r} define the beta-number

Bl=AV +a;-i
It is easy to see that the set B/ = {f/, ﬁ;, ...} is a set containing exactly a; + N integers greater
than or equal to —N, for sufficiently large N. On the other hand, any such set is the set of
beta-numbers (defined using the integer a;) of some partition.

Now we take an abacus with e vertical runners, which we label 0,...,e — 1 from left to
rightife < o0, or...,-1,0,+1,... from left to right if ¢ = co. On runner /, we mark positions
corresponding to the integers congruent to [ modulo ¢; if e is finite, then we mark these in
increasing order down the runner. Now we place a bead at position ﬁf , for each i. The resulting

configuration is called an abacus display for A); the abacus displays for A, ..., A?) together
form an abacus display for A.

Example. Suppose thatr =3,a =(-1,0,1) and A = ((1), &, (1%)). Then we have

B'={...,-5,-4,-3,-1},
B>={..,-3,-2,-1},
B>={...,—4,-3,-2,0,1}.
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So an abacus display for A when e = 4 is

gl

An abacus display for a partition is useful for visualising the removal of rim e-hooks. If
e is finite and we are given an abacus display for A, then [A1] has a rim e-hook if and only

if there is a beta-number [3] € B/ such that ﬁ] — e ¢ BJ. Furthermore, removing a rim e-hook
corresponds to reducing such a beta- number by e. On the abacus, this corresponds to sliding
a bead up one position on its runner. So if e is finite, then A() is an e-core if and only if every
bead in the abacus display has a bead immediately above it.

We now introduce some notation which does not appear in [4]. Suppose e is finite, A is a
multicore, and we have chosen a multi-charge a = (a3, ..., a,). We construct the corresponding
abacus display for A as above, and then for each i € Z/eZ and 1 < j < r we define b%. (A) to be

the position of the lowest bead on runner i of the abacus for AD); that is, the largest element of
B/ congruent to i modulo e. It is clear that if we choose a different multi-charge a’ = a + ex for
X € 77, then we have b;‘]f A) = b;‘j()\) + ex;.

We need an alternative notation if ¢ = oo; in this case, we examine the unique abacus display
for A, and we set B;;(A) = 1ifi e B/, and 0 otherwise.

Now fori € Z/eZ and j k € {1,...,r}, we define

Q) = %(b?j()\) = b3(A) (e <)
: Bij(A) — By(A) (e = o0).

yfk(A) may then be regarded as the difference in height between the lowest bead on runner i of
the abacus display for A() and the lowest bead on runner i of the abacus display for A®). If ¢ is
finite, then the integers yik(A) depend on the choice of a, but the differences

YA =) -y @)

do not; these integers will be very helpful in weight calculations.

The weight and hub of a multipartition

Now we can give the main definition from [4]. Given a multipartition A, we define c¢(A) for
f € F as above, and put

T

w(A) = Z co,(A) - % (cf(A) —¢, f(A))Z.

j=1 feF

w(A) is a non-negative integer, called the weight of A.
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It is also useful to define the hub of a multipartition. For eachi € Z/eZ and j € {1,...,r},
define

55 (A) =(the number of removable nodes of [A/] of residue g

— (the number of addable nodes of [AD] of residue qi),

and put 6;(A) = ;zl 6{ (A). The collection (6;(A) | i € Z/eZ) of integers is called the hub of A.

Notation

Many of the combinatorial notions we have defined, such as the residue of a node, Kleshchev
multipartitions and weight, depend upon the parameters ¢, Q, ..., Qr. Occasionally, we shall
be considering Ariki-Koike algebras with different parameters, and we shall use terms such
as (4;Q1,...,Qr)-residue, (7;Q1,...,Q;)-Kleshchev and (g;Q;, ..., Q,)-weight when there is a
danger of ambiguity.

1.2 Background results from [4]

Here we summarise some results from [4], mostly concerning weight calculations. In the
published version of [4], two of the results we cite (namely, Propositions 3.2 and 4.6) refer to
blocks rather than combinatorial blocks, and as such their proofs are incorrect. However, the
statements and proofs given there are correct if blocks are instead interpreted as combinatorial
blocks (and if the last sentence of the proof of Proposition 3.2 is ignored). (The proof of Lemma
3.3 also uses arguments from the proof of Proposition 3.2, but is nonetheless valid.)

The weight and hub of a multipartition determine the combinatorial block in which it lies

An important feature of the weight and hub of a multipartition is that they are invariants
of the combinatorial block containing A, and in fact determine this combinatorial block.

Proposition 1.3. [4, Proposition 3.2 & Lemma 3.3] Suppose A is a multipartition of n and p is a
multipartition of m. Then:

1. if A and p have the same hub, then m = n (mod e), and

n—m

w(d) —w(u) =r

7

2. ifn = m, then A and p lie in the same combinatorial block of H,, if and only if they have the same
hub.

In view of this result, we may define the hub of a combinatorial block B to be the hub of
any multipartition A in B, and we write 6;(B) = 0;(A).
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Calculating weight from the abacus

In [4], it is shown how to compute the weight of a multipartition efficiently from an abacus
display. We summarise the relevant results here.

Proposition 1.4. [4, Corollary 3.4] Suppose e is finite, that A and p are multipartitions, and that [u]
is obtained from [A] by removing a rim e-hook. Then w(u) = w(A) —r.

Proposition 1.5. [4, Proposition 3.5] Suppose A is a multicore, and for each 1 < j < k < r let wj(A)
denote the (q; Q;, Qx)-weight of (AD, A0). Then

wd) = Y wiA).

1<j<ksr

Now suppose that A is a multicore, thati,/ € Z/eZ and that j,k € {1,...,r}. If e = oo, suppose
additionally that yljlk (A) = 2. Define sflk (A) to be the multicore whose abacus display is obtained

by moving a bead from runner i to runner ! on the abacus for A/, and moving a bead from
runner / to runner i on the abacus for A®).

Proposition 1.6. s{lk (A) has the same hub as A, and
ik ik
w(sy () = w(A) = r(y} (A) = 2).

Proof. Write y = sflk (A). Restricting attention to the jth and kth components and calculating

using the parameters g, Q;, Qx, we see that y}f((A(j), A®)) = y{lk()\) and (y(j), y(k)) = s}lz(()\(j), ARY).
So by [4, Lemma 3.7] (which is simply the case r = 2 of the present proposition), we have

w((?, 1)) = w((AP,49) - 20/ (1) - 2).
Using Proposition 1.3(1) and noting that (u), u®) and (A%), A(®) have the same hub, we obtain
@, 1 @)1 =119, A0 - et (1) - 2
A and p are identical in all components other than the jth and kth, and so

Il =141 - e (A) - 2),

and since A and p have the same hub, we may apply Proposition 1.3(1) again to get the result.
O

Proposition 1.7. Suppose that v = 2, and that A is a multicore.

1. If y}lz(/\) < 2 forall i,1, then w(A) is the smaller of the two integers
|{i | yillz(/\) = 2 for some l}|
and

|{l | 7/1.112()\) = 2 for some z}| .
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2. w(A) = 0 ifand only if y;*(A) < 1 for all i, 1.

Proof. (1) is simply [4, Proposition 3.8]. For (2), the result follows from (1) if we have y}lz <2

for all i,I. On the other hand, if we have yz.llz > 3 for some i, , then the multipartition s}lz (A) has
strictly smaller weight than A, by Proposition 1.6. |

Scopes isometries

Here we introduce maps between combinatorial blocks of Ariki-Koike algebras analogous
to those defined by Scopes [8] between blocks of symmetric groups. Suppose k € Z/eZ, and let
@k : Z — 7 be the map given by

x+1 (x=k-1(mod e))
Pr(x) =3x—-1 (x =k (mod e))
X (otherwise).

If e is finite, then ¢y descends to give a map from Z/eZ to Z/eZ; we abuse notation by referring
to this map as ¢y also.

Now suppose A is a multipartition, and that we have chosen an abacus display for A. For
each j, we define a partition ®;(A1)) by replacing each beta-number f with ¢ (8). Equivalently,
we simultaneously remove all removable nodes of residue g* from [A0)] and add all addable
nodes of residue qk . We define ®k(A) to be the multipartition (@AM, ..., D(ADY).

Proposition 1.8. [4, Proposition 4.6] If B is a combinatorial block of H,,, then there is a combinatorial
block C of H,,—s,(p) such that @y gives a self-inverse bijection from the set of multipartitions in B to the
set of multipartitions in C.

We write @y (B) for the combinatorial block C described in Proposition 1.8. Now we note
that in a special case, @ preserves the Kleshchev property.

Lemma 1.9. Suppose A is a multipartition, that k € Z/eZ, and that [A] has no addable nodes of residue
q*. Then A is Kleshchev if and only if ®y(A) is.

Proof. Since [A] has no addable nodes of residue ¢, every removable node of residue g is

normal, and [Pk(A)] is obtained by removing all these nodes. Now the result follows from
Lemma 1.2. O

2 Some combinatorial results

In this section, we prove three combinatorial results which we shall need later. It is possible
that these may be of independent interest.
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2.1 A combinatorial lemma concerning the weight lattice of type A, ;

First we prove a result which will be essential for the proof of the main result of Section 3,
but we phrase it here in terms of the weight lattice for a root system of type A,_1, where r > 1.
(If r = 1, then this lattice consists of a single point, but the results all hold without modification.)

We consider the weight lattice L, of type A,_1: let Z" denote the free Z-module with basis
{e1,...,e}, and define

Zi’
L= Zer + - +e)

We write elements of L, simply by writing representative elements in Z’.

We adopt the following conventions concerning multisets. If T is a set and X a multiset, we
say that X is a multisubset of T if every element of X is an element of T. If X contains several
copies of some t € T, we write X \ {t} to mean X with one of these copies removed. Similarly,
we write X U {t} to mean X with a copy of t added (so U really means ‘disjoint union’). We want
to consider finite multisubsets of L,. First we introduce an equivalence relation on the set of
such multisets.

Suppose X is a multisubset of L,, and that there are x, y € X and k,[ € {1, ..., r} such that

(k= x1) = (Y = yo) = 2.
Define the multiset Y by
Y=X\{x,ylU{x—ex+e,y+e—el,
and say that X = Y whenever X and Y are related in this way. Clearly = is a symmetric relation;

we extend it transitively and reflexively to obtain an equivalence relation.
Now say that a multisubset X of L, is tight if

Ck—x1) = (e —y) <2

forall x,y € Xand all 1 <k, I < r, and that X is ultra-tight if every multiset in the same =-class
as X is tight.

Example. Let r = 3. Then the set
X =1{(0,0,0),(2,0,0),(0,-2,0)}
is tight, but it is not ultra-tight, since
X=Y={0,0,0),(2,-1,1),(0,-1,-1)}.
Our aim is to classify ultra-tight multisets.

Lemma 2.1. Given s € L,, define
NG)={xel, |xx—x<sg—s+1V¥klell,... r}}

Then any multisubset of N(s) is ultra-tight.
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Proof. Clearly any multisubset of N(s) is tight, so it will suffice to prove that if X is a multisubset
of N(s) and X = Y, then Y is also a multisubset of N(s). To see this, it is enough to observe the
following: if x, y € N(s) such that (xx —x;) = (yx —y;) = 2 for somek, [, then x —e; +¢; and y +e —¢
also lie in N(s). O

What we want to do is prove a converse to the above lemma, i.e. that every ultra-tight
multisubset of L, is a multisubset of N(s) for some s. In fact, we write the result slightly
differently. Givenay,...,a,-1 € Zand k,l € {1,...,r}, we write

ag = @ + @+ +ap1) — (@ +agg + oo +a,),
where we regard ax + - -- +a,-1 as Oif k = 7.
Proposition 2.2. If X is an ultra-tight multisubset of L,, then there are ay, ..., a,_1 € Z such that
Xp—x;p<ag+1

forallx € Xand k,1€{1,...,r}.

It is clear that this result shows that an ultra-tight multiset X is a multisubset of N(s), where
Sk = (ax + ax41 + - -+ + a,-1) for each k. The inductive step used to prove Proposition 2.2 is the
following.

Proposition 2.3. Suppose X is an ultra-tight multisubset of L, and 1 < t < r — 1, and that there exist
ai,...,a,-1 € Z such that for any x € X we have

Xp—x<ay+1

whenever k,1 € {1,...,r=1}ork, 1 € {t +1,...,r}. Then there exist 41, ...,4,—1 € Z such that for any
x € X we have
X —x; < dg+1

whenever k,1 € {1,...,r—1}ork,lelt, ..., r}.

Proof. The case where t = r — 1 is easy: since X is tight, we can choose 4,_1 such that
A1 —1 < xp-1 — X < 4,1 + 1 for all x, while for 1 < i < r—2 we set 4; = a;. So we suppose
t<r-1.

Ifaq,...,a,_1 will not serve as iy, ...,4,_1, then there is some x € X such that either

xt_xr>atr+2

or
Xt — Xp < Ay — 2.

We assume the first of these inequalities; the proof in the other case is similar.
Given the inequalities we already have, we find that forany u € {t +1,...,r — 1} we have

xt =X = (X — xy) + (X — Xxr)
<atu+1+aur+1
=a, + 2.
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So we must have x; — x,, = ay, + 1 and x,, — x, = a,, + 1, and this implies that

Xp— X1 =ap+1,
Xt+1 — Xp42 = 41,

Xt42 — Xt4+3 = At42,

Xy—2 = Xp—1 = Oy-2,
X1 —Xr =da,.1+1.

Note also that for any y € X we have
ar <Yt = Yr <y +2; ()

the first inequality follows because x; — x, = a; + 2 and X is tight, and the second inequality
follows because by assumption y; — y,_1 < ayp—1) + 1 and y, 1 — y, < ag_1y, + 1.
Now we draw a directed graph G on the set {1, ..., r}, with an arrow from k to / if and only
if there is some y € X with
Ye—yi=an—1

We consider two cases.

Case 1: G does not contain a directed path from ¢ to r
Under this assumption, the set {1, ..., 7} can be partitioned into two sets T and R such that
t € T, r € R, and there is no arrow k — [ for any k € T,] € R. (For example, we could let T
be the set of all k such that there is a directed path from ¢ to k.) We define

a.+1 (keT, k+1€R)
a—1 (keR, k+1€T)
ay (otherwise).

>
o~
Il

Then we have

ag+1 (keT, leR)
g =<ay—1 (kGR,lGT)
ay (otherwise),

and we claim that yx — y; < dy for any y € X wheneverk,l € {1,...,r=1}ork, [ € {t,...,r}.
Since t € T and r € R we have 4y, = a; + 1, and so by (1) we have

tr_lgyt_yrgﬁtr"'l/

which deals with cases where {k, [} = {t, 7}. For the other cases, the result is immediate if
A =2 ay. Ifdyy = ay—1,thenk € Rand [ € T. The fact that there are no arrows from T to R
implies that y; — yx > ay, so that

yk—yléa;d:ljk]+1.
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Case 2: G does contain a directed path from ¢ to r
Under this assumption, we’ll show that X is not ultra-tight, which gives a contradiction.
First we note the following.
Claim. For any k <7, we have x; — x, > a;, + 1.
Proof. This comes directly from above if k > ¢ (and in fact we have x; — x, = a5 + 2).
For k < t, we have
X — X = (X — xp) + (Xt — x;)
>ay—1+a,+2
=a, + 1.
Now suppose
t=ky—>ky—--—>ki=r

is a path from ¢ to r of minimal length in G, and choose yl, ..l ys‘l € X such that

m m —
ykm - yk - akmkm+1 -1

m+1

for all m. We also define x" = x — ¢, , +e¢ form =1,...,5s — 1. We want to prove the
following statements by (downwards) induction, form =s-1,...,1:

Ay ¢ there is a multiset Y}, containing yl, ..., y" and ™ such that Y, = X;

L (M _fgm _m —n.
Bm ' (ka ka+1) (ykm ykarl 2’
Cin * Xk, — Xp = ag,r + 1.
If we can prove statement C;, we shall have a contradiction.

As-1 is immediate — we can take Y;_; = X. Now we prove B;_; and C,_1; by the claim, we

have
(xks,l - xr) - (yis__ll - yi_l) Z (aks,lr + 1) - (aks,lr - 1) = 2;
we must have equality since X is tight, which gives Bs_;. Since yis‘_ll —y =, —1,we

have C,_; too.

Now we perform our inductive steps: first, we show that for m < s — 2 the statements
Aps1 and By,.q imply Aj,: we construct the set Y, by taking the multiset Y},,.1, removing
x™*! and y"*!, and adding x™ and y"*! + ¢, ., — e, .,. By Bys1, we have Yy, = Vi1 = X,

m+1

Next we show that for m < s—2 statements A, and Cy,,+1 imply B;, and C;,. Since the chosen

path has minimal length, ki, ..., ks are pairwise distinct; in particular, (e;)x,, = (e)x,,,, = 0.
Hence
m m —
ka B ka+1 - (X - ek"lﬂ + er)km - (X - ekmﬂ + er)knz+1

= (ka - X)) — (ka+1 -x)+1
> (a,r+1)—(a,,,+1)+1

(by the claim and statement C,,11)

= akmanl + 1

— qm _ ,m .
- ykm ykarl +2’



14 Matthew Fayers

since Y, is tight, we must have equality, which implies B,, and C,,.

So by induction statement C; is true, which is a contradiction.

O

Proof.[Proof of Proposition 2.2] We proceed by induction on r, with the case r = 1 being trivial.
For r > 1, let X be an ultra-tight multisubset of L,. The natural projection Z" — Z'~! induces
amap L, — L,_1, and we write X for the image of X under this map. It is clear that X is
ultra-tight, so by induction we can find integers ay, ..., a,—» such that

X—x<ag+1

forallxe Xand k,le{l,...,r—1}.
We let a,_1 be an arbitrary integer, and then we apply Proposition 2.3 fort =r—-1,...,1in
turn. O

2.2 Results concerning integer matrices

Now we prove two simple results concerning manipulation of integer matrices. Suppose A
and B are both e X r matrices with integer entries; for consistency with later sections, we index
the rows with the integers 0, ..., e — 1 and the columns with the integers 1,...,r.

First we suppose that all the entries of A and B are 0 or 1. We write A < B if there are
indices k, [, m,n with k # [ and m # n such that

a;ij = bij = 6ikOjm + 610 — 0ikOju — 61Ojm

for all i, j, where we employ the Kronecker delta. That is, A and B differ by the addition of a
2 X 2 submatrix of the form (Jj j ) or (j j )

Clearly if A < B, then A and B have the same row sums and column sums. We prove a
converse to this statement; this is due originally to Ryser [7, Theorem 3.1].

Proposition 2.4. Suppose A and B are e X r matrices with all entries equal to 0 or 1 and with the same
row and column sums, that is,
an + -+ +ay =bn+---+ by

foralli€{0,...,e—1}and
Agj + -+ +A-1)] = boj + - + be-1);

forall j€{1,...,r}. Then thereis a sequence A = Ay, ..., As = B of matrices with all entries equal to 0
or 1 such that Ag & A1 & -+ & A,.

Proof. It suffices to assume that A # B and to find a matrix A’ such that either

1. A & A’ and there are fewer positions where A’ and B differ than positions where A and
B differ, or

2. A’ « B and there are fewer positions where A and A’ differ than positions where A and
B differ.



Core blocks of Ariki-Koike algebras 15

Put C = A — B. Then the entries of C are all equal to —1,0 or +1, and the row and column
sums of C are all zero. For t > 0, we define a chain of length t to be a sequence (i, jo), . . ., (it-1, ji-1)
such that
-1

forallk =0,...,t -1, where we interpret i; as iy. We can certainly find a chain of some length,
by the following procedure:

Cije = 1, Cijpy =

e since C is non-zero, we can find g, hg such that Coohy = +1;

e suppose we have g, iy with cg, = +1; since the gith row sum of C is zero, we can find
hii1 such that cgp, = —1;

e suppose we have g, g1 with cg,p,, ., = —1; since the hy,1th column sum of C is zero, we
can find gy4q such thatcg, s, = +1.

This enables us to construct a sequence go, ho, g1, 11, ... such that Copyy = +1 and Cophyy = -1
for each k; since there are only finitely many entries in C, the sequence (go, ho), (g1, /1), . .. must
repeat at some point, say (g, 1v) = (u, hy) with v > u. Defining t = v —u and iy = g4k, jx = Pu+k
fork=0,...,t -1 gives a chain.

Take a chain (ig, jo), .. ., (it-1, ji—1) of length t with ¢ > 0 minimal, and consider the position
(iO/ jt—l)'

e Ifa; _, =0, then we define

al'.j = 4jj + 61‘1'05]‘]}_1 + 6iit_15jjo - 5ii06jjo - 61‘1',5_1 6jjz-1’

Certainly iy # ;-1 and jo # ji-1, so the matrix A" = (al’.].) satisfies the conditions of (1)
above.

o Ifb =1, then we define

/ — o — .. .
aj; = bij — 6iiy0;

i0,jt-1

jer — Oii_ Ojjy + 0iigOjjo + Oiiy_ Ojjp_, -

Now A’ = (al'.].) satisfies the conditions of (2) above.
e Otherwise, we have ¢; ;_, = +1; but this implies that t > 3 and that

((io, je-1), (i1, j1), (2, J2), - - -, (it=2, jt—2))

is a chain of length t — 1; contradiction.

Now we prove our second result concerning integer matrices.
Proposition 2.5. Suppose A and B are e X r matrices satisfying the following conditions:
o there exist integers a, ..., 0e—1 and Po, . .., Pe—1 With
a; = Bi =i(mod e)

for each i and with
a;j € {o, o + e}, bij € {Bi, Bi + e}

foralli, j;
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o there is a constant K such that
bil+"'+bir:ai1+"'+air+K
for all i;

o forany j,
boj + -+ + be—1)j = apj + -+ + ae_1); (mod e?).

Then there is an e X r integer matrix C with entries constant down each column and such that:

bi]' +¢j € {aj, a; + e}

for each i, j;

(bir +cin) + -+ -+ (biy + Cir) = A + -+ + a

fori=0,...,e-1;

(boj + oj) + -+ + (be-1) + Ce-1)j) = Aoj + -+ + Ae-1);
forj =1,...,r

Proof. By reducing ; by e if necessary, we assume that for each i there is at least one j with
bij = Bi + e. Then we have

tPi+e<bip+---+by <rpi+re

as well as
ra; < djpt -+ ap < ra;t+re
so that
K—rve K+ (r—1)e
; <ﬁi—ai<f

for each i. Since f; — «; is divisible by ¢, this means that the integers ; — a; can only take two
different values (which differ by e) as i varies. By adding a constant multiple of e to all entries
of B and to each f;, we may assume that ; — a; = 0 or e for all i, and equals 0 for at least one
value of i.
Now we examine the column sums of A and B. We write a.; for the sum ag; + -+ + a(-1);
and similarly b.;. We have
b.j —a.j =0 (mod %)

and

—_

e—

e—1
Z(ﬁi —a) = <bj-a;< ) (Bi-a)+é
=0

1]
o

i
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and by the above assumptions we have 0 < f;& (Bi — @i) < e(e — 1), so that b.; — a.; can only
equal 0 or +e2. But if b.j—a.j = —e2, then we must have b; j = Bi for all i, and we may increase
each b;; by e without affecting earlier hypotheses to get b.; — a.; = 0. So we assume that b.; — a.;
equals 0 or ¢? for each j. By re- ordering rows and columns, we may assume that g; — a; = e for
i=0,...,I-1only, and that b,; . =¢?for j=1,...,k only. Note that we then have K = ¢k.
We would like to define
,,_ {—e (j <k
Cij =
0 (G>k;

this would give the correct row and column sums for B + C, and would give bl-]- +¢ij = a; or
a; + e, except possibly when i >  and j < k. So it suffices to show that we have b;; = ; + e when
i>land j <k. Forany 1< j <k, wehave

(boj + -+ + by-1))) — (agj + -+ + ag_1))) = € + (@ + -+ + Ae-1);) — (byj + -+ + be-1y;)
>32"'(al"'"'"'016—1)_((ﬁl""‘3)""""'(ﬁe—l +e))
—el. ()

with equality only if b;; = i +efori =1,...,e — 1. On the other hand, forany 0 <i</-1we
have
(Dir + -+ + bi) — (@i + -+ + ai) = ek + @iger1) + -+ + aiy) = Bigesry + -+ + ir)
<ek+ (r—k)ai +e) = (r = k)i
= ek_ (**)

And so (summing (*) over j and (++) over i) we get

-1 k
ekl < (bij — aij) < ekl.

[;

[y

I
o

j=1

So equality holds in () and (+), and in particular we have b;; = f; + e fori > land j <k, as
required. m|

3 Core blocks

In this section, we introduce core blocks of Ariki-Koike algebras, giving several equivalent
definitions. For the rest of this paper q,Q;,..., Q; are fixed, and we assume that there are
integers ay, ...,a, such that Q; = g% for each i. Let H,, be the Ariki-Koike algebra with these
parameters.

3.1 The definition of a core block

In order to introduce core blocks, we need to consider separately the case ¢ = oo; in this
case, every combinatorial block of H,, will be a core block. For the case where ¢ is finite, the
definition is given by the equivalent statements in the following theorem. It is straightforward
to check that these statements, appropriately re-phrased, all hold for every combinatorial block
of H,, when e = oo, with property (4) following from Proposition 1.3.
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Theorem 3.1. Suppose that e is finite, and that A is a multipartition lying in a combinatorial block B of
H.,.. The following are equivalent.

1. Aisamulticore, and there exist a multi-charge a = (ay, ..., a,) and integers a, . . ., Ae—1 Such that
for each i, j, b;‘.‘].(/\) equals either aj or aj + e.
2. Ais a multicore, and there exist a multi-charge a = (ay, ..., a,) and integers sy, ..., s, such that
b?j(/\) - b2 (4)
e
forallie€{0,...,e—1}, j,kefl,...,r}

<S]‘—Sk+1

3. Ais a multicore, and for any multi-charge a = (ay, . .., a,) there exist integers s1, ..., s, such that
b;‘].(/\) - b?k()\)
e
foralliel{0,...,e=1}, jkefl,...,r}.

<S]'—Sk+1

4. There is no combinatorial block of any H,, with the same hub as B and smaller weight.
5. Every multipartition in B is a multicore.
Now we can make the main definition of this paper.

Definition. Suppose B is a combinatorial block of H,. Then we say that B is a core block if and
only if either

e ¢is finite and the equivalent conditions of Theorem 3.1 are satisfied for any multipartition
Ain B, or
® ¢ = 090,

Example. Suppose r = 2, e = 4, Q1 = q3, Q> =1, and consider the combinatorial block B of
‘Hs containing the bipartition ((4, 12), (2)). Choosing the multi-charge (3,4), we get an abacus

display
0123|0123

il

for this bipartition. So we may take (ag, a1, a2, a3) = (—4,1,2,-1), and we find that B is a core
block. The other bipartitions in B are ((3, 12),(3)) and (@, (3%, 1)), with abacus displays
0123]0123 0123|0123

il
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In order to prove Theorem 3.1, we need some preliminary results. First we observe that
from the integers b?j()\) we may recover the multi-charge a and the hub of A. The proof of the

following lemma is straightforward — for (1), recall that for sufficiently large N, the number of
beta-numbers for A¥) which are greater than or equal to =N is a; + N.

Lemma 3.2. Suppose e is finite, that A is a multicore and that a = (ay, ..., a,) is a multi-charge. Then

1.

]

-1
Yico B 41
= +
e 2

aj
forj=1,...,1;
Ljr D) = K By, () -7

e
fori=0,...,e~1(reading the subscript i — 1 modulo e).

6i(A) =

Proposition 3.3. Suppose e is finite, and A and y are multicores with the same hub. Suppose that:

o there exist a multi-charge a = (a1, ..., a,) and integers ay, . .., Ae—1 such that b;‘j(/\) € la;, a; + e},
for each i, j;

o there exist a multi-charge b = (b, ..., b,) and integers By, . .., fe-1 such that b}’j(y) € {Bi,Bi +el,
foreach i, j.
Then b;‘j(y) € {aj, a; + ¢}, foreach i, j.

Proof. Let A be the matrix with entries a;; = b?j(/\), and let B be the matrix with entries

bij = b}}(y). We wish to use Proposition 2.5, so we need to verify the hypotheses of that

proposition concerning the row and column sums of A and B.
Take j € {1,...,r}. The fact that a; and b; are congruent modulo e means that

e—1 e—1
Yico®ij e+1 Xiobij e+1
i=0 ]+ — =0 ]+

e 2 e 2 (mod )
by Lemma 3.2(1), so that
e—1 e—1
Zaij = bij (mod e?).
i=0 i=0

Now we look at row sums. Using Lemma 3.2(2), the fact that A and p have the same hub
implies that

T

r r r
D= Y a0 = ) b= ) beny
j=1 j=1

=1 =1
for all i, so that there is a constant K such that

Zr‘bi]' = Zr‘ai]' + K
j=1

=1
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for all i.

By Proposition 2.5 there is a matrix C with entries constant down each column such that
any entry in row i of B+ Cis equal to a; or @; +e, and such that B + C has the same row sums and
the same column sums as A. Clearly the entries of C are all divisible by ¢, i.e. there is a vector
¢ =(cy,...,¢;) € Z" such that the entries of any row of C are (ecy, ..., ecr). So (by the comment
following the definition of the integers b?].(/\)) the (i, j) entry of B + C is b:.’]fr“(y), for each i, j.
But the fact that the column sums of B + C equal the column sums of A means that we have
bj + ecj = aj for each j, by Lemma 3.2(1). Hence b;f‘].(y) =(B+C)j=ajora;+e foranyi,j. O

Proposition 3.4. Suppose e is finite, and A and w are multipartitions satisfying the hypotheses of
Proposition 3.3. Then w(A) = w(u).

Proof. Leta = (ay,...,4,) and ay, ..., a.-1 be as in Proposition 3.3, and write a;; = b;’j(A) and
bij = b;‘j(y). Then a;; and b;; each equal either a; or a; + ¢, for each i, j. Furthermore, the row and
column sums of A = (1;;) equal the corresponding row and column sums of B = (b;;). Define
ai]'—ai A bi]‘—ai

fij = ——— ij =

e

Then the matrices A = (4;j) and B= (Eij) are 0-1 matrices with corresponding row and column

sums equal. So by Proposition 2.4 there is a sequence A = A? & Al & ... & A' = B. If we let ﬁ;‘j

k

be the i, j entry of A¥ and define ai,‘]. = eﬁi]. + a;, then we have ai.‘j = b?j()\k) for some multipartition

A (with Ag = A, Ay = p). Moreover, the relation A1 s AF means that A, = sflm (Ax—7) for some
i,1, j,m with Vz]lm (Ax-1) = 2. By Proposition 1.6, this means that w(Ax) = w(Ax_1). O

Proof.[Proof of Theorem 3.1] Trivially (3)=(2), and it is easy to see that (2)=(3): suppose the

sequence (sy, ..., Sr) satisfies the given condition for the multi-charge a = (a4, ...,4,). Then for

any other multi-charge a’ = (a1 + exy, ..., a, + ex;), the sequence (s; + x1,...,5, + x;) will work.
The preceding paragraph also shows that we may choose the multi-charge a and the integers

s1,...,5 in (2) in such a way that s; = --- = s5,. If we do this, and then set a; = min{b;.’j | j€
{1,...,r}} for each i, then the inequalities for (1) will follow. So (2)=(1). To show that (1)=(2),
we use the chosen multi-charge and puts; =--- =5, = 0.

It is also straightforward to show that (4) and (5) are equivalent. Suppose first that (4) is
false, so there is a multipartition y in a combinatorial block C with the same hub as B but
smaller weight. By Proposition 1.3, we have w(C) = w(B) — ar for some positive integer a. If
we add a rim ae-hook to the Young diagram of y, then we shall have a multipartition in B, by
Proposition 1.4. This is not a multicore, and so (5) is false. So (5)=(4). To show that (4)=(5) is
even easier: if there is a multipartition y in B which is not a multicore, then we may remove a
rim e-hook from the Young diagram of u to get a multipartition with the same hub and smaller
weight.

The hard part, then, is to show that (1), (2) and (3) are equivalent to (4) and (5). First
we show that (4)=(2), for which we use Proposition 2.2. Certainly (4) implies that A is a
multicore, because otherwise we could remove a rim e-hook from [A] to get a multipartition
of lower weight. Choose a multi-charge a = (a1,...,4,), and then for i = 0,...,e — 1 define
x0) = (b3(A),..., 03 (A)). Let X(A) be the multiset @, ..., xD}, regarded as a multisubset of
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the weight lattice L,. It is straightforward to see that the condition that X(A) is tight is exactly

the condition yl]lk (A) < 2 forall 7,1, j, k. Moreover, if Y is a multiset such that Y = X(A), then
Y = X(u) for some multipartition y € B: for the condition

Ck—x) = (e —y) =2

for some x, y € X is exactly the condition y;‘;(/\) = 2 for some i, j; and replacing x and y with

x —ex + ¢ and y + ex — ¢; corresponds to replacing A with sf; (A), which has the same weight as A
and so lies in the same combinatorial block. Now it easy to see that condition (4) implies that
X(A) is ultra-tight: for if there is Y = X(A) which is not tight, then we have Y = X(u) for some
p in B, and yf}(y) > 3 for some i, j, k,I. But then the multipartition sg () has the same hub as
p but smaller weight, contradicting (4). So if we assume (4), then X(A) is ultra-tight, and so
by Proposition 2.2 and the comment following it, we find that X(A) is a multisubset of N(s) for
some s, and this gives condition (2).

Finally, we show that (1)=(4). Suppose (1) holds for A, with b?j(A) = @; or a; + e for each
i, j. Suppose also that (4) is false, and take a multipartition y in a combinatorial block C of
minimal weight having the same hub as A. Then condition (4) holds for y and C, and so (since
(4)=(2)=(1)) we can find b = (by, ..., b;) and integers Py, . .., fe-1 such that b:’j(y) =piorfBi+e
for each i, j. By Proposition 3.4 we have w(u) = w(A), which is a contradiction. O

3.2 The multipartitions in a core block

Theorem 3.1 gives us several equivalent conditions for a multipartition to lie in a core block.
As a corollary, we can give a simple description of all the multipartitions lying in a given core
block; this will be useful later. We give separate statements for the cases e < co and e = oo; this
is an artefact of our notation, and the results are really the same in substance.

Proposition 3.5. Suppose that e is finite, that A is a multipartition lying in a core block B, and that a
and «y, . .., e—1 are chosen so that b?j()\) € {aj, a; + e} for each i, j. Then the multipartitions lying in B
are precisely those multicores y for which:

o b;‘].(y) € {aj, a; + e} foreach i, j;

e foreach i,
T

Y v = 2 0(A),
j=1

j=1

i.e. the number of b;‘j(y) equal to a; + e equals the number of b?].(/\) equal to a; + e.

Proof. First suppose that u does satisfy the given conditions. The second condition implies
that A and p have the same hub, by Lemma 3.2(2). Now Proposition 3.4 shows that they have
the same weight, and so they lie in the same combinatorial block.

Conversely, suppose u lies in B. Then p lies in a core block and has the same hub as A, so
the hypotheses of Proposition 3.3 are satistied. So we have bfj(y) = q; or a; + e for each i, j;
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furthermore, the fact that A and p have the same hub means that there is a constant K such that

i b2 (4) = 2 b3(A) + K
j=1 j=1

for each i. By Lemma 3.2(1) we have

which gives K = 0. O

Proposition 3.6. Suppose e = oo, and that A is a multipartition lying in a combinatorial block B of H,,.
Then the multipartitions in B are precisely those multipartitions y for which

Zr‘ Bij(p) = Zr‘ Bij(A)
= =

foralli€ Z.
Proof. Note that the sums B;.(d) = Bj1(A) + - - - + B;,(A) determine the hub of A: we have

0i(A) = Bi(A) — Byi_1).(A).

Also, the hub of A determines the B,.(A): from the above equation, the 6;(1) determine these
sums up to addition of a constant, and we have 3B;.(1) = 0 for sufficiently large i.

So u satisfies the condition given in the proposition if and only if y has the same hub as
A; but this happens if and only if p lies in the same combinatorial block as A, by Proposition 1.3. O

3.3 Elementary moves

In this section, we study the relationship between two multipartitions lying in the same
combinatorial block of H,,. In the case of Iwahori-Hecke algebras of type A, we know that,
given two partitions A and u lying in the same combinatorial block, we may get from one to the
other by a sequence of simple ‘moves’, i.e. addition and removal of rim e-hooks in the Young
diagram. Furthermore, by first removing and then adding rim hooks, we may guarantee that
the intermediate partitions have weight equal to or less than the common weight of A and p.
We want to prove a similar result for multipartitions: that one may get from a multipartition to
any other multipartition in the same combinatorial block by a sequence of ‘elementary moves’,
without going via any multipartition of higher weight. Given that there are combinatorial
blocks containing more than one partition when e = o, it is clear that addition and removal of
rim e-hooks will not suffice; we must use the functions si.‘; as well.

Recall that the hub and weight of a combinatorial block B of H,, determine B. Moreover,
condition (4) of Theorem 3.1 implies that, of the combinatorial blocks with a given hub, only
the one with the smallest weight is a core block. So if A is a partition with this hub, then we
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may speak of this core block as the core block of A. It seems that this is as close as we can get to
a generalisation of the core of a partition.

Given multipartitions A and y, we write A «~» u (and say that y is obtained from A by an
elementary move) if one of the following holds:

e [u]is obtained from [A] by adding or removing a rim e-hook;

e A and p are both multicores, and p = sf? (A) for some i, j, k, I.
]

Proposition 3.7. Suppose A and p are multipartitions lying in the same combinatorial block of H,,.
Then there is a sequence A = Ay, ..., A = u of multipartitions such that A;_y <~ A; for each i, and
w(A;) < w(A) for each i.

Proof. We prove two statements:

1. if Ais amultipartition not lying in a core block of H,,, then there is a sequence A = Ay, ..., A;
of multipartitions such that A;_; <~ A; for each i, w(A;) < w(A) for each i and w(A;) < w(A);

2. if A and p are multipartitions lying in a core block B, then there is a sequence A =
Ag, ..., Ay = pof multipartitions in B such that A;_; < A; for each 1.

Itis clear that these two statements will imply the theorem: using (1) repeatedly, we can get from
A and p to two multipartitions in the core block of A and p using elementary moves, without
passing multipartitions of higher weight. We can then pass between these two multipartitions
using (2).

First we prove (1); the assertion that A does not lie in a core block means that e < co. If A
is not a multicore, then we may take t = 1, removing a rim e-hook from the Young diagram
of A to get A;. So we suppose that A is a multicore, and we use Proposition 2.2. As in the
proof that (4)=(2) in Theorem 3.1, we choose a multi-charge a, and for eachi = 0,...,e -1
we set x() = (bfl, e, b; ). We regard the multiset X(A) = (x@, ..., xD} as a multisubset of the
weight lattice L,, and we assert that X(A) is not ultra-tight. Indeed, if X(A) is ultra-tight, then
Proposition 2.2 implies that X(A) is a multisubset of N(s) for some s; but then condition (2) of
Theorem 3.1 holds, contradicting the fact that A does not lie in a core block. So there is some
Y = X(A) which is not tight. We have Y = X(u) for some p in the same combinatorial block
as A, and the definition of the relation = means that we can get from A to y via a sequence
A=Ay e - ew Ay = pof elementary moves, with all the A; in the same combinatorial block
as A. The fact that X(u) is not tight means that yf}(y) > 3 for some i, j,k,I. Now we define

A = si.‘;(y), and we have w(A;) < w(A).

Now we prove (2), supposing first that e is finite. Obviously A and p are both multicores,
and by Proposition 3.5 we may choose a and integers ay, .. ., a,—1 so that b;'i‘].(/\) equals a; or a; +e
and b;‘j(y) equals a; or a; + e for each i, j. Now we let Ay, ..., A; be as in the proof of Proposition

34.
If e = oo, then (2) follows by a very similar application of Proposition 2.4, using the integers
Bij(A). O

Example. Suppose r = 2, ¢ =4, Q1 = ¢°, Q2 = 1, A = ((3,1%),(3,1%)) and p = ((4,2%), (2)).
Then it is easily checked that A and p lie in the same combinatorial block of Hj,. The core
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block of A and of y is the combinatorial block B of Hg described in the last example. We have
A e~ A1 v Ay <~ 1, where

i
it

gilicil

Suppose B is a core block of H,, with e < oo, and suppose that [ contains elements of
infinite multiplicative order. The aim of this section is to show that there is an Ariki-Koike
algebra H,, over the same field, with parameters 4, O1,...,0Q,, with §j being of infinite order,

A=(3,1°),(3,1%)

Ay :((4/ 12)/ (2))

p=((4,2%),(2)

3.4 Every core block occurs for e = co

such that B is also a combinatorial block of ’7:(,1. By this we mean that there is a combinatorial
block B of 71(,1 containing exactly the same multipartitions as B, that the (4; Ql, el Qr)-weight
of B equals the (7;Qq,...,Q,)-weight of B and that a multipartition A in B is (g, Q1,..., Qr)-
Kleshchev if and only if it is (f; Q1. ..,0Q,)-Kleshchev. It is tempting to speculate that B and B
have similar structure — perhaps even that they are isomorphic, with compatible isomorphisms
between corresponding Specht modules — but we leave such issues for a future paper, and
restrict attention to combinatorics here.

Suppose, then, that e is finite and that B is a core block of H,,. We choose and fix a multi-
charge a = (ay,...,a4,) and integers ay,...,a,—1 such that b;‘j(/\) equals a; or a; + e for each



Core blocks of Ariki-Koike algebras 25

multipartition A in B and each i, j. Let § be any element of F of infinite order, and let Q j= g0
forj=1,...,r. Now let 71171 be the Ariki-Koike algebra over F with parameters 4, Ql, el Q,.

Proposition 3.8. There is a combinatorial block B of H,, such that a multipartition A lies in B if and
only if it lies in B.

Proof. It is clear from the definition of residues that if two multipartitions lie in the same
combinatorial block of 71(,1, then they lie in the same combinatorial block of H,,. So we need to
show that all the multipartitions in B lie in the same combinatorial block of H,,. Given A in B,
define roca

=1 bkj(/\) — ray

k = ;
e

that is, by is the number of j for which b]j]. (A) equals ay +e. Now construct the abacus display for
A with e = co using the multi-charge a, and for each integer [ let d; be the number of j € {1,...,7}
for which B;;(A) = 1. It is straightforward the express the d; in terms of the by; for any integer

k, we write k for its image in Z/eZ. Since b;:j(/\) equals ay or ay + e for each k, j, we have

r (I<a;+e)
dl: bi (l=0q+e)
0 (>a5+e).

Now the (§; Q1, ..., Q,)-hub of A is given by 6;(A) = d; — d;_y; by Proposition 3.5, the integers by
do not depend on the choice of A in B, and so the (§; O1,...,Q,)-hub (6;(A))icz, does not depend
on the choice of A either. So by Proposition 1.3(2), all the multipartitions in B lie in the same
combinatorial block of H,,. O

Given combinatorial blocks B and B as above, we say that B is a lift of B. Clearly, choosing
a lift corresponds to choosing an appropriate multi-charge. It is a straightforward exercise,
using Propositions 1.5 and 1.7, to show that B and B have the same weight. In fact, more is
true: if A is any multipartition in Band if 1 < j; <--- < j; <7, then the (7, Q;,, ..., Qj,)-weight
of (AUD, ..., A1) equals its (§; Qj,, ..., Q},)-weight.

Now we turn our attention to Kleshchev multipartitions.

Proposition 3.9. Suppose B is a core block of H,, that B is a lift of B and that A is a multipartition in
B. Then Ais (q;Q1, . .., Qy)-Kleshchev if and only if it is (§; Ql, e, Qr)—Kleshchev.

Before we can prove Proposition 3.9, we need to examine the relationship between lifts and
Scopes pairs. Suppose B is a core block of H,,, and that B is a lift of B. Given k € Z/eZ, define
C = @i(B) as in §1.2, and define

¢ = H @ | (B).

I€Z | 1=k

We remark that this is a valid definition: any two of the values I € Z for which I = k differ by at
least ¢, and so the corresponding operators @; commute; moreover, only finitely many of these
operators have a non-trivial effect on B.
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Lemma 3.10. Suppose B, B, C, C are as above. Then C is a core block of H,y—s,(), and C is a lift of C.

Proof. It is clear that the set of multipartitions in C equals the set of multipartitions in C:
these are precisely the multipartitions which may be obtained from some multipartition in
B by simultaneously adding all addable nodes of (g;Q;, ..., Q;)-residue qk and removing all
removable nodes of (g; Q1, ..., Qr)-residue qk. So in order to prove that C is a core block with C
as a lift, it suffices to show that there are integers o, ..., f.—1 such that for each multipartition
p in C we have b;.’].(y) € {Bi, i + e} for each i, j.

Each p is of the form @ (A) for some A in B, and so we have

b7 (W) = b{(Pr(A))
= Pr(b5, ),(A))
€ {Pr(ap i), Prlagi) + )}
= {Pr(aee ), Prlag, ) + el

Now we set up the inductive step of the proof of Proposition 3.9.

Lemma 3.11. Suppose B, B, C, C are as above, and that the integers o, . .., ae—1 can be chosen in such
a way that oy > ag_1 + 1. If A is a multipartition in B, then:

o Ais(q;Qu,...,Qr)-Kleshchev if and only if Dk(A) is (3; Q1, .. ., Qr)-Kleshchev;

o Ais(f; Oi,..., Qr)—Kleshchev if and only if Py(A) is (§; O1,..., Qr)—Kleshchev.

Proof. The fact that a; > a;_1 + 1 means that sz(/\) > b?k_l)].(/\) + 1 for each j, which implies
that A has no addable nodes of (g; Q1, ..., Qr)-residue qk, and therefore no addable nodes of

4;Q1,. .., Qr)-residue § for any [ with I = k. The result now follows by Lemma 1.9. m|

The initial case of Proposition 3.9 deals with a particular type of core block, which we now
describe. If B and B are as above, then we define B;.(B) to be the sum B;(A) + - - - + B;(A) for
any A in B; by Proposition 3.6, these integers do not depend on the choice of A. Now we say
that B is e-flat if, for every i,] with i — [ > e we have either B.(B) = 0 or B.(B) =r.

Lemma 3.12. Suppose B is e-flat, and that A is a multipartition in B. Then there is some i € 7 such
that the (g; O1,...,Qy)-residue of any node in [A] lies in {1, 52, ..., 471}, and the (; O1,...,00-
residue of any addable node of [A] lies in {¢f, 1, ..., §*°).

Proof. The e-flat condition means that there is some i € Z (independent of A) such that

1 (ifk < i)

Bf(A) = {o (ifk>i+e)

forany j, k. Furthermore, the definition of the abacus display guarantees thatamong B;j, Bi+1)j, - - -, B(ite-1);
there are exactly (a; —7) 1s and (e —a; + 1) Os. Hence [AD] ¢ [v)], where v(7) is the partition with
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abacus display

ON—
[ +

R N N

R

i.e. the partition ((e—a;+1)"~ h. So every node of [A!)] is a node of [v{)], and every addable node

of [A()] is a node or an addable node of [v{)], and it 1s' straightforward to check the conditions
on the residues of the nodes and addable nodes of [v]. O

e—aj+2i—2
e—aj+2i—1

_eo— e—a]+2i
—o— e—aj+2i+1

Corollary 3.13. Suppose B and B are as above, with B e-flat, and that A is a multipartition in B.
Suppose that p is a multipartition with [pu] C [A], and that n is a removable node of [u]. Then n is
(9, Q1,...,Qy)-good if and only if it is (; O1,..., Qr)-good.

Proof. The ‘((7; O1,..., Qr)—residue of nis qi+d forsome 1l <d <e-1,and soits (§;Q1,...,Qs)-
residue is q’+d. The lemma implies that a node or an addable node of [u] has (§; O1,...,00-

residue q”d if and only if ithas (7, Qy, ..., Q;)-residue q”d. So the tj”d—signature of [u] coincides
with the g'*4-signature. o

Proof.[Proof of Proposition 3.9] We proceed by induction on n. First we suppose that B is e-flat.
Then the result follows easily using Corollary 3.13: if we are given

A=An),An-1),...,A0) =

where A(i — 1) is obtained from A(i) by removing a node n(i), then n(i) is a (§; Q1, ..., Qr)-good
node of A(i) if and only if it is a (f; O1,..., Qr)—good node. Hence A is (4, Q1, ..., Qr)-Kleshchev
if and only if it is (; O1,..., Qr)-KleshChev.

Next we suppose that B is not e-flat. So there exist i,/ with i — I > e such that B (B) < r and
B;.(B) > 0. Since B is a core block, i is less than or equal to a; + ¢, and I is at least a; + e. The first

consequence of this is that i and / cannot be congruent modulo e, so the interval {i +1, I+ 2,...,1}
in Z/eZ contains fewer than e elements; the second consequence is that

ap—a;=(i—-e)—(I-¢)>

Hence (since ax — ay-1 = 1 (mod e) for every k) there must be some k € {1+1,1+2,...,1 such
that ay exceeds ay_1 by at least e + 1. Now we define C = ®(B) as above, and the result follows
by induction, using Lemma 3.10 and Lemma 3.11. o

3.5 Decomposable blocks

In this section, we examine a special type of combinatorial block of H, which may be
‘decomposed” into smaller combinatorial blocks. That is, for a combinatorial block B satisfying
certain conditions, we can decompose B as a ‘product’ of B/ and BX, where (J, K) is a partition
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of the set {1,...,r}, B/ is a combinatorial block of an Ariki-Koike algebra defined using the
parameters (Q; | j € J), and BXis a combinatorial block of an Ariki—Koike algebra defined using
(Qk | k € K). Our results are purely combinatorial, but it seems likely that there is algebraic
structure underlying them —a bold conjecture might be that B is Morita equivalent to the tensor
product B/ ® BX. This would in some sense be a generalisation of the main result of Dipper and
Mathas [3].

Suppose B is a combinatorial block of H,, and A is a multipartition in B. For any distinct j, k
in {1,...,7}, we examine the bipartition (A(), A(®), and calculate its welght using the parameters
9,Qj, Qk If ] is a non-empty proper subset of {1,...,7} and K = {1,...,r} \ ], then we say that A
is (J, K)-decomposable if w((AD, A®)) = 0 for all j € ],k e K.

Proposition 3.14. Suppose A is (], K)-decomposable. Then every multipartition in Bis (], K)-decomposable,
and B is a core block of H,,.

This reduces to the following lemma.

Lemma 3.15. Suppose A is (], K)-decomposable, and p is a multipartition in the same combinatorial

block which is obtained from A by an elementary move. Then y is (], K)-decomposable.

Proof. First we note that A must be a multicore; for if A) is not an e-core, and (say) j € ], then

w((AD, A®)) > 2 for any k € K. pis of the form SZZ' (A) forsome g, ¢’ € Z/eZ and h,h' € {1,...,r}.

The fact that y has the same weight as A means that yhh' (A) = 2. This implies that i, i’ both

he in | or both lie in K; we assume without loss that they both lie in J. We must prove that
Vi (y) 1foralli,l € Z/eZ, j € | and k € K. The definition of y shows that

YN -1 (=g j=h
| Y +1 (=g j=M)
Yiw =1 (=g, j=h
Y -1 (=g, j=N)

)/fk()\) (otherwise).

So (since by assumption yflk (A) < 1) we may assume that j = h or j = I’. In fact, we assume
j = h; the proof in the other case is similar. We may also assume thati = ¢’ or [ = g, or both.
Now we have

2= Vgg (A) = Vgg (D) + Vg )
with y 9 k.(A), ykh' (A) < 1. So in fact )/ o k@A) = )/ o " (A) = 1. Hence

yg g(y) yg g(/\) +2=1.
Also, if | # g, ¢, then

Vg z(l/l) Vg [(A) +1
= Vi () + ) +1
< -1 +1 +1
=1,
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and ifi # g, ¢’ then
Ve =vig@) +1
= Vi) + Vi () + 1
<-1 +1 +1

=1.

O

Proof.[Proof of Proposition 3.14] Suppose u is another multipartition in B. By Proposition 3.7,
we can get from A to p via a sequence A = Ay ¢ --- «» A; = u of elementary moves, with
w(Ay) < w(Ad). We prove that y is (], K)-decomposable by induction on ¢, with the case t = 0
being vacuous.

As noted in the proof of Lemma 3.15, A must be a multicore, so that A; is a multicore of the
form s’g’;, (A) for some g, ¢’ € Z/eZ and h, 1’ € {1,...,r}. The fact that A is (], K)-decomposable

means that ngg' (A) < 1 whenever j € | and k € K, and this implies that )/ZZ’, (A) < 2 for any
h,l" €{1,...,r}. So by Proposition 1.6, we have w(A;) > w(A), and so w(/\l)L: w(A). A and Ag
have the same hub, and hence A lies in B. By Lemma 3.15 A; is (J, K)-decomposable, and so by
induction (replacing A with A1) p is (J, K)-decomposable.

So every multipartition in B is (], K)-decomposable. This implies in particular that every
multipartition in B is a multicore, and so B is a core block. O

In view of Proposition 3.14, we may say that a (core) block B is (], K)-decomposable, meaning
that any multipartition in B is (], K)-decomposable. By the comments concerning weight
following the proof of Proposition 3.8, if B is (], K)-decomposable and e < oo, then a lift of
B is also (J,K)-decomposable. The aim of the rest of this section is to describe the set of
multipartitions in a decomposable combinatorial block, and to describe which of them are
Kleshchev.

Suppose that A is (J, K)-decomposable, and suppose that | = {j; < --- < js}, K={k; <--- <
k). Let A/ be the multipartition (AUD, ..., AU)) with s components. For any p, let 7—(; be the
Ariki-Koike algebra with parameters q,Q;,,...,Qj,. Define AK and 7'(15< similarly. We abuse
notation by regarding a node of [A] as a node of [A/] or [AX] in the obvious way, and when we
speak of the residue of a node of [A/], we calculate this using the parameters g, Qjrs---,Qj (so
that the residue will be the same as that of the corresponding node of [A]).

Proposition 3.16. If B is a (], K)-decomposable combinatorial block, containing multipartitions A and
Y, then:

o V=1,
. . . ] i
o N and y] lie in the same combinatorial block of 7—(| P

K

o AKand pX lie in the same combinatorial block of ‘Hl %

Proof. Using Proposition 3.7 and the fact that B is a core block, it suffices to consider the case
where we can get from A to y by an elementary move. So assume we have y = SZIJ (A) for some
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j i €(1,...,r and il € Z/eZ with y!/ (1) = 2. This implies that j and k lie both in ] or both in
K; we assume without loss that they both lie in ], say j = j., j = j;. Then we have:

o W =s4(A)), with y(A)) =

OPK:

The result follows. O

We see from Proposition 3.16 that a (J, K)-decomposable combinatorial block B of H,, defines
an integer p € {0,...,n} and a pair (B!, BX), where B/ is a combinatorial block of 7{,{ and BX is a
combinatorial block of 7—(5_17 ; each multipartition A in B corresponds to a pair of multipartitions

A in B/ and AKX in BK. We say that B decomposes as the product of B/ and BX.
We now consider which multipartitions in B are Kleshchev.

Proposition 3.17. Suppose B is a (], K)-decomposable combinatorial block of H,, and that A is a
multipartition in B. Then A is Kleshchev if and only if both A and AX are Kleshchev.

Proof. Given i € Z/eZ, define A by removing all the normal nodes of residue qi from [A], and

define A/ and AK similarly. Then it suffices to prove that

Ais (], K)-decomposable, with X] = ﬁ and XK = F (69}

For if A is Kleshchev, then (assuming n > 0) there is some i such that [A] has at least one

normal node of residue ¢, and A is Kleshchev by Lemma 1.2. By induction and (%), A and A
are Kleshchev, and so A/ and AX are Kleshchev. Conversely, if A/ and AX are Kleshchev, then
(assuming n > 0 and without loss of generality that IAJ| > 0) there is some i such that [A/] has

at least one normal node of residue g/, and A/ and AX are Kleshchev. By induction this gives A
Kleshchev, so that A is Kleshchev.
So we prove (1). If A has no removable nodes of re51due q', then (f) is trivial, so we assume

that there is at least one removable node. The fact that 7/ i-1) (A) <1for j € Jand k € K means

that if [A/] has removable nodes of residue q then [/\K] has no addable nodes of this residue;
similarly, if [AX] has removable nodes of residue q', then [A/] has no addable nodes of this
residue. So we are (without loss of generality) in one of two situations:

1. [A] has no addable nodes of residue qi;
2. [AX] has neither addable nor removable nodes of residue qi .

In case 1, A is obtained simply by removmg all removable nodes of residue ¢' from [A], and
similarly for A and AK. So it is clear that ' = A and A" = AK and we just need to show that A

is (J, K)-decomposable. Since [A] has no addable nodes of residue q', we have /\ = @;(AD) for
eachje(l,...,r}. Andsoforje ], keK, I, meZ/eZ wehave

ik
Vin® =V} g0 <1

as required.
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In case 2, the q'-signature of A coincides with that of A/; in partlcular the normal nodes of
[/\] of residue q are precisely the normal nodes of [A] of residue q'. So again it is clear that

)\ )\I and /\ = /\K and we need to show that A is (J, K)- decomposable Assummg we are not
in case 1, [A/] has at least one addable node of residue 4. The fact that yi(i_l) < 2forall j,f

implies that each [10)] has at most one removable node of residue ¢'. Hence for each j € ], we
have either X(j) = A0 or X(j) = ®;(AD). The fact that [AX] has neither addable nor removable

. —(k
nodes of residue 4' means that A( )= A®) = @;(A®) for k € K. Hence for je€lkeK, I, meZ/eZ
we have either

ylm(M ylm(i\)

or
Vi) = VLS o o

in either case, y{:i(i) <1 |
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