A conjecture on simultaneous cores

There has been extensive recent literature counting core partitions with various con-
straints. Recall that an integer partition is an s-core if it has no hooks of length s. Given
a list (finite or infinite) of integers sy, sy, ..., an (s1,Sy, ... )-core means a partition which is an
s;-core for every i. It is well-known that the number of such partitions is finite if and only if
the integers s1, sy, ... are coprime, and there are several results giving an exact enumeration
is certain cases. One of these is a recent paper [CHS] of Cho, Huh and Sohn, which considers
the set of (s,s +d,...,s + pd)-cores for given positive integers s,d, p with s and d coprime.
They show that these cores are in bijection with rational Motzkin paths satisfying certain
conditions, and use this to give a (quite complicated) formula [CHS, Theorem 1.5] for the
number of (s,s +d,...,s + pd)-cores.

Here we consider the limit as p — oco; that is, we consider the number of (s,s + d,s +
2d,...)-cores. We conjecture a particular form for the number of such partitions, as follows.

Conjecture 0.1. Suppose d > 1. Then there is a monic polynomial f; of degree d — 1 with
non-negative integer coefficients such that for any s > 1 coprime to d the number of (s,s +
d,s+2d,...)-cores is
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d!
The constant term of f, is (24 —1)(d — 1)!, and if d > 2 then f;(s) is divisible by s +d + (—1).

If this conjecture is true, then the first few f;s are as follows.
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+ 599862355* + 347628480s° + 105704730052 + 15023417765 + 742815360).
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Please let me know if you manage to prove this!

References

[CHS] H. Cho, J. Huh & J. Sohn, ‘The (s,s + 4, ...,s + pd)-core partitions and the rational
Motzkin paths’, arXiv:2001.06651. [1]



