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Abstract

Let p be an odd prime, and U, the alternating group of degree nn. We determine which ordinary
irreducible representations of 2, remain irreducible in characteristic p, verifying the author’s
conjecture from [F3]. Given the preparatory work done in [op. cit.], our task is to determine which
self-conjugate partitions label Specht modules for the symmetric group in characteristic p having
exactly two composition factors. This is accomplished through the use of the Robinson-Brundan-
Kleshchev ‘i-restriction” functors, together with known results on decomposition numbers for the
symmetric group and additional results on the Mullineux map and homomorphisms between

Specht modules.
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1 Introduction

An interesting question for any finite group is to ask which ordinary irreducible representations
of that group remain irreducible in characteristic p. For the symmetric group &, this amounts to
classifying the irreducible Specht modules, and this problem was solved several years ago, through
the combined efforts of James, Mathas, Lyle and the author [[M2, JM3, L1, F1, F2]; when p is odd, the
irreducible Specht modules are precisely those labelled by JM-partitions. In this paper we address the
case of the alternating group ;. The author considered this problem in [F3], solving it completely in
the case p = 2 and presenting a conjectured solution for odd p, which we prove here.

As with many problems concerning the representation theory of the alternating group, our tech-
nique is to translate the problem to one about the symmetric group, using elementary Clifford theory
to transfer results between the two settings. For the problem at hand, this translation was done
in [F3], where the main problem for the alternating groups was reduced to the question of which
Specht modules labelled by self-conjugate partitions have exactly two composition factors (with mul-
tiplicity). So the present paper is concerned entirely with the representation theory of the symmetric
group.

Our main result when p > 5 is that the self-conjugate partitions labelling Specht modules with
composition length 2 are the partitions which we called R-partitions in [F3]; these have a simple
description in terms of hook lengths in the Young diagram. The fact that the corresponding Specht
modules have composition length 2 was shown in [F3], so the task undertaken in this paper is to prove
the converse. The same applies in the case p = 3, where the classification takes a slightly different
form.

Our basic strategy involves applying the results of Brundan and Kleshchev concerning Robinson’s
i-restriction functors e;. We suppose A is a self-conjugate partition which is not an R-partition or a
JM-partition; then we must show that the Specht module S* has at least three composition factors.
By removing all the removable nodes of residue 0 from the Young diagram of A, one obtains a
self-conjugate partition A%, and the Brundan—Kleshchev results imply that the composition length
of S" is at least that of S ; so by induction, we may assume that either AV0 is an R-partition or a
JM-partition, or A0 = A. Similarly, for any i # 0 we can define a self-conjugate partition A"* by
repeatedly removing removable nodes of residues i and p —i from A, and we can make the same
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inductive assumption about AV*". This restricts the possibilities for A considerably. In fact, we can
strengthen this inductive argument using James’s Regularisation Theorem, which gives an explicit
composition factor Dt of the Specht module S*, for any A. It is very helpful for our purposes to be
able to tell, for a given partition A, when there is an r such that e/ S* # 0 but e! Djrest = 0. Animportant
new result in this paper (Proposition 4.9) is an explicit combinatorial criterion for this; it is surprising
to the author that this does not seem to have been discovered before.

This inductive argument deals with most cases. Several of the remaining cases are eliminated with
using the theory of Rougquier blocks, whose decomposition numbers are very well understood. By de-
veloping the associated abacus combinatorics we exploit these results, together with the classification
of irreducible Weyl modules, to show that our main theorem holds for the so-called p-quotient-separated
partitions.

These arguments leave just one family of Specht modules to deal with, which we approach using
the theory of homomorphisms between Specht modules. Establishing the existence of a non-zero
homomorphism S* — S' shows that S* and soc(S") share a composition factor, and we use this in a
certain special case to show that S* has at least three composition factors. The Specht homomorphism
that we use is constructed as the composition of two well-known homomorphisms, namely the one-
node Carter—Payne homomorphism and the reqularisation homomorphism. However, we have considerable
work to do in showing that the composition is non-zero in our particular situation. To do this, we give
a result describing the least dominant tableau occurring when the regularisation homomorphism is
expressed in terms of semistandard homomorphisms; as a by-product, this gives a new proof of the
(non-trivial) fact that the regularisation homomorphism is non-zero.

This homomorphism result, together with a small lemma concerning the Mullineux map (which
describes the effect of the functor — ® sgn on simple modules), is enough to complete the proof. We
conclude the paper with a simple corollary which shows that the only irreducible representations of
A, remaining irreducible modulo every prime are the one-dimensional representations.

Acknowledgements. The author was inspired to re-visit this problem at an Oberwolfach mini-
workshop on the representation theory of the symmetric groups in 2011; he is very grateful to
Susanne Danz and David Hemmer for the invitation to this workshop, and to David Hemmer for
subsequent discussions on this problem.

The author is also indebted to the referee for a very careful reading of the paper.

2 Representation theory of the symmetric group

In this section, we recall some essential background on the representation theory of the symmetric
group. Throughout this paper 7 is a non-negative integer and I is a field of characteristic p; we use the
convention that the characteristic of a field is the order of its prime subfield, sop € {2,3,5, ...} U {o0}.

2.1 Partitions and Specht modules

A composition of n is a sequence A = (A1, A5, ...) of non-negative integers summing to n. If n is not
specified, we write |A| for the sum of the terms of A. When writing compositions, we usually omit
trailing zeroes and group together consecutive equal parts with a superscript; the unique composition
of 0 is denoted @. A composition which is weakly decreasing is called a partition. We often identify a
composition A with its Young diagram, which is the set

{(r,c) e N? | ¢ < A, ).
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Elements of the Young diagram of A are called nodes of A; more generally, a node is any element of N2.
We adopt the English convention for drawing Young diagrams, in which A is drawn with left-justified
rows of boxes of lengths A, Ay, ... successively down the page.

If A is a partition, the conjugate partition A" is defined by

7

N=|ienfi<ay)

or, in terms of Young diagrams, by reflecting along the main diagonal. A is self-conjugate if A’ = A. A
is p-restricted if A; — Ajy1 < p for alli > 1, and p-regular if A’ is p-restricted.

A node (r,c) of a partition A is removable if it can be removed from A to leave a smaller partition
(i.e.if c = A, > A,41), while a node (7, c) not in A is an addable node of A if it can be added to A to give a
larger partition.

The p-residue of a node (r,c) is the residue of ¢ —r modulo p (or simply the integer ¢ —r, when
p = o). If a node has residue 7, we call it an i-node.

If A is a composition of 11, let M denote the Young permutation module for FS, corresponding to A,
as defined in [J2, §4]. If A is a partition, let S* denote the Specht module corresponding to A. If A is p-
restricted, then S*hasa simple socle D,, and the modules D, afford all the irreducible representations
of FS, as A ranges over the set of p-restricted partitions of 7. When p = oo, we have D, = S*, so the
characters " of the Specht modules give all the ordinary irreducible characters of S,,.

Remark. It is slightly more traditional to label the simple FS,-modules by p-regular partitions: if
A is p-regular, then S* has a simple cosocle D?, and these modules also afford all the irreducible
representations of FS,,. It is well known how to convert from one convention to the other; we have
chosen the p-restricted convention in this paper because it aligns better with some of the references
that we cite.

We shall also briefly need to consider Weyl modules for the Schur algebra S(n, n), for which we
refer to the book by Green [G]. We let A* denote the Weyl module (also called the standard module)
labelled by the partition A of 7, and L" its unique irreducible quotient.

2.2 James’s Regularisation Theorem

The main aim in this paper is to consider Specht modules with very few composition factors. A
very helpful fact in this endeavour when p < oo is that we know an explicit composition factor of
every Specht module. This result is James’s Regularisation Theorem, which we phrase here in terms
of p-restricted partitions.

Suppose [ > 0. Define the Ith ramp in N? to be the set of nodes (7, ¢) for whichc—1+(p—1)(r—1) = L.
If I < m, we say that ramp m is later than ramp [. If A is a partition, the p-restrictisation of A is the
p-restricted partition A™t obtained by moving all the nodes in each ramp as far to the left within
that ramp as possible. (A" is simply called the p-restriction of A in [FLM], but we introduce the
slightly absurd term restrictisation here to avoid confusion with restriction in the sense of restricting to
subgroups, which we shall consider a great deal. The linguistically sensitive reader may rest assured
that we shall use this term as little as possible.)

Example. Take A = (8,6,2, 12) and p = 3. Then A™ = (6,5,4,2,1), as we can see from the following
Young diagrams, in which we label each node with the number of the ramp in which it lies.

0/1[2]3[4]5]6]7], 0/1[2]3[4]5].
2(3]4[5]6]7 2/3]4/5]6
415 45|67

6] 67

18] 18]
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Now we can state part of James’s Regularisation Theorem, translated to the p-restricted conven-
tion.

Theorem 2.1 [J1, Theorem Al. Suppose A is a partition. Then [S" : Djres] = 1.

2.3 The p-core and p-weight of a partition

If A is a partition, the rim of A is defined to be the set of all nodes (7,c) of A such that (r+1,c+1)
is not a node of A. Given any node (r,c) of A, the (7, c)-rim hook of A is the connected portion of the
rim running from the node (7, A;) down to the node (A, ¢). The (r, ¢)-hook length of A is the number of
nodes in the (7, c)-rim hook, i.e. A, —r+ A, —c+1. If p < oo, then we say that A is a p-core if none of the
hook lengths of A is divisible by p, or equivalently if none of the hook lengths equals p.

If A is an arbitrary partition, the p-core of A is obtained as follows. Choose a node (7, c) of A such that
the (7, c)-hook length equals p, and delete the (7, c)-rim hook from A; repeat until a p-core is obtained.
This p-core is independent of the choice of rim hook deleted at each stage, and hence so is the number
of rim hooks deleted; this number is called the p-weight of A.

2.4 The sign representation

Let sgn denote the one-dimensional sign representation of S,. This gives rise to a functor
-®sgn : FS,-mod — F&,-mod, which takes simple modules to simple modules. The effect of this
functor on Specht modules is well-known; let M* denote the dual of a module M.

Theorem 2.2 [J2, Theorem 8.15]. If A is a partition, then st ®sgn = Sty

Since every simple FS,-module is self-dual [J2, Theorem 11.5] and every Specht module is inde-
composable when p > 3 [J2, Corollary 13.18], Theorems 2.1 and 2.2 imply the following.

Lemma 2.3 [F3, Proof of Theorem 4.11. Suppose p > 3, and A is a self-conjugate partition such that S* has
exactly two composition factors S, T. Then S®sgn =T 22 S.

Now we consider simple modules. Since S ® sgn is simple whenever S is, there is an involution m,
on the set of p-restricted partitions of 1, defined by D) ® sgn = D, (1)- This involution is known as the
Mullineux map, since Mullineux [M] gave (albeit without proof) the first of several known recursive
combinatorial descriptions of the map. We do not give this algorithm here, since for this paper we
just need the following simple result concerning m,,.

Lemma 2.4. Suppose A is a p-restricted partition. Then A| + m,(1); #1 (mod p).

Proof. We use the work of Ariki et al. [AKT] which addresses the relationship between the labellings
of simple modules by p-restricted partitions and by Littelmann paths. Following Kreiman et al.
[KLMW], they define for each p-restricted partition A a p-core roof(1), which has the following two
properties:

[AKT, Lemma 2.4(3)] roof(1)] = A};
[AKT, Proposition 5.21] roof(my(A)) = roof(1)’.

From these properties we have A] +m,(1)] = roof(1)] + roof(A);. This cannot be congruent to 1
modulo p, since then the (1, 1)-hook length of roof(1) would be divisible by p, contradicting the fact
that roof(A) is a p-core. O

It would be very interesting to see a more direct proof of Lemma 2.4 using Mullineux’s algorithm,
for example.
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2.5 JM-partitions

Now we describe the partitions which label irreducible Specht and Weyl modules when p > 3.
Define the p-power diagram of a partition A to be the diagram obtained by filling the (r, ¢)-box in the
Young diagram of A with the p-adic valuation of the (r, c)-hook length, for each node (r,c) of A. Say
that A is a p-JM-partition (or simply a JM-partition) if the following property holds: every non-zero
entry in the p-power diagram is either equal to all the other entries in the same row or equal to all the
other entries in the same column.

Example. The partition (19,11, 23,1?) is a 3-JM-partition, as we see from its 3-power diagram:

210 ol1]/o]o]oJo]1]o]0]1]0]0]
210 ol1]0]0

1

0/1]0
01110

OO IOIO

BEEEREE

Theorem 2.5 [JM2, L1, F1, F2I. Ifp > 3, then the Specht module S is irreducible if and only if A is a p-JM
partition.

A similar result applies for irreducible Weyl modules (without the restriction p > 3). Observe that
a JM-partition is p-restricted if and only if every non-zero entry in its p-power diagram is equal to
every entry in the same row. A similar statement applies to p-regular JM-partitions (which are also
known as Carter partitions).

Theorem 2.6 [JM2, Theorem 4.5]. The Weyl module A" is irreducible if and only if A is a p-restricted
JM-partition.

2.6 R-partitions

We now describe a family of self-conjugate partitions introduced in [F3] which label irreducible
representations of the alternating group that remain irreducible in characteristic p.

Given a partition A, construct the p-power diagram of A as above. Say that A is an R-partition if A
is self-conjugate and there is a distinguished node (r,r) of A such that:

o the (7, r)-entry in the p-power diagram is non-zero, and

e any non-zero entry in the p-power diagram other than the (r,r)-entry is either equal to all the
entries in its row or equal to all the entries in its column.

R-partitions were studied in detail in [F3]; later, we shall cite some results describing abacus
displays for R-partitions. For now, we recall the two distinct types of R-partitions described in [F3,
§4.2]. Suppose A is an R-partition, with distinguished node (r, 7).

1. A is an R-partition of type I if r = 1. In this case, removing the (1,1)-rim hook from A leaves a
self-conjugate p-core & with & < 3(p—1).

2. A is a R-partition of type II if the (r,r)-hook length of A equals p. In this case, removing the
(r,7)-rim hook from A leaves a self-conjugate JM-partition.
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Note that the R-partitions of type Il include all self-conjugate partitions of p-weight 1. It was shown
in [F3] that every R-partition is either of type I or type II; however, the two types are not mutually
exclusive.

Example. Take p = 5. Then the partitions (13, 32,1% and (14, 10,5, 4, 3,2°,1%) are R-partitions of types
I and Il respectively, with distinguished nodes (1, 1) and (3, 3), as we see from their 5-power diagrams.

oloj1]o]o]o]o]1]0]0]0]0] olo[1][o]o]o]o0]0]0]0]0]
0lo0 o/o/1]0]ol0]0
0lo 0/0

0

[Nl (o))

(elelle) (el l(e](e]e]e]) ]

BEEENEEEENEES

BEEEEEEEREEEEE

3 The alternating group and the main result

In this section we introduce the alternating group and give our main result, which we then re-cast
in the symmetric group setting.

Suppose throughout this section that IF is a splitting field for 2, and that p # 2. We also assume
that n > 2 (so that A, has index 2 in &,,), the case n = 1 being trivial. If M is an F&,-module and
H < G, let resy M denote the restriction of M to H. If M is irreducible, then by basic Clifford theory
resy, M is irreducible if M ® sgn 2 M, and otherwise resy, M splits as the direct sum M* ® M~ of two
irreducible modules. Furthermore, all irreducible F2,-modules arise in this way.

If p = oo then, by Theorem 2.2 and the fact that simple F&S,-modules are self-dual, we have
st ®sgn = S", so the character xy of S* restricts to an irreducible character qﬂ of Ay if A # A’ (and
in this case x* also restricts to Y1), while if A = A’ then x” restricts to the sum of two irreducible
characters Y**, }~. With this notation, we can give our main result.

4 7
Theorem 3.1. SupposeF is a splitting field for U, of characteristic p, and ) = P or y** is an ordinary
irreducible character of U,,.

1. Ifp = 3, then ¢ is irreducible over F if and only if one of the following holds:

(a) A is a 3-JM-partition;

(b) A has 3-weight 1;

(c) A is an R-partition of type I;
(d) A =(33.

2. Ifp > 5, then ¢ is irreducible over IF if and only if A is a p-JM-partition or an R-partition.

Most of Theorem 3.1 has already been proved in [F3], beginning with the following reduction of
the problem to the representation theory of &,,.
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Theorem 3.2 [F3, Theorem 4.11. Suppose F is a splitting field for N, of odd characteristic p, and = Y* or
M is an irreducible character of the alternating group W,,. Then y is irreducible over F if and only if one of
the following holds.

1. Ais a p-JM partition.
2. A = A’ and the Specht module S* has exactly two composition factors.

So from now on we can restrict attention entirely to the symmetric group, and prove the following.

4 7

Theorem 3.3. Suppose F has characteristic p, and A is a self-conjugate partition. Then S* has exactly
two composition factors if and only if one of the following holds.

e A hasp-weight 1.
e A is an R-partition of type L.

e p > 5 and A is an R-partition of type II.

e p=3and A = (3%).

- J

We have already proved the ‘“if” part of Theorem 3.3 in [F3, §5.1]. So the remainder of this paper
is dedicated to proving the ‘only if” part. We do this in Section 7, after we have recalled some more
background and developed further tools.

4 Restriction functors

In this section, we describe some results on restriction functors, which will be our main tool. The
definition of these functors goes back to Robinson [Ro1], though our main reference here is the survey
of Brundan and Kleshchev [BK]. We translate the partition combinatorics from [BK] to the p-restricted
convention.

4.1 The restriction functors e;

Assume throughout this section that p < co. We shall feel free to identify Z/pZ with the set
{0,...,p—1}. In[BK, §2.2], Brundan and Kleshchev introduce the i-restriction operators e; : FS,-mod —
F&,-1-mod, for i € Z/pZ. These are exact functors, and have the property that

resg, M= @ eiM
i€Z/pZ

for any F&,-module M. In fact, if M lies in a single block of F&,, then the non-zero e;M are precisely
the block components of resg,_, M. In addition, e; and e; commute unless j = i 1.
The functors e; are defined for all n > 0, so it makes sense to define powers e for r > 0. In fact, it

is possible to define divided powers egr), with the property [BK, Lemma 2.6] that

r!

~ ()
e/M = @eirM

k=1
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for any M. If M is non-zero, we define ;M = max{r > 0 ' elmM #0 }, and eEmaX)M = ege"M)M.

Now we recall some results describing the effect of these operators on Specht modules and simple
modules. Given a partition A and i € Z/pZ, let rem;(1) denote the number of removable i-nodes of A
and A"’ the partition obtained by removing all the removable i-nodes from A. Then the following is
just a refinement of the classical Branching Rule for Specht modules.

Lemma 4.1. Suppose A is a partition, and i € Z/pZ. Then €;S" = rem;(A), and egmax) st = s\,

Example. Suppose p = 3 and A = (4,3,12). The residues of the removable nodes of A are as follows:

0].
1
0]
Hence we have
eS' =2, eémax) St =~ g3
S =1, egmax) St =~ g2
8t =0, Mgt =gt

The corresponding result for the simple modules D, is more complicated, and requires some
terminology. Define a sign sequence to be a finite string of + and — signs, and define the reduction
of a sign sequence to be the sequence obtained by successively deleting adjacent pairs —+. If Ais a
p-restricted partition, define the i-signature of A to be the sign sequence obtained by examining the
addable and removable i-nodes of A from top to bottom, writing a + for each addable i-node and a —
for each removable i-node, and define the reduced i-signature of A to be the reduction of the i-signature.
The removable i-nodes corresponding to the — signs in the reduced i-signature are the normal i-nodes
of A. Letnor;(1) denote the number of normal i-nodes of A, and A’ the partition obtained by removing
all the normal i-nodes. Then AY' is a p-restricted partition, and we have the following.

IR

Lemma 4.2. Suppose A is a p-restricted partition and i € Z/pZ. Then €;D, = nor;(A), and el(.max) D,
D/\Vi.

Example. Supposep =3 and A = (6,5, 3,2, 13). The Young diagram of A, with the residues of addable
and removable nodes marked, is as follows.

20
0]1

1
0

0]
2
We see that the 0-signature of A is + — —+ —. So the reduced 0-signature is + — —, and the normal
0-nodes are (2,5) and (7,1). Hence g D, = 2, and eéz) D) 2 D 43212)-

These results will be very helpful in finding lower bounds for the number of composition factors
Q)
i
of S*; furthermore, the number of composition factors T (with multiplicity) for which equality holds

of a Specht module S*: since e” is an exact functor, we have €;T < ¢€;S" for any composition factor T

must equal the composition length of S'". Hence we have the following result.
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Lemma 4.3. Suppose A is a partition and i € Z/pZ. Then the composition length of St is at least the
composition length of SV, with equality if and only if e?emi(A)S # 0 for every composition factor S of
s,

Analogously to the restriction functors e;, one can define induction functors f; : FS;-mod —
F&,11-mod and obtain similar combinatorial results. In particular, we have the following analogue

of Lemma 4.3, which will occasionally be helpful.

Lemma 4.4. Suppose A is a partition and i € Z/pZ, and let A*' denote the partition obtained from A by
adding all the addable i-nodes. Then the composition length of S* is at least the composition length

of SAM.

We‘nc‘)w generalise our notation slightly: given ‘1'1,‘...,1} € Z/pZ, we write AV to mean
(... )7 Clearly, Lemma 4.3 holds with A" in place of A"". If A is p-restricted, we
write AV to mean (... (AY1)V2.. )",

4.2 Restriction and the Mullineux map

It follows fairly easily from the definition of the e; that they behave well with respect to the
functor — ®sgn. In fact, the following lemma is the basis for Kleshchev’s combinatorial algorithm for
computing the Mullineux map.

Lemma 4.5. Suppose i € Z/pZ and M € FS,-mod. Then
ei(M®sgn) = (e_.;M)®sgn.

As a consequence of this lemma and Lemma 4.2, we have nor;(A) = nor_;(my,(A)) for any p-
restricted A.

4.3 Restriction and restrictisation

In this section we show how to extract more information from the preceding discussion on
restriction functors using Theorem 2.1. Given i € Z/pZ, we write §;(A) if efemim) Djrest = 0; that is,
if there is a power of e; which kills Dwst but not S*. By Lemma 4.2, this is just the combinatorial
condition nor;(A™") < rem;(1). More generally, given residues i1, ..., i,, we write 4;, ;. (A) if

rem, (/\Vil el q ) eI‘eIn,‘2 (AVil )erem,-l )

1y [5) I

Djrest =0,
which is the same as saying that for some 1 <1 <r
nor; (A1) < rem,; (A7),
The following is an immediate consequence of Theorem 2.1 and Lemma 4.3.
Lemma 4.6. Suppose A is a partition and that 4 (1) for some i € Z/pZ. ThenS" is reducible.

We now prove a more complicated version of this lemma for self-conjugate partitions. We assume
for the moment that p is odd, and write p = 21+ 1. Given 0 < i < h and a self-conjugate partition A,
we define AV*' to be the partition obtained by repeatedly removing all removable nodes of residue i
and —i; then AV* is self-conjugate, and
AVi (i=0)
AVE = QAVIED = A9CDE (0 < < h)
/\vi(—i)i — AV(—i)i(—i) (i — h).

Now we have the following, which will be our main inductive tool for proving Theorem 3.3.
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Proposition 4.7. Suppose p = 2h + 1 is an odd prime and A is a self-conjugate partition, and that one
of the following occurs.

1. There is some 0 < i < h such that$"""" has at least three composition factors.

2. There is some 0 < i < h such that SAM is irreducible.

3. There is some 0 < i < h such that S*"* is reducible and either 4i(A) or 4 _i(A).

4. Inmn(A) and 7 —pyn-n)(A).

Then the composition length of S* is not 2.

Proof.
1. This follows by applying Lemma 4.3 one, two or three times.

2. Assume i > 0; a similar but simpler argument applies in the case i = 0. Since i < &, there is no
i-node adjacent to a (—i)-node, and so rem;(A" ) = rem;(1). So

SAVij _ egremi(/\))e(_r;emfi(}\)) SA )

If $" has exactly two composition factors, then by Lemma 2.3 these are of the form S and S®sgn.

Since S is irreducible and the restriction functors are exact, exactly one of erem’()\) e Mg

rem;(A) erem

and e, Nise sgn) must be non-zero. But by Lemma 4.5 and the fact that (since i < h)
e; and e_; commute we have

efeml (A) rem_l A) (

rem_;(A) rem,
i

rem,(/\) rem

S®sgn) = (e_ (A)S)®sgn = (e "(A)S)®sgn

a contradiction.

3. Suppose 4i(1). Then ™ D et = 0, 50 that by Lemma 4.3 5" has strictly fewer composition
factors than $*. Hence S has strictly fewer composition factors than S*. Since SY s
reducible, this means that S* has at least three composition factors.

The case where 4 _;(A) is proved in the same way.

4. Tf S* has exactly two composition factors, then by Lemma 2.3 and Theorem 2.1 these are Drest
and D jrest ® sgn. If éh(—h)h()\) and (—h)h(—h)(/\)/ then

Vh(-h) vh 9 (=h)h v—h
e:lemh(A )e113;1 _n(AVh Zemh(/\) Dt = 0 = re;n _n(AV¢ )e;emh(/\ )er_e;l"h(/\) Djrest,

and the second equality together with Lemma 4.5 and the fact that A is self-conjugate gives

Vh(=h) vh
erem @ D grema (I ey @ sgn) =

so that by exactness

S/\wh _ e(remh()\Vh(*h)))e(rem_,l(AVh))e(remh(/\)) SA — 0,

h —h h

a contradiction. O
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In order to use Proposition 4.7, it will be very helpful to be able to test the condition nor;(A™") <
rem;(A) for a given partition A without having to construct A™t. We now prove a new result which
will enable us to do this.

Recall the definition of the ramps used in the definition of A", and write

rmp,(A) for the number of nodes of A in ramp I,
rmp; (A) for the number of addable nodes of A in ramp [, and

rmp; (A) for the number of removable nodes of A in ramp |/,
setting all of these numbers to be zero when I < 0.

Lemma 4.8. For any A and any |, we have
rrnp;r A) - rmpl__p(A) = Ojp — rmpl(A) + rmpl_l(/\) + mp,;_, A) - rmpl_p(/\).

Hence if A and p are partitions with A" = u™, then rmp; (1) — rmp;_,(A) = rmp; () —rmp,_ () for
every l.

Proof. We assume p > 2; a modification to the argument is required when p = 2, and since this case
is not relevant to the main results in this paper, we feel content to leave this case to the reader. We
also assume [ > 0, with the case | = 0 being trivial.

Suppose (1, ¢) is anode in ramp [. Assuming first thatr,c > 1, we have nodes (r,c—1), (r —1,¢) and
(r—=1,c—1)inramps -1,/ -p+1and [ -p respectively. By checking the possible cases for which of
these four nodes are nodes of A, we easily find that the formula holds when restricted just to these
four nodes. If r = 1, then the same argument applies looking at just the two nodes (1,c) and (1,c—1),
and a similar statement applies when ¢ = 1. Summing over all (r, c) in ramp ! gives the result.

The second sentence of the lemma follows immediately, since if A™t = u™st, then rmp, (1) =
rmp, (1) for all m. O

Proposition 4.9. Suppose A is a partition, and i € {0,...,p—1}. Then nor;(A™") < rem;(A), with
equality if and only if A does not have a removable i-node and an addable i-node in a later ramp.
Furthermore, if equality occurs then

rest\Vi __ (yViyrest
(AT = (A7)

Remarks.
1. Of course, the inequality nor;(A™") < rem;(A) follows from Theorem 2.1 and Lemmas 4.1
and 4.2. But it naturally comes out of the argument below, and it is interesting to have a purely
combinatorial proof.

2. The final statement of the proposition (together with Lemma 4.2) shows that given a partition
A and residues iy, ..., i, we have 4, ; (A) if and only if for some 1 <[ <7

norjl((AVilmil_l )rest) < remil(/\Vi]...i[_l ).
This will be very useful in the proof of our main theorem.

Proof of Proposition 4.9. For this proof, we introduce some notation. Given a non-negative integer
m, we let +[m] denote a string of m + signs, and —[m] a string of m — signs. Given any integer m, we

set
i = {+[m] (m > 0)
~[-m] (m <0).
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Note that when constructing the reduction of any sign sequence, we may at any point replace an
interval —[a] +[b] with £[b—a].

Now let u = A™St. Since p is p-restricted, addable and removable i-nodes of u lie above addable
and removable i-nodes in later ramps, and within a given ramp the addable nodes lie above the
removable nodes. Hence the i-signature of u has the form

+[rmp] ()] ~[rmp; ()] +[rmp], ()] -[rmpy, , (W] +[rmp],, ()] ~[rmpy,,, (W] -+ .
So the reduced i-signature of u is the reduction of the sequence
S = +[rmp (W] £[rmp, (1) — rmp; ()] £[rmp;,, (1) —tmpz, (W] - - .
Now consider the sign sequence
Z = +[rmp; (A)] =[rmp; (1)] +[rmp;:rp(/\)] —[rmp;p(/\)] +[rmpi++2p(/\)] —[rmp;zp(A)] e
The reduction of . is the reduction of the sequence
+[rmp; (1)] i[rmpi++p(/\) —rmp; (A)] i[rmpltrzp(/\) - rmpl._+p(/\)] e,

but by Lemma 4.8 the latter sequence coincides with .. So the reduced i-signature of u is just the
reduction of .Z, and hence the number of — signs in the reduced i-signature is at most the number
of — signs in ., which is rem;(A). So nor;(u) < rem;(A). Equality occurs if and only if .# is already
reduced, i.e. every + in .Z occurs before every —; this is the same as saying that A does not have a
removable i-node and an addable i-node in a later ramp.

For the case where equality occurs, the condition on A means that we can find L = i (mod p) such
that rmpi_ap(/\) = rmp; +ap()\) =0 for all @ > 0. This implies in particular that

rmpz+(ﬂ+1)p(/\) —rmpy,,,(A4) >0 foralla <0,

rmpz+(a+1)p(/\) —rmpy,,,(4) <0 foralla > 0.
By Lemma 4.8 these inequalities also hold with u in place of A. So the reduced i-signature of u has
the form

+rmp} ()] +[rmp7, (1) —rmp; ()] -+ +[rmpy (1) —rmp;_ (1)]
—[rmp; (1) —rmp;, (W] =[rmp;, (u) —rmpy o, ()] - .

We see that the — signs in the reduced i-signature correspond to removable nodes in ladders L, L +
p,L+2p,...; more precisely, u has rmp, +ap(y) —rmp; G +1)P(y) = rmp; +ap(/\) normal nodes in ramp
L +ap for each a > 0. So u"" is obtained by removing rmp; +up(/\) nodes from ramp L +ap for each g;

hence ‘uvi — (/\Vi)rest. O

Example. Take p = 3 and A = (14,5, 23, 15), so that y = Arest = (6,5, 42 32 2 13). The Young diagrams
of these partitions, with the residues of nodes and addable nodes marked, are as follows.

ol1]2]o[1]2]o0]1]2]0][1]2]0]1]2 0/1][2]o]1]2]0
2l0]1[2]0]1 2l0]1[2]0]1
1[2]0 1[2]0]1]2
0[1 0/1]2]0
210 210]1]2
1]2 1]2]0

0] 0/1]2

12 1210

1] 11

0] 0]

2 2
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Taking i = 0, we get the following values.

I rmp,(A) rmp; (A) rmp; (A) rmp, () rmp;" (1) rmp; (1)
0 1 0 0 1 0 0
3 2 0 0 2 0 0
6 3 1 1 3 1 1
9 2 0 1 2 0 1
12 2 0 0 2 0 1
15 0 0 0 0 1 0
18 1 0 1 1 0 1

So A satisfies the hypothesis in Proposition 4.9. We have

rmp3,,3(A) —rmp;3,(A) = rmpg, 5 (1) — rmpy, (1)

for all a4, and this is non-negative for 2 < 1 and non-positive for a > 2. The 0-signature of y, with the
signs labelled according to the ramps containing the corresponding nodes, is

+6—6—9—12+15—18 -

So p has three normal nodes, in ramps 6, 9 and 18. Since the removable 0-nodes of A lie in ramps 6, 9
and 18, we have (A7)0 = (AV0)rest,

5 The abacus

In this section we describe the abacus notation for partitions, which we shall use in the proof of

our main theorem. We also discuss p-quotient-separated partitions, which label Specht modules whose
composition factors are well understood.

5.1 The abacus display for a partition

We assume throughout this section that p < oo, and fix an abacus with p infinite vertical runners,
whichwenumber(, ..., p—1 fromleft to right. We mark positions...,-2,-1,0,1,2,... ontherunners,
reading from left to right along successive rows, with runner i containing the positions congruent to
i modulo p. We say that position m is later than position [ (or position [ is earlier than position m) if
m > I. For example, if p = 5 then the positions are marked as follows.

— 00— U =N -+

10 11 12 13 14

Now given a partition A, we place a bead on the abacus in position A; —i for each i € N. The resulting
configuration is called the abacus display for A. We call a position occupied if there is a bead at that

position, and vacant otherwise; we may also say that there is a space in position [ if that position is
vacant.
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Example. Take A = (12,10,9,7,5,4, 32,2, 17) and p = 5. Then the abacus display for A is as follows
(when drawing abacus displays, we will always suppress the numbering of positions).

Abacus combinatorics are well-established, so we quote some facts without further explanation.
Taking an abacus display for A and sliding all the beads up their runners as far as possible, we obtain
an abacus display for the p-core of A. The p-weight of A is the number of pairs | < m such that
I = m (mod p), position [ is vacant and position m is occupied.

Now we consider p-quotients. Given an abacus display for a partition A, we define a partition A®)
by examining runner i in isolation as a 1-runner abacus display and reading off the corresponding

partition. In other words, /\? equals the number of vacant positions above the jth lowest bead on

runner i. The p-tuple (A(O), ey /\(”‘1)) is called the p-quotient of A, and from the last paragraph the sum
INO] ...+ AP-D) equals the p-weight of A.

Example. Taking the abacus display from the last example and sliding beads up their runners, we
obtain an abacus display for the 5-core of A, namely (9, 8, 6, 52,4,32,2,12).

From the abacus display for A, we see that the 5-quotient of A is (@, (1%2),2,9, (1)), so the 5-weight of
Ais 3.

Since we shall be dealing with self-conjugate partitions, we record the following fact: if A is a self-
conjugate partition, then for any / there is a bead in position / in the abacus display for A if and only
if there is a space in position —/ — 1. Moreover, the p-quotient (/\(O), ceey A(P‘l)) satisfies A®) = A(P=1-)’
for each i.

5.2 Addable and removable nodes and ramps

Suppose A is a partition and i € Z/pZ. The removable i-nodes of A correspond to the occupied
positions / on runner 7 in the abacus display for A for which position / —1 is vacant. Removing such
a node corresponds to moving the bead from position I to position / — 1. Similarly, addable i-nodes
correspond to occupied positions I — 1 on the abacus display with position / vacant, and adding such
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a node corresponds to moving the bead from position I — 1 to position I. The order of the addable
and removable i-nodes from top to bottom of the Young diagram for A is the same as the order of the
corresponding positions on runner i from bottom to top.

We record a minor lemma that we shall use later.

Lemma 5.1. Suppose A is a partition, and that for somei € 7/pZ A has at least one addable i-node and
at least one removable i-node. Then AU~V # @ or A¥) # &.

Proof. If (=D = A() = g, then there are integers 4, b such that in the abacus display for A:
e position kp +i—1 is occupied if and only if k < a;
e position Ip +iis occupied if and only if [ < b.

If a > b, then A has no removable i-nodes, while if 2 < b, then A has no addable i-nodes; contradiction.
O

Now we use the description of addable and removable nodes on the abacus to enable us to apply
Proposition 4.9 using the abacus.

Lemma 5.2. Suppose A is a partition, i € Z/pZ and k, | are integers with k < I. Suppose that positions
kp+i—1 and Ip +i are occupied in the abacus display for A, while positions kp+i and Ip+i—1 are
vacant. Suppose furthermore that the number of beads in positions kp +i+1,...,Ip+i-2 is at least
I—k. Then 4;(A).

Proof. From the above discussion, the occupied position Ip +i with a space in position Ip +i—1
corresponds to a removable i-node (c, A.), while the vacant position kp +i with a bead in position
kp +i—1 corresponds to an addable i-node (d, A; + 1), with c < d. In fact, the definition of the abacus
display means thatd = c+b+1, where b is the number of beads in positionskp +i+1,...,lp+i—2. The
definition of the abacus display gives Ac—c = Ip+iand Ay —d = kp +i—1, and hence the removable
node (c, A) lies in ramp (c +1—1)p + i, and the addable node (d, A; + 1) lies in ramp (d +k—1)p +i. The
difference between these ramp numbers is

d+kp—(c+Dp=(b+1-1+kp

which is strictly positive by assumption. Hence A has a removable i-node and an addable i-node in a
later ladder, and so 4;(A) by Proposition 4.9. O

5.3 Rouquier partitions

We now describe a class of partitions for which the corresponding decomposition numbers are
very well understood. In order to do this, it will be helpful to impose a new ordering on the runners
of the abacus; this approach was first taken by Richards [Ri].

Given a partition A, construct the abacus display for the p-core of A. Let g;(A) be the first vacant
position on runner i, for each i. We may write g;(A) just as g; if A is understood, and we make the
observation that go +- - - +g,-1 = ().

Let 7 = 7y be the unique permutation of {0, ...,p — 1} such that gr) < -++ < gr(p-1)- We say that
runner 7t(0) is the smallest runner in the abacus display, and runner 7t(p — 1) the largest. We define
Al = (@) for each i, and we define the ordered p-quotient of A to be [A[O], ., /\[F"”].

Example. Continuing from the last example with A = (12,10,9,7,5,4, 322, 17) and p = 5, we find that
(90,91, 92,93, 94) = (5,11,-8,13, —11), so that rt is the 5-cycle (0,4, 3, 1, 2), and the ordered p-quotient of
ANis [(1), 2,2,(12), 2].
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Now say that A is a Rougquier partition if gr() — gri-1) > (w—1)p for all 1 < i < p, where w is
the p-weight of A. The composition factors of Specht modules labelled by Rouquier partitions are
relatively well understood, thanks to the work of Chuang and Tan [CT] and Turner [T]. In order
to state this result, we introduce some notation. Suppose A, u and v are Rouquier partitions with

the same p-core and p-weight, and with ordered p-quotients [A[O],...,A[P‘”], [[J[O],..., ylp—l]] and
[v[o], el v[”‘”] respectively, and that y[’”‘ll =P = 3. Define d Ay to be the sum, over all choices of
partitions d@ .., 6D and tD,..., 7D, of

L r2 li]

All ulf
H Cetiy ot | l Coliye(i+1) *
i=0 l:O

Here, ng denotes the Littlewood—Richardson coefficient (which is to be regarded as zero if |a| # || +yI)
and the partitions 7(0) and o(p — 1) should be read as @. Also define

=
0 (otherwise).

{W_‘jwm CLM G |l = ) for all i)
Ay =

Now we have the following statement.
Theorem 5.3 [CT, Theorem 1.1], [T, Theorem 29]. Suppose A and v are Rouquier partitions with the same
p-core and p-weight, and with ordered p-quotients [/\[0], e )\[P‘”] and [V[O], ey v[P‘”] respectively. Then:

1. v is p-restricted if and only if vIP~1 = &;

2. if v is p-restricted, then

[S/\ :Dy] = Zd}tyayv/
u

summing over all p-restricted partitions p with the same p-core and p-weight as A.

5.4 p-quotient-separated partitions

In this section we generalise the notion of a Rouquier partition, to define a class of Specht modules
whose composition length can be deduced from Lemmas 4.3 and 4.4 and Theorem 5.3. This material
will be familiar to many experts, although it does not seem to have appeared in this form before.

Suppose A is a partition and construct the abacus display for A. Say that A is p-quotient-separated
if the following property holds: there do not exist runners i # j such that the first space on runner i
is earlier than the last bead on runner j and the first space on runner j is earlier than the last bead on
runner i. This terminology was first used by James and Mathas [JM1] in the case p = 2.

We assemble some facts about p-quotient-separated partitions. Given a partition A, let g; = g;(A)
fori € Z/pZ, and 1 = m,.

Proposition 5.4. Suppose A is a partition, and i, j € Z/pZ.

1. If A is p-quotient-separated and q; < q;, then the first space on runner j is later than the last bead
on runner i.

2. If A is p-quotient-separated and has at least two addable i-nodes, then q;_1 > g;.
3. If A is p-quotient-separated, then so is A*.

4. A is Rouquier if and only if every partition with the same p-core and p-weight as A is p-quotient-
separated.
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Proof.
1. By construction, the first space on runner i is in position g; — pA®], and the last bead on runner

j is in position g; —p + p/\ij ). So either the first space on runner i is earlier than the last bead on
runner j (in which case the first space on runner j is later than the last bead on runner i by the
p-quotient-separated property), or g; —q; < p and A?) = A0) = @. But in this case the first space
on runner j is in position q; and the last bead on runner i is in position g; —p, so the required
result still holds.

2. Since A has at least two addable nodes, there are integers k < I such that positions kp +i—1 and
Ip +i—1 are occupied while positions kp +i and Ip +i are vacant. This implies that the first space
on runner i is earlier than the last bead on runner i — 1, so g;-1 > g; by part (1).

3. We assume A*' is not p-quotient-separated, and show that A is not either. Since A* is not p-
quotient-separated, there are k # I such that in the abacus display for A*' the first space on
runner k occurs before the last bead on runner /, and vice versa. Clearly if {k,[}N{i—1,i} = 0,
then A is not p-quotient-separated, so assume otherwise.

Suppose k = i—1 and | = i, and that in the abacus display for A*' the first space on runner i is in
position ap + i, and the last bead on runner i — 1 in position bp + i —1; then by assumption a < b.
But now the definition of A/ means that in the abacus display for A positions ap +i—1and ap + i
are both vacant, and positions bp +i—1 and bp +i are both occupied. So the first space on runner
i—1is earlier than the last bead on runner i and vice versa, so A is not p-quotient-separated.

Next consider the case where k = i — 1 and [ # i. In the abacus display for A*' the first space on
runner [ is earlier than the last bead on runner i — 1, which is in position bp +i—1, say. In the
abacus display for A, positions bp +i—1 and bp +i are both occupied, so the first space on runner
lis earlier than the last bead on runner i — 1 and the last bead on runner i. Now suppose that in
the abacus display for A*' the first space on runner i — 1 is in position ap + i — 1; by assumption
this is earlier than the last bead on runner [. In the abacus display for A at least one of the
positions ap +i—1 and ap +i is vacant, so the last bead on runner [ is later than either the first
space on runner i — 1 or the first space on runner i. Either way, A fails to be p-quotient-separated.

The case where k =i and | # i — 1 works in a very similar way.

4. First we show thatif A is Rouquier, then A is p-quotient-separated. Take i, j € Z/pZ, and suppose
without loss that g; < g;. As in the proof of (1), the first space on runner j is in position q; — p/\(f)i,

and the last bead on runner i is in position q; —p + p/\gi). Now
207+ 2D A0+ 2D < w,

where w is the p-weight of A. Since q; —¢; > (w—1)p, the last bead on runner i is earlier
than the first space on runner j. So A is p-quotient-separated. Since every partition with the
same p-core and p-weight as A is also Rouquier, it follows that every such partition is also
p-quotient-separated.

If A is not Rouquier, take i, j such that g; < gj and g; —g; < (w —1)p. Then from the last paragraph
is it clear how to construct a partition with the same p-core and p-weight as A which is not
p-quotient-separated. O

Our aim is to show that the composition length of a Specht module labelled by a p-quotient-
separated partition is the same as that of a Specht module labelled by a Rouquier partition with the
same ordered p-quotient. The following proposition gives us the inductive step.



Representations of the alternating group which remain irreducible in characteristic p 19

Proposition 5.5. Suppose A is a p-quotient-separated partition and i € Z/pZ, with q,_1 > q;. Then:
1. A has at least one addable i-node and has no removable i-nodes;

2. A% is p-quotient-separated and has the same ordered p-quotient as A;

3. " and S*" have the same composition length.

Proof.

1. A cannot have a removable i-node, since then in the abacus display for A there would be a space
on runner i — 1 with a bead in a later position on runner i, contradicting Proposition 5.4(1). If A
does not have an addable i-node either, then for every integer k, position kp +i—1 is occupied
if and only if position kp +i is occupied. Clearly then the same is true in the abacus display for
the p-core of A, which gives g;_1 = g; — 1, a contradiction.

2. The fact that A*' is p-quotient-separated has already been proved in Proposition 5.4(3), so we
just check that A and A*' have the same ordered p-quotient. Since A has no removable i-nodes,
the abacus display for A*' is obtained from that for A by ‘swapping runners i — 1 and i’; that
is, position kp + i is occupied in the abacus display for A*' if and only if position kp +i—1 is
occupied in the abacus display for A, and vice versa. Hence we have

AED (=) g +1 (j=1)
(AP = A0 (j=i-1) g = a0 -1 (j=i-1)
AG) (otherwise), g;i(A) (otherwise),
and the latter statement gives 71, = (i —1,i) o ;. Hence A* has the same ordered p-quotient as
A
3. Since A has no removable i-nodes, this follows from Lemmas 4.3 and 4.4. O

Now we can prove the main result of this section.

Proposition 5.6. Suppose A is a p-quotient-separated partition. Then there is a Rouquier partition u
with the same ordered p-quotient as A, and S* and S* have the same composition length.

Proof. Define

4 - Vn(j) — Gr(j-1) J
p
for 1 < j <p, so that A is Rouquier if d; > w—1 for all i. We shall proceed by induction on

p—1
M := max{0,w—1-d;},
=1

and for fixed dy, ...,d,-1 we use downwards induction on N := }; q'l.z. Since );¢; is constant, N is
bounded for fixed (dy,...,d,-1); so it suffices to show that we can replace A with a partition which
yields a smaller value of M, or the same values of dy, ...,d,—1 and a larger value of N.

Suppose that for some i,k € Z/pZ we have gi;_1 > qx > g;, and consider the partition A*. By
Proposition 5.5, A%/ has the same ordered p-quotient as A, and the Specht modules S* and S* have
the same composition length. So we can replace A with A*. From the proof of Proposition 5.5 we see
that making this replacement does not change any of the integers d; and strictly increases N.
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Alternatively, assume there are no such 7,k. The only way this can happen is if there is some
l € Z/pZ such that q; > q;41 > --- > q;-1. But now if A is not Rouquier, take a j > 1such thatd; <w -1,
and let i = n(j —1). Then n(j) = i— 1, and again we consider the partition A*'. Again, we can replace
A with A% by Proposition 5.5, and now the replacement increases d; by 1 while fixing all the other dj,
and in particular decreases M. m]

Example. Continuing from the last example, we see that A = (12,10,9,7,5,4, 32,2,17) is 5-quotient-
separated, but not Rouquier, since A has 5-weight 3, and (dy,d>,d3,d4) = (0,2,1,0). Following
the proof of Proposition 5.6, we have q; > go > g2, so we can replace A with the partition A*? =
(13,10%,7,5,42,3,22,1°), which has the following abacus display.

We now have g3 > go > g4, s0 we can replace A with A**. We can continue in this way until we reach
the partition A = (142,112,7,5%,33,18), which has abacus display

and g2 > g3 > q4 > qo > q1 (and still (d1,d>,d3,ds) = (0,2,1,0)). Now we replace A with Mifori=1,3
or 4, and continue.

5.5 JM-partitions and R-partitions on the abacus

Since we shall be using the abacus extensively in the proof of our main theorem, it will be useful
to have characterisations of JM-partitions and R-partitions in terms of their abacus displays. We take
these from [F2, F3].

Proposition 5.7 [F2, Proposition 2.1]. Suppose A is a partition with ordered p-quotient [)\[O], ey /\[’”‘11].
Then A is a [M-partition if and only if all the following hold.

o A is p-quotient-separated.
o A% s g p-restricted [M-partition.

o AlP=Uis a p-reqular [M-partition.
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e Ml=gfori+#0,p-1.

Proposition 5.8 [F3, Proposition 4.11]. Suppose p = 2h + 1 is an odd prime and A is a self-conjugate
partition. Then A is an R-partition of type I if and only if there is some j > O such that the abacus display for
A satisfies the following (equivalent) conditions.

e Position jp + h is occupied, while all other positions later than position h—1 are vacant.
e Position —1 — jp — h is vacant, while all other positions earlier than position —h are occupied.

Proposition 5.9 [F3, Proposition 4.12]. Suppose p = 2h + 1 is an odd prime and A is a self-conjugate
partition with ordered p-quotient [)\[O], ey /\[p‘ll]. Then A is an R-partition of type I if and only if all of the
following hold.

o A is p-quotient-separated.

AV is g p-restricted [M-partition.

Ar=1is a p-reqular [M-partition.

o AUl =(1).
o Al = @ fori#0,hp-1.
We observe an important consequence of Proposition 5.8 for the proof of our main theorem.

Proposition 5.10. Suppose p = 2h+1 is an odd prime and 0 < i < h, and that A is a self-conjugate
partition such that A"*' is an R-partition of type I. Then A is an R-partition of type I.

Proof. In general, the abacus display for A is obtained from the abacus display for A"*' by moving
beads from runner i — 1 to the adjacent positions on runner i, and moving beads from runner —i -1
to the adjacent positions on runner —i. Since AV* is an R-partition of type I, Proposition 5.8 shows
that the only possible beads that can be moved are in positions i —1 and —i — 1. But even if beads are
moved from these positions to positions i and —i, then the resulting abacus display still satisfies the
conditions in Proposition 5.8, so A is an R-partition of type I. O

5.6 Proof of Theorem 3.3 for p-quotient-separated partitions

We are now ready to prove Theorem 3.3 in the case where A is p-quotient-separated. Throughout
this section we assume that p is an odd prime, and write p = 2h +1. We begin with some very simple
facts about Littlewood-Richardson coefficients.

Lemma 5.11.
1. Suppose a and f§ are non-empty partitions. Then there are at least two partitions y for which
'
Cap > 0.

2. Supposey is a partition with |y| > 1. Then there are at least three ordered pairs (a, ) of partitions

such thatcz > 0.
B

Proof. There are various ‘Littlewood-Richardson rules’ for computing the coefficients cz , for ex-
ample, the version given (in [S, Theorem A1.3.3] and elsewhere) in terms of Littlewood—Richardson
tableaux of shape y \ . The results in this proof are easy to see using this rule.
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1. Set y = (a1 +p1, a2+ B2,...) and let 6 be the partition obtained by putting the sequence
(a1,B1,@2,p2,...) in decreasing order. Then cZﬁ and c‘;ﬁ are both non-zero; the fact that
and f are both non-empty ensures that y # 6; indeed, y1 = ay + 1 > max{ay, 1} = 61.

2. (y,9) and (2, ) are obviously two such pairs. For a third, choose a removable node of y, and
let & be the partition obtained by removing this node. Then a # @ (since |A| > 1) and we may
take (a, (1)) as our third pair. O

Now we make an observation about the ordered p-quotient of a self-conjugate partition. Suppose
A is self-conjugate; then the p-core of A is also self-conjugate, and together with the last paragraph

of Section 5.1 this implies that g; + g,-1-; = p— 1 for every i. Hence the permutation 7 = 71, satisfies
ni(p—1-1i) = p—1-mn(i) for every i. As a consequence, the ordered p-quotient exhibits the same
symmetry as the p-quotient, namely that AlP~1-11 = A for every i.

Proposition 5.12. Suppose A is a self-conjugate p-quotient-separated partition and thatS" has exactly
two composition factors. Then A is an R-partition of type II, and if p = 3 then A has 3-weight 1.

Proof. To begin with, we assume A is a Rouquier partition, and use Theorem 5.3. Let [/\[0], ey A[P‘l]]
be the ordered p-quotient of A.

For each pair of partitions «, §, we fix an arbitrary choice of a partition a o § such that cz;ﬁ >0, and
if « # @ # B, then (appealing to Lemma 5.11(1)) we fix an arbitrary choice of a partition a*f # aof

such that Cg*ﬁ > 0.
B

Suppose first that there is some 1 < i < h—1 such that All # . Consider the three partitions
yl, yz, y3 with the same p-core as A, and with ordered p-quotients

[A[O], L AlR2D Al A[i]"/\[iﬂ]’/ o ,A[P—ll',@]l
[/\[0], . AL AT /\[i+1]’,/\[i+1]’, N ,)\[P—ll’,@],
R U I U P L P L O L =11

Since these ordered p-quotients are distinct, the partitions u!, u?, u> are distinct. By Theorem 5.3(1),
yl, yz, y3 are p-restricted, with d, k> 0, and hence (since a,, = 1 for any ) [Sh: D‘uk] >0fork=1,2,3.
So S has at least three composition factors; contradiction.

So we have Alll = g for1 <i < h-1,and hence also for h+1 < i < p—2. Now suppose that
A" = &. Then the only p-restricted partition u for which d; u > 01is the partition with the same p-core
as A and with ordered p-quotient

[N 2,...,0,A0, 5],

for which we have d,, = 1. Since Al = A1 the sum ¥, ayy is a perfect square (namely, the square

Alo]

of the composition length of the Weyl module A*™). So the composition length of S* is a perfect

square; contradiction.
So we have A"l = . Now we look at the case p = 3, and observe that in this case Al = 2] = .
for if not, then the partitions u with the same p-core as A and with ordered p-quotients

[)\[0] o AV A1) @]’
[)\[0] */\[1]" )\[2]1, @]’
[A[O], Al /\[2]" @]
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all give dy, > 0 and hence [S*: Dyl > 0.
Next we suppose (with p arbitrary again) that [A\["| > 1. Then by Lemma 5.11(2) we can find three
0

p
same p-core as A and with ordered p-quotient

pairs of partitions a, § such that cg > 0. For each such pair, we construct the partition y with the

[/\[O], 2,...,2,d,p,0,. .. 0 A @]

(where the &/, f occur in positions i — 1, h), and we have d;, > 0 and hence [S*: D,] > 0. So again gt
has at least three composition factors, a contradiction.

So we have A"l = (1). This completes the analysis in the case p = 3. In the case p > 5, the only
p-restricted u for which d),, > 0 are those with ordered p-quotient

(Ao, 0,0),2,. .21, g

where the (1) occurs either in position 1 — 1 or in position h. For each of these two partitions we have
dyu =1, while ), a, is again equal to the square of the composition length of A" So AM must be
simple, i.e. Al is p-restricted JM-partition. So by Proposition 5.9 A is an R-partition of type II. O

6 Homomorphisms between Specht modules

In this section, we review some results on homomorphisms between Specht modules and prove
a result that we shall need later. This material is discussed at length elsewhere, so in the interests of
brevity we specialise as much as possible.

6.1 Tableau homomorphisms

We begin with some combinatorics. Throughout this section let A and u be fixed compositions of
n. A A-tableau of type u is a function T from the Young diagram of A to N with the property that exactly
ui nodes are mapped to i, for each i. We write T, for the image of the node (r,c) under T, and we
illustrate T by drawing the Young diagram and filling the (r, c)-box with T}, for each (r,c). A tableau
is row-standard if its entries weakly increase from left to right along the rows, and semistandard if it is
row-standard and its entries strictly increase down the columns.

Recall that M" denotes the Young permutation module associated with A. For each row-standard
A-tableau T of type p, there is an F&,-homomorphism Or : M* = M¥ defined in [J2, 8§13]. If Ais a
partition, then the Specht module S is a submodule of M*, and the restriction of ©r to S* is denoted
Or. If T is semistandard, we refer to Or as a semistandard homomorphism. Now we have the following
result.

Theorem 6.1 [J2, Lemma 13.11 & Theorem 13.13]. Suppose A and p are compositions of n.

1. The set
{O1 | T a row-standard A-tableau of type p}

is an F-basis for Hompg, (M, M¥).
2. If Ais a partition, the set

{@T | T a semistandard A-tableau of type y}

is an F-basis for the space of all FS,-homomorphisms S* — M* which can be extended to M.
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3. If Ais a partition and p > 3, then every FS,-homomorphism S* — M can be extended to M*,

In view of this theorem, a natural way to construct a homomorphism S* — S when p > 3 is to
find a linear combination of semistandard homomorphisms S* — M* whose image lies in S¥; the
latter condition can be checked using James’s Kernel Intersection Theorem [J2, Corollary 17.18] and
the author’s results from [F4], so that we now have a reasonably fast algorithm [F4] for computing
Homgg (S1,S"). Even when p = 2, this method can often be used to construct homomorphisms
between Specht modules (including the homomorphisms described in this paper), though it will not
in general find all homomorphisms.

In this section we want to show the existence of a non-zero homomorphism S* — S* in a certain
case, and we construct this as the composition of two known homomorphisms between Specht
modules. But we have some work to do in showing that this composition is non-zero. In order to
do this, we need to discuss dominance. If T is a row-standard A-tableau of type u, let T[], 7] denote
the total number of entries less than or equal to / in rows 1,...,r of T. If U is another row-standard
A-tableau of type u, we say that T dominates U (and write T = U) if T[I,r] > U[l,r] for all [, .

Example. The dominance order on the set of row-standard (3,2)-tableaux of type (22,1) may be
represented by the following Hasse diagram.

1[1]2]

213
1[1]3] 1[2]2]
22 1]3

1[2]3]

1[2
2(2]3]
1[1

The following lemma will be very useful.

Lemma 6.2. Suppose T is a row-standard A-tableau, and write Or as a linear combination XS tgé)s of
semistandard homomorphisms. Then S &> T for each S with tg # 0.

Proof. This follows directly from the algorithm given in [F4, §5.2] for semistandardising Or (and in
fact is quite easy to see from [J2, §13] where the homomorphisms ©r are introduced). O

Example. Continuing from the last example, if welet T =|1|2|2 , then by Lemma 6.2 O should be a
113

linear combination of homomorphisms @5 with S > T. From the diagram above we see that the only

such Sis S =[1][1]2] And indeed (as can easily be shown using the results below) O = —Os.
213

Now we describe two particular constructions of homomorphisms that we shall use. Throughout
this section we assume that p is finite.
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6.2 One-node Carter-Payne homomorphisms

Suppose A is a partition of n with a removable node (g, b) and an addable node (c, d) of the same
residue, with ¢ > a. Let u be the partition obtained by removing (4, b) and adding (c, d). Then thereis a
non-zero F&,-homomorphism S* — S¥; this is a special case of the Carter-Payne Theorem [CP], and
an explicit formula for this homomorphism may be found in the paper of Lyle [L2]. For simplicity,
we concentrate on a special case.

Suppose A and u are as above, and suppose additionally that A has no removable nodes in rows
a+1,...,c—1;thatis, ;01 =--- = A._1 =d. For eacha < r < ¢ define a A-tableau CPﬁ(r) of type u by

r (if (x, y) = (a,b))
CPi(Nxy =4x+1 (fr <x<candy=d)
X (otherwise).

Example. Taking p = 3, A = (42,23,1%), u = (4,3,2%,1), (a,b) = (2,4) and (c,d) = (6,2), we have

CP;,(3) = 11,  CPy4) = 11,  CPy5) =

1[1],  CPy(6) =
2]4

2|5

Q=W (IN =

QNQ = (N
N U1 W|IN =
N = WIN =

[Nov[a]w]wo]—
[No[a]w]wo]—
No[a]e]wo]—
SoCNEEE

Now we have the following result, which is a very special case of [L2, Theorem 4.5.4].

Proposition 6.3. Suppose A, u are as above. Then Hompg, (S*,S") is one-dimensional, and a non-zero
homomorphism $* — St is given by Y.¢_, +1(—1)’@CPA(r).
u

6.3 Restrictisation homomorphisms

In this section we consider the homomorphisms arising in the following theorem, which may be
regarded as a homomorphism-space analogue of Theorem 2.1.

Theorem 6.4 [FLM, Theorem 1.5]. Suppose A is a partition of n. Then
dimp (Homygn (SA, SAreSt)) =1.

A non-zero homomorphism st — sV is constructed in [FLM] as a tableau homomorphism Or,
but for a tableau T which is not necessarily semistandard. This leads to an additional problem (which
creates a large part of the work in [FLM]) of showing that ©r is non-zero. In order to prove our result
on composition of homomorphisms, we shall find the least dominant tableau occurring when Or is
expressed as a linear combination of semistandard homomorphisms; we note that this gives a new
proof that Or is non-zero.

First we must describe the tableau T. In fact, there is a range of possibilities for T, yielding
homomorphisms @7 which agree up to sign. These tableaux are called magic tableaux in [FLM], and
we define them here using one of the recursive characterisations given in [FLM], which we re-phrase
for our own purposes.

Let A be a partition of n. Write full(A) for the number of ‘full’ ramps in A (i.e. ramps in which
every node is a node of 1); then it is easy to see that full(A) = A}**". If we look at the first ramp which
is not full, we can find a node of this ramp, in row m say, which is not a node of A. Then we have
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Am+(m—=1)(p —1) = full(A), while for any 1 <! < m we have A;+ (I-1)(p—1) > full(A). Call such a
value of m a nice value for A. Having chosen a nice value m, we define a partition A° by

1o = Ai—p+1 (i<m)
: Aiy1 (i = m).

It is easy to see that (1°)™" = (AZSE, AT, ...); in particular, full(A°) = A%**". Now given any A°-tableau
U, define a A-tableau U" by

1 (ifx<mand y <p)
Usyp+1+1 (ifx<mandy > p)
1 (if x = m)
Uy-1,y+1 (if x > m).

+
uy, =

Now we can define magic tableaux recursively: the unique tableau for the empty partition is magic,
and if A # @, a magic tableau for A is any tableau of the form U*, where U is a magic A°-tableau for
some nice value m.

Example. Take p = 3 and A = (8,6,2, 12), giving A™t = (6,5,4,2,1) and full(A) = 6. The only nice
value for A is m = 3, giving A° = (6,4, 1, 1). One can show recursively that

1[2[2]2]2]
1[3]3

‘u;‘r—w—w—*

is a magic A°-tableau, giving the magic A-tableau

1[2]2[3]3]3]3].

—_
N
N
S
S

‘(ﬂ‘l\)r—\r—w—\
—

Now we have the following theorem.

Theorem 6.5 [FLM, Theorem 2.2 & Lemma 4.2]. Suppose A is a partition, and T is a magic A-tableau. Then
Or defines a non-zero homomorphism from S* to S If U is any other magic A-tableau, then O = +Or.

Now we consider expressing a ‘magic homomorphism’ as a linear combination of semistandard
homomorphisms. Given a partition A, define a A-tableau Re(A) as follows: let Re(A)y,, equal x plus
the number of nodes below (x, i) in the same ramp which are not nodes of A. Informally, we construct
Re(A) by filling each box with the number of the row that box moves to when we construct A" from
A. Hence Re(A) has type A™St.

Example. Take A = (8,6,2,1%) and p = 3. Then

Re(]) =

NN
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Our aim in this section is to prove the following statement.

Proposition 6.6. Suppose A is a partition and T a magic A-tableau, and write O as a linear combination
Y as®g of semistandard homomorphisms. Then arey)y = *1, and for any S with as # 0 we have
S = Re(A).

We begin with a lemma about Re(A).
Lemma 6.7. Suppose A is a partition, and (a,b) and (c, d) are nodes of A with (p—1)a+b < (p—1)c+d.
1. Ifa =c, thenRe(A),;, < Re(A) 4.

2. Ifa <c, thenRe(A),, < Re(A)q4.
In particular, Re(A) is semistandard.
Proof. For this proof, say that a node is missing if it not a node of A.

1. The conditions imply that b < d. For every missing node (x, y) in the same ramp as (a, b) there
is a missing node (x, y +d —b) in the same ramp as (a,d). Hence the number of missing nodes
below (a,d) in the same ramp is at least the number of missing nodes below (g, b) in the same
ramp.

2. Arguing as in the previous case, the number of missing nodes below row a and in the same
ramp as (a,b) is at most the number of missing nodes below row a and in the same ramp as
(c,d). Of the latter nodes, at most c —a — 1 lie between rows a and c; so the number of missing
nodes below row c and in the same ramp as (c, d) is strictly greater than the number of missing
nodes below row a4 and in the same ramp as (4, b) plus a — ¢, and this gives the result. O

Now we describe the relations in [FM, F4] used to ‘semistandardise” homomorphisms. For these
and subsequent results, we need some notation for multisets of positive integers, which we collect
here.

e Given a multiset X, let X; denote the multiplicity of i as an element of X.
e Given two multisets X, Y, let XY denote the multiset with (XU Y); = X; +Y; for all i.

e Given a multiset X, let X +1 denote the multiset obtained from X by increasing each element
by 1.
e Givenany /,n € Nlet {/}" denote the multiset with 1 elements all equal to I.

e Given a tableau T, let T denote the multiset of entries in the ith row of T.

With this notation in place, we can state a useful result for manipulating tableau homomorphisms.
This is a combination of [F4, Theorem 3.1] and [FM, Lemma 4].

Proposition 6.8. Suppose A is a partition, A is a row-standard A-tableau and 1 < h < k. SupposeR, S,
T are multisets of positive integers with RUSUT = A" U AF and |S| > A;,. Let S be the set of all pairs
(U, V) of multisets such that S = UUV and |R| + |U| = Aj,. For each (U, V) € S, let A[U, V] denote the
row-standard A-tableau with

RuUU (ifi=h)
AU VI ={TuV (ifi=k)
Al (otherwise).

Then

Z H(Ri;iUi)(Ti ;iVi)@A[u,v] =0.

(UV)eS i>1
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Remark. It is shown in [F4, §5.2] that the relations obtained from Proposition 6.8 are sufficient to
express a tableau homomorphism ©r as a linear combination of semistandard homomorphisms;
in fact, only the case k = h+1 is required. Since the semistandard homomorphisms are linearly
independent, this means that any linear relation between tableau homomorphisms is a consequence
of the relations obtained from Proposition 6.8.

Before we proceed, we note a simple corollary.

Corollary 6.9. Suppose A is a partition, A is a row-standard A-tableau and 1 < h < k. Suppose that for
somel € N we haveA;Z +A;‘ > Ap. Then®4 = 0.

Proof. Take R = {i e Al | i+ l}, S = {l}A?JrA;( and T = {i € AK | i+ l} in Proposition 6.8. Then § =
(U, V)}, where U = {I} Rl and V = {1}, So the sum in Proposition 6.8 has only one term, in
which the binomial coefficients are all 1, and we get @A =0. O

Now we show that the operation U — U* preserves relations between tableau homomorphisms.

Proposition 6.10. Suppose A is a partition and m is a nice value for A, and let A° be as above. Suppose
U is a set of row-standard A°-tableaux of type (A°)™' and that coefficients (cy)yey are chosen such

that ¥ jcqs cu®u = 0. Then
Z Cu®u+ =0.

Ueld

Proof. From the remark following Proposition 6.8, it suffices to consider only relations of the form
given in that proposition. So suppose A, I, k,R,S, T are as in Proposition 6.8 (with A° in place of A).

L We haVe
(UV) S 1> (RIRIUI)( i iVi) : [l l,V] — i
LV)ES 12 [ @A “

and we want to show

Z H(Rilini)(Ti;iVi)éA[u,vp =0.

UV)eS i1

We consider three cases.

Case 1: k < m.
In this case we have (A*)" = A" + 1 {1)P~! and (A*)* = Ak + 10U {1}P~1. We define
R=R+1,
S=S+1uf1y,
T=T+1u{1)P L.

Then R, §, T satisfy the hypotheses of Proposition 6.8 (with A* in place of A), so (with the obvious
definition of S) we have

0= H(Rizfziai)(ﬁ%Vi)@mm,m

O, 7)e8 21

_ ZA(%)(P—pllel)‘ (Rigilﬁli)(ﬁf ,-)@m[a,v].

>
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Any term with V; > 0 can be neglected, since (” ;Jlrv) = (0 (mod p) for any 0 < v < p. When
¥V, =0, we have U; = p—1,and so

A, V)y=U+1u{1 L, v+1)

for some (U, V) € S, and A*[U, V] = A[U, V]*. Conversely, if (U, V) € S, then (U+1U -1 v+
1) e S. Hence

0= Z (Pal)(i 1)1_‘[(1?1'}511‘—1)(7" +Tf/z 1)®A[UV]+

UvyeS i>2
i +U1 1 +V,'_ A
Z [T aum
(UV)eS i>2
R,‘+ui T,'+Vl‘ A
Y. 1% )( 1 )@auy:
(Uv)eS i1

as required.

Case2: h<m < k.
In this case (A*)" = A" + 1L {1}P~1, while (A*)F+1 = A% + 1. We define

R=R+1,
S=S+1u{1)r T,
T=T+1

Now R, S, T satisfy the hypotheses of Proposition 6.8 (with A* in place of A, and k+ 1 in place
of k); proceeding as in Case 1, we have

_ CI1 Vl Ri + H,- ’T,' + V,‘ A,
0= (o)) r )05 )Baa e
U, eS8 i22
For any pair (U, V) with V; > 0 we have ® a+(0, v = 0 by Corollary 6.9 (with / :Al and with m
and k +1 in place of i and k). So now we need only consider pairs (U, V) with U; = p—1 and
V1 =0, and we can proceed as in Case 1.

Case 3: m < h.
In this case we have (A*)"*1 = A" +1 and (A*)*! = A¥ + 1, and applying Proposition 6.8 with
R+1,5+1,T+1,h+1,k+1,A" inplace of R, S, T, h, k, A yields the result. |

Next we introduce a result which gives relations between tableau homomorphisms which allow
us to move all the 1s in a tableau up to the top row. We use the following variation on Proposition 6.8;
this was actually proved before Proposition 6.8, although it follows from the latter fairly easily by
induction.

Proposition 6.11 [FM, Lemma 7]. Suppose A is a partition, B is a row-standard A-tableau and h,r € N. Let
V denote the set of submultisets V of B" such that r ¢ V and |V| = BI*1. For each V € V, let B[V] denote the
row-standard A-tableau with

B\ VUHE"  (fi=
BIVI = {B"* I\ (B UV (fi=h+1)

B (otherwise).
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VeV i2l

Using this, we can prove the following.

Proposition 6.12. Suppose A is a partition and m is a nice value for A, and define A° as above.

1.

2.

@Re(/\°)+ can be expressed as a linear combination i@Re(;\) +s cs®s, where each S is a row-
standard A-tableau with S > Re(A).

If T is a semistandard A°-tableau with T > Re(A°), then O+ can be expressed as a linear
combination ¥ s cs®s, where each S is a row-standard A-tableau with S > Re(A).

Proof.

1.

Let R = Re(A°). We use Proposition 6.11 to re-write ©g+ by moving all the 1s up to the top row.
We apply Proposition 6.11 m —1 times, each time with r = 1, takingh = m—-1,m-2,...,1in
turn. At a given step, we move all the 1s from row % + 1 to row k, and move a multiset of entries
greater than 1 from row h to row /i + 1. Since R is semistandard, the entries in row / of R are all
at least /1; hence the entries not equal to 1 in row /1 of R* are all at least & + 1. Furthermore, there
are at least full(A°) — (h = 1)(p — 1) hs in row h of R. We have

full(1°) = ALt
> )\gesf —p+1 (since A™t is p-restricted)
= full(d)—p+1,

so we see that the first full(A) — h(p — 1) entries in row h of R* are equal to 1+ 1. So each time
we apply Proposition 6.11, one of the terms we obtain involves moving only entries equal to
h+1 down to row h + 1. Taking this term at every stage we obtain the tableau Re(A), and the
coefficient of @Re(;l) obtained is +1; indeed, the binomial coefficients in Proposition 6.11 are
always trivial, since all the entries in row & + 1 of R* (other than the 1s) are strictly greater than
h+1.

Any other term we obtain from our repeated applications of Proposition 6.11 involves moving
all the 1s up to row 1, and moving full(A) — h(p — 1) entries greater than or equal to & +1 down
from row h to row h +1 for each 1 < h < m, with a strict inequality at some point. Hence the
resulting tableau will strictly dominate Re(A).

. This case is similar to the previous one: when we apply Proposition 6.11 repeatedly, we move

all the 1sin T up to row 1, and move full(A) — h(p — 1) entries greater than or equal to 7 +1 down
from row h to row h+ 1. Since T > Re(A°)*, any tableau resulting from this process will strictly
dominate Re(A). O

Example. Takep =3, 1 = (§,6,2, 12) and m = 3. Then

Re(A°) =[1]1][1]1]1]2], Re(A°)*" =

21213

WIN
WIN
WIN

—_

[ [No]—

\m\pp»a»—u—\
—_




Representations of the alternating group which remain irreducible in characteristic p 31

Applying Proposition 6.11 twice to move the 1s up to the top row, we get the following possibilities.

1[1]2]2]2][2]2]3] 1[1]2]2]2][2]2]3] 1[1]1]1]1][1]2]2]

1[1[3]3]3[4] — [1]1]1]1]3]3] — [2]2]2[3]3]3

1[1 34 314

14 El El

15 5] 5]
1[1]1[1]1][1]2]3]
212]2[2]3]3

314

4]

5]
1[1]2[2]2]2]2]3] 1[1]1]1]1][1]2]2]
1[1]1]1[3[4] — [2]2]2]3]3]4
3|3 313
El 14
5] 15

1[1]1]1]1][1]2]3]

212]2[2]3]4

313

4]

5]

So our homomorphism S* — SV is a linear combination of the homomorphisms labelled by the
semistandard tableaux at the right. The bottom tableau at the right-hand side is Re(A), occurs with
coefficient 1, and is the least dominant.

Proof of Proposition 6.6. We use induction on |A|, with the case A = @ being trivial. Suppose A # @,
and m be the nice value chosen in the construction of T. Then T = U* for a magic A°-tableau U, and by
induction we can assume that when we write ©y; as a linear combination Y, uy®y of semistandard
homomorphisms, we have uge(1e) = £1 while uy = 0 for any V £ Re(1°).
By Proposition 6.10 we have
Or =0y = Z uyOy+;
v
by Proposition 6.12 this equals +Oge(y) plus a linear combination of homomorphisms O for S > Re(A).
By Lemma 6.2 each ®5 can be written as a linear combination of semistandard homomorphisms Or
for R> S > T, and the result follows. O

6.4 Composition of homomorphisms

Our aim in this section is to show that the composition of the homomorphisms from the two pre-
vious sections is non-zero, given a certain additional condition. Specifically, we prove the following
result.

Proposition 6.13. Suppose A is a partition of n with a removable node (a,b) and an addable node (c, d)
of the same residue withc > a and (p—1)c+d > (p—1)a+b, and that A has no removable nodes in
rowsa+1,...,c—1. Let u be the partition obtained from A by removing (a,b) and adding (c,d). Then

rest

there is a non-zero F S,-homomorphism St — g,
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In order to prove Proposition 6.13, we need to describe how to compose tableau homomorphisms.

Recall that if S is a tableau, then S/ denotes the multiset of entries in row jof S, and in particular S{
denotes the number of entries equal to i in row jof S. If x1, x2, ... are non-negative integers with finite

. . . . . X
sum x, we write (x1,x3,...)! for the multinomial coefficient Tl
1:X2: ...

Proposition 6.14 [DF, Proposition 4.7]. Suppose A, u, v are compositions of n, S is a A-tableau of type u
and T is a p-tableau of type v. Let X be the set of all collections X = (X'); j>1 of multisets such that

dE S{ foreach i, j, I_I X =T! for each i.
jz1

For X € X, let Uy denote the row-standard A-tableau with (Ux)! = L lis1 XU, Then

Oro@s = Z H (x/,x7,...)euy,.

XeXi,j=1

Our aim is to use Proposition 6.14 to show that the composition of the homomorphisms S$* —
St — SH™ from the last two sections is non-zero. Rather than attempting to give an explicit expression
for this composition, we use Propositions 6.3 and 6.6 to find the least dominant tableau occurring
when the composition is expressed in terms of semistandard homomorphisms.

Given A and p as in Proposition 6.13, let V be the A-tableau obtained from Re(u) by moving the
(c, d)-entry up to position (4, b). Note that by Lemma 6.7 V is semistandard.

Lemma 6.15. Suppose A and p are as above, and T is a semistandard u-tableau of type u™s' with
T > Re(u). If W is a row-standard tableau obtained from T by moving an entry from row ¢ up to row
a,then W A V.

Proof. Suppose to the contrary that V > W. Since V agrees with Re(u) and W agrees with T in rows
1,...,a—1, and we have V > W while Re(u) < T, all four tableaux must agree on rows 1,...,a 1.
Similarly, all four tableaux agree onrows c+1,c+2,....

V is obtained from Re(y) by moving an entry t = Re(u). 4 from row ¢ up to row a. By Lemma 6.7, t
isthelargestentry inrowsa, ..., c of Re(u). By the previous paragraph (and since T and Re(u) have the
same type) the largest entry inrowsa,...,cof T is also t. So W is obtained from T by moving an entry
less than or equal to t from row c up to row a. Since T > Re(u), this gives W > V, a contradiction. O

For the next proposition, recall the tableaux CPA(a +1),..., CP/\(C) from Section 6.2.
Proposition 6.16. Supposea < r < ¢ and T is a semistandard pi-tableau of type ™' with T > Re(u).

1. Ifr =cand T = Re(u), then Ot o @CPA(},) equals a linear combination @y + ) ,;; cu®yU, where
‘u.
each U is a row-standard tableau with V % u.

2. Ifr <corT > Re(u), then ©r o Oppa " equals a linear combination },;; cy®yU, where each U is
u
a row-standard tableau with V ? u.

Proof. Taking S = CPﬁ(r) and v = p™st, Proposition 6.14 simplifies considerably in our situation. It
says that ©r o O is a linear combination of row-standard tableaux U obtained from T by moving an
entry from row r to row 2 and moving an entry from row j+1 to row j for each r < j < c. If we let
U(T, r) be the particular tableau obtained by moving the largest possible entry at each stage, then we
have U & U(T, r) for any other such U. So it suffices to consider only the tableaux U(T, ).
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Since pg+1 = -+ = pe-1 and T is semistandard, the largest entries in rows a+1,...,c—1 are the
entries in column 4, and these are strictly increasing. Hence fora < r < c we have U(T,r) > U(T,r +1).
So it suffices to consider only the tableau U(T, ¢). But by Lemma 6.15 V 2 U(T, ¢) if T > Re(u).

[t remains to observe that the coefficient of Vin Oge(y) © ®CPﬁ © is 1; but this follows from Lemma 6.7:

since (c, d) lies in the same ramp as or a later ramp than (a, b), we have Re(u). 4 > Re(u), -1, so all the
multinomial coefficients in the coefficient of @y equal 1. O

Proof of Proposition 6.13. By Proposition 6.3, a non-zero homomorphism a : $* — S¥ is given by
a1 (1O (- By Proposition 6.6, there is a non-zero homomorphism f : S* — SH™" of the form
u

@)Re(y) +X bs®g, where each S is a semistandard tableau strictly dominating Re(u).
The composition o « may be computed using Proposition 6.14. By Proposition 6.16, we get

ﬁoa=i@V+Zcu@u,
u

where each U is a row-standard tableau with V 2 U. Hence when we write such a U as a linear
combination of semistandard homomorphisms, the coefficient of Oy is zero, by Lemma 6.2. So when
we write o a as a linear combination of semistandard homomorphisms, the coefficient of Oy is 1,
and in particular foa # 0. O

Remark. For simplicity, we have concentrated on quite a special case. It is possible to weaken the
assumptions on A and p and use the same argument: we can allow removable nodes in A between
rows a and c, as long as these none of these removable nodes has the same residue as (g, b), and as
long as u; — uis1 < p for alla <i < c. We leave the reader to check the details (referring to [L2] for the
formula for a homomorphism S' — gy,

However, it is not generally the case that the composition of a one-node Carter-Payne homo-
morphism and a restrictisation homomorphism is non-zero. For example, take p = 3, A = (6) and
p = (5,1), so that u™st = (3,2,1). S© js isomorphic to the simple module D3y (which happens to be
the trivial FSg-module); since soc(S%*V) is a different simple module Dg,1), there is no non-zero
homomorphism S©) — 5G2D),

7 Proof of the main theorem

We now come to the proof of our main theorem. We proceed by induction, with our main tool
being Proposition 4.7. As we shall see, this deals with all cases except for two families of partitions
which we deal with using the other techniques described above.

7.1 Notation and assumptions

Throughout this section, p = 2h + 1 is an odd prime. J denotes the set of p-JM-partitions, and A
denotes the set of self-conjugate partitions that (according to Theorem 3.3) label Specht modules with
exactly two composition factors. So if p > 5 then A is the set of R-partitions, while if p = 3 then A
comprises the R-partitions of type I, the self-conjugate partitions of 3-weight 1 and the partition (3%).

It will be helpful to make some assumptions that will remain in force for the next few sections.
Essentially, these say that A is a partition which cannot be dealt with by Proposition 4.7(1,2) or
Proposition 5.12. Recall that if A is a partition and 0 < i < h, then AV*' denotes the partition obtained
by repeatedly removing all removable nodes of residue i or —i. Similarly, we define A** to be the
partition obtained from A by repeatedly adding addable nodes of residue =+i.
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Assumptions and notation in force for Sections 7.1-7.5 .
A is a self-conjugate partition which is not p-quotient-separated and isnotin Aor J. AV* € AU{A}
for each 0 < i < h, while A" € AU J U {A).

We observe some immediate consequences of these assumptions. Suppose 0 < i < hand A7 # A.
Then by Proposition 5.10 A”#' is not an R-partition of type I, since A is not. Also, when p = 3 AV*
cannot equal (3%), since this partition has one removable node and two addable nodes, all of residue 0.
So A7* must be an R-partition of type II, and if in addition p = 3 then A7 has 3-weight 1; in particular,
AV* is p-quotient-separated.

A is obtained from A"* by adding equal numbers of addable i- and (—i)-nodes. But we cannot
have A = (AY*)** since then by Proposition 5.4(3) A would be p-quotient-separated, contradicting
our assumptions. So A is obtained from A"* by adding some but not all of the addable i-nodes, and
some but not all of the addable (—i)-nodes. In particular, AY* has at least two addable i-nodes.

A similar discussion applies statement applies when A7*" # A. In this case A" can be an R-
partition of type I, but only of p-weight 1, since an R-partition of type I with p-weight greater than 1
has a removable h-node. An R-partition of type I with p-weight 1 is also an R-partition of type II, and
so in fact we can assume A"*" is an R-partition of type II or a JM-partition, and in particular we can
assume A"*" is p-quotient-separated; as in the last paragraph, this means that A must have at least

one addable h-node and at least one addable (—k)-node.

7.2 First case

In this section we consider the case where A0 # A.
Proposition 7.1. Suppose A"? # A and (AV)O) = . Then 4¢(A).

Proof. From the discussion in Section 7.1 A7 is an R-partition of type II, so we have (AV9® = (1), and
hence A?) = (1). Since A7° is self-conjugate, we have (AV0)?~D = (AV9)© = ; 5o there is some r such
that position kp — 1 is occupied in the abacus display for A7 if and only if k < r, while position kp is
occupied if and only if k < —r. The fact that A"? has at least two addable 0-nodes means that r > 1.

The abacus display for A is obtained by moving some but not all of the beads in positions
rp—1,...,—rp—1 to the adjacent positions on runner 0; since A is self-conjugate, the bead in position
ip—1is moved if and only if the bead in position —ip —1 is moved. This means that there must be
some —r < i < j < r with 7 < 0 such that A has beads in positions jp and ip — 1 and spaces in positions
jp—1land ip. If j > 1, then the number of beads in positions ip+1, ..., jp — 2 is at least j — i, since for
each i < k < j there is a bead in position kp or kp — 1, and there is also a bead in position /; hence by
Lemma 5.2 we have 4¢(A). If i < -2 then again the number of intervening beads is at least j — i, since
there is a bead in position /1 —2p. In the case where j = 0, i = —1 and p > 5, there must be a bead
in position h—p —1 or h—p +1, since if both of these positions are vacant, then (by self-conjugacy)
then positions 1 — 1 and h + 1 are occupied, so that 17 is not p-quotient-separated, a contradiction. So
again we have at least j —i beads between positions ip and jp —1, and again /(7).

The remaining case is where p = 3, and the only pair i < j such that positions 3j and 3i -1 are
occupied while positions 3] — 1 and 3i are vacant is (-1, 0). In this case we must have r = 1, and hence
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A has abacus display

So A = (3%), contrary to assumption. O
To help us deal with the case where (A7)0 £ &, we use the following lemma.
Lemma 7.2. Suppose A" # A. Then A" = A forall1 <i < h.

Proof. Since A has both addable and removable 0-nodes, we have either A® # @ or A1) % by
Lemma 5.1. But A is self-conjugate, so in fact A® # & # A¢P~D.

Suppose the lemma is false, and take 1 < i < hsuch that AV*' # A. Then either A¥*' is an R-partition
of type I, or i = h and A+ s a JM-partition. In either case, runner 0 must be either the largest or
smallest runner of A"* by Propositions 5.7 and 5.9. But since A (and hence A"*') has an addable 0-
node, runner 0 cannot be the smallest runner, by Proposition 5.4(1). So runner 0 is the largest runner
of AV*, and hence (in the abacus displays for both A"* and 1) the first space on runner 0 occurs after
the last bead on any other runner. But "0 is an R-partition of type II, so the abacus display for A"°
(and hence for A) has a bead in position /; so the first space on runner 0 in the abacus display for A is
at position p or later. Since A is self-conjugate, this means that the last bead on runner p —1 is no later
than position —1 — p. But now A has no addable 0-nodes, contrary to assumption. O

Proposition 7.3. Suppose A7? # A and (A"%)©) # @. Then p > 5, and either 4((A) or Ip-1(A).

Proof. The fact that p > 5 follows from our standing assumptions (in particular, the definition of A
when p = 3). 1% is an R-partition of type Il with (1Y) # @, and hence (A"9)® = (1) and (")) = &
fori # 0,h,p —1; the same applies to the p-quotient of A. By Proposition 5.9 runners 0 and p — 1 must
be the smallest and largest runners of A"" in some order, and in fact by Proposition 5.4(2) runner 0
is the smallest (since A? has at least two addable 0-nodes). So in the abacus display for A", every
position before the first space on runner 0 is occupied, and every position after the last bead on runner
p —1is vacant.

AV0 is a self-conjugate partition, which means that position ip — 1 in the abacus display is occupied
if and only if position —ip is vacant. Together with the statements in the last paragraph, this implies
that there is a finite set I of positive integers such that:

e the occupied positions on runner p — 1 of AV are the positions ip — 1 for all i € [ and all i < 0; and
e the vacant positions on runner 0 of A"Y are the positions —ip for all i € I and all i < 0.

The fact that A" has at least two addable 0-nodes means that I is non-empty.

A is obtained from A7? by moving some but not all of the beads in positions ip — 1 (for i € +1 U {0})
to the right; the fact that A is self-conjugate means that the bead in position ip — 1 is moved if and only
if the bead in position —ip — 1 is moved.

Suppose first that for some i < j < 0 the bead in position jp —1 is moved but the bead in position
ip—1is not. Then A has beads in positions jp and ip — 1, and spaces in positions jp —1 and ip, and
we claim that the number of beads in between these two positions is at least j —i. Indeed, there is a
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bead in position kp — 1 or kp (or possibly both) for each i < k < j, and additionally there is a bead in
position jp —h or jp—h—2 (since A is self-conjugate and A?~1 = A+ = ). So 44(A), by Lemma 5.2.

So suppose there are no such i and j. Then in particular the bead in position —1 is not moved in
constructing A from A7, but the beads in positions +I/p — 1 are moved, where | = max I. By Lemma 7.2
AV¥ = A fori # 0,1, and since position 1 —p is vacant, this means that positionsh—p+1,h—p+2,...,-2
are vacant. On the other hand, the first paragraph of this proof shows that position —Ip — 2 must be
occupied (in A%, and hence in A). So A has beads in positions —1 and —Ip — 2, and spaces in positions
-2 and —Ip —1; the number of intervening beads is at least , since for each 1 < k < [ at east one of
positions —kp — 1, —kp is occupied, and so 4 ,-1(A). O

7.3 Second case

Here we consider the case where there is 0 < i < & such that AV* # A while AV*/ = A for all
0<j<i

Proposition 7.4. Suppose 0 < i < h, and that AV# £ ). Then either 4;() or 4p-i(A), or runner i —1
is the largest runner in the abacus display for A"*, or runner i is the smallest runner in the abacus
display for AV*'.

Proof. Suppose first that (17*))=) # &. Since AV*' is an R-partition of type II, this means that runner
i—1 is either the largest or the smallest runner in AV but AV* has at least two addable i-nodes, so
by Proposition 5.4(2) runner i — 1 must be the largest runner. Similarly, if (1"*))) # g, then runner i
is the smallest runner in A7+,

So assume (AV*)D = (AV*)@) = & This means that there are integers b < c such that in the
abacus display for A:

e for k < b, both of the positions kp +i—1 and kp + i are occupied;
o for b < k < ¢, exactly one of the positions kp +i—1 and kp +i is occupied;
e for ¢ < k, neither of the positions kp +i—1 and kp + i is occupied.

Suppose that for some k, positions kp +i and (k—1)p +i—1 are occupied while positions kp +i—1
and (k —1)p + i are vacant. If there is at least one bead in a position between (k—1)p+iand kp+i—1,
then ;(1), by Lemma 5.2. On the other hand, if all of these positions are vacant, then in the abacus
display for A"* every runner except runner i — 1 has a space before the bead in position kp +i—1; so
by Proposition 5.4(1) runner i — 1 is the largest runner of AVE

Assume instead that there is no such k. Since A is obtained from A"*' by adding some but not
all of the addable i-nodes (and some but not all of the addable (—i)-nodes), there must be k such
that in the abacus display for A positions kp +i—1 and (k- 1)p + i are occupied while positions kp + i
and (k—1)p +i—1 are vacant. Since A is self-conjugate, this means that positions —kp+p —i+1 and
—(k+1)p +p —i are occupied while positions —kp +p —i and (—=k —1)p + p —i+ 1 are vacant. Repeating
the argument from the last paragraph (with i replaced by p —i and k replaced by —k) we find that
either 4 ,_i(A) or runner p —i is the largest runner in A7*, i.e. runner i is the smallest. O

We now consider the possibilities in Proposition 7.4 in more detail. We need to treat the case i > 1
and i = 1 separately.

Proposition 7.5. Suppose 1 < i < h, and that A"* # A while A"/ = A for all 0 < j < i. Suppose
furthermore that runner i — 1 is the largest runner in the abacus display for AY*. Then 4 ;(A).



Representations of the alternating group which remain irreducible in characteristic p 37

Proof. Since A"*' is an R-partition of type Il and runner i — 1 is its largest runner, we have (AV*)\) = &
for j #i—1,h,p—i. In particular, (AV*)O = & Since A (and hence A"*) has no removable 0-nodes,
position 0 in the abacus is vacant (for both partitions), and hence position Ip is vacant for all / > 0.
The assumption that A*/ = A for all j < i then means that position Ip +i—1 is vacant (in A1) for all
[>0.

Let dp + i — 1 be the first vacant position on runner i — 1 in A"*/; since AV*' is p-quotient-separated
and there is a bead in position 1, we must have d > 1. The fact that dp + i — 1 is the first vacant position
on runner i — 1 means that for each ¢ < d at least one of the positions cp +i—1 and cp +i is occupied
in A; in fact, since (AV*)® = &, there is some b < d such that

e forc=b,...,d—1 exactly one of the positions cp +i—1 and cp +i is occupied, and
e for ¢ < b both of the positions cp +i—1 and cp +i are occupied.

By assumption A has at least one addable i-node, so there is some k such that position kp +i—1 is
occupied while position kp + i is vacant. From the first paragraph of the proof we must have k < 0,
and in particular k < d-1. Taking a maximal such k, we therefore have positions kp +i—1 and
(k+1)p +i occupied, while positions kp +i and (k+1)p +i—1 are vacant. There is at least one bead
among positions kp+i+1,...,(k+1)p+i—2: if k = —1 then we can take the bead in position —i, while
if k < =1 we can take the bead in position & —2p. So 4;(A) by Lemma 5.2. O

Now we consider the casei = 1.

Proposition 7.6. Suppose p > 5, and that A"*! # A while A" = A. Suppose furthermore that runner 0
is the largest runner in the abacus display for AV*L. Then either 41(A) or Ip-1(A).

Proof. Since AVY = A, position 0 in the abacus display for A is vacant. If we let dp be the first vacant
position on runner 0 in A"*!, then, arguing as in the proof of Proposition 7.5, we must have d > 1. In
particular, position 0 is occupied in the abacus display for AV*!, and hence position 1 is occupied in
the abacus display for A. Since A is self-conjugate, position —1 is occupied and position -2 is vacant.

A has an addable 1-node, so there is some k such that position kp is occupied and position kp + 1
is vacant. If k < 0, then taking a maximal negative such k and copying the last part of the proof of
Proposition 7.5, we get 41(A). So suppose k > 0. Then by self-conjugacy position —kp — 2 is occupied
and position —kp — 1 is vacant. For every 0 > | > —k at least one of the positions Ip -2 and Ip -1 is
occupied (since otherwise we would have (A7*1)P=2) % @); furthermore, at least one of positions —p
and 1 —p is occupied (since d > 0); hence the number of beads between positions —kp — 1 and -2 is at
least k, and so 7,-1(A). O

Now we consider the situation where runner i is the smallest in the abacus display for AV*'. Again,
we have to consider the cases i > 1 and i = 1 separately.

Proposition 7.7. Suppose 1 < i < h, and that A¥*' # A while \V*/ = A for all 0 < j < i. Suppose
furthermore that runner i is the smallest runner in the abacus display for AY*'. Then 4 ;(A).

Proof. The fact that AV* is an R-partition of type II with smallest runner i means that (A"*))() = &
forall j #i,h,p—i—1. Suppose that for some [ < k positions kp +i and Ip +i—1 are occupied in the
abacus display for A, while positions kp +i—1 and Ip +i are vacant; choose such a pair (k, /) with k-1
as small as possible. Arguing as in the first paragraph of the proof of Proposition 7.5, we must have
I < 0. Now for every k > m > I, positions mp +i and mp +i— 1 must both be occupied: if both were
vacant then we would have (A7*)(~D £ &, while if only one were vacant then the choice of k, I would
be contradicted. So if k—1 > 1 then the number of beads between positions Ip +i and kp +i—1 is at
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least k —1, and so 4(A), as required. If k—1 = 1 and k < 0, then there is a bead in position Ip +}, so
again /;(A). Finally if k = 0 and / = —1 then there is a bead in position —i, so again 7;(A).

So we can assume that there are no such k and /. This means that the last bead on runner i in the
abacus display for A is either earlier than or adjacent to the last bead on runner i — 1, and hence occurs
no later than position —p +i. Furthermore, since A has at least one addable i-node and there are no
beads on runner i — 1 after position —p +i—1, there must be a space on runner i no later than position
—p +i. Now we claim that for every i < j < h, there is a space on runner j no later than position —p + ;.
If this claim is not true, take the first j for which it fails. Then there is a space on runner j -1 with
an adjacent bead on runner j, so A"/ # A. Hence A has at least one addable j-node; since there is no
space on runner j before position j, there must be a bead on runner j—1 in position j — 1 or later. This
means that j > i+ 1 and that AU™) # &, and hence (A"*))U~D # &, contradicting the first sentence of
the proof.

So our claim holds. In particular, if i < h —1 there is a space on runner & — 1 no later than position
—p+h—1. So (because A"~V = &) there is no bead on runner / — 1 after position —2p + h — 1. But there
is a bead in position /& and a bead in position cp +h for all ¢ < -2, so A has removable h-nodes but
no addable h-nodes; contradiction. The same argument applies when i = h — 1 and there is a space in
position —p+h—1.

The only remaining case is where i = 1 —1 and there is a bead in position —p +h —1 and a space
on runner /1 — 1 earlier than this bead. From our assumptions so far, there is also a bead in position
—p +h—2,and a space on runner / — 2 earlier than this bead. Hence 1"*-?) # @. Now we consider the
partition AV*". Since (A"*1)(#=2) = A(=2) % & AV*M ig either a JM-partition or an R-partition of type II,
and runner h — 2 is either the largest or the smallest runner of AV*". The first space on runner & —2
occurs before the last bead on runner & — 1 (which is no earlier than position /1 — 1), so in fact runner
h -2 is the smallest runner of A"*". However, A has a space on runner & — 1 no later than position
—2p +h—1, which means that A"*" has a space on runner % + 1 no later than position —2p +h +1, i.e.
earlier than the last bead on runner & — 2. So by Proposition 5.4(1) AY*" is not p-quotient-separated, a
contradiction. m]

Now we consider the case i = 1.

Proposition 7.8. Suppose p > 5, and that A"*! # A while AV = A. Suppose furthermore that runner 1
is the smallest runner in the abacus display for AV#L. Then either 41(A) or Ip-1(A).

Proof. Since runner 1 is the smallest in the abacus display for AV*!, the last bead on this runner occurs
before the space in position & —p, i.e. no later than position 1 — p. Hence for every [ > 0 at most one of
the positions Ip and Ip + 1 is occupied in the abacus display for A. If none of the positions Ip for [ > 0
is occupied, then we can just copy the proof of Proposition 7.7 to deduce that 71(A). So assume that
position kp is occupied for some k > 0. In fact we must have k > 0, since if position 0 were occupied
then A would have a removable 0-node. By the above analysis position kp + 1 is vacant, and position
1 is occupied, since otherwise we would have AVEHO) £ 5,

Since A is self-conjugate, this means that positions —1 and —kp — 2 are occupied, while positions
-2 and —kp —1 are vacant. Furthermore, for each 0 > [ > —k at least one of the positions Ip —2
and Ip — 1 is occupied, and in addition at least one of the positions —p and 1 —p is occupied (again
since (A"*1)® = &). So the number of beads between positions —kp — 1 and -2 is at least k, and so

ép—l(/\)- O

Remark. It turns out that the results in this subsection are to some extent redundant, because (given
our standing assumptions) if 1 <i <h—1and AY*/ = A for 0 < j < i, then AY*' = A also. However,
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proving this statement appears to be just as difficult as the results we have proved in this section,
which in any case are still needed for the casesi=1,h—1.

7.4 Third case

We are left with the situation where A" = A for 0 < i < h. We now have two possibilities to
consider, since A"*" could be an R-partition of type Il or a JM-partition. In this section we address the
first of these possibilities.

Proposition 7.9. Suppose that A"*/ = A for all 0 < j < h, and that A*" is an R-partition of type II.
Then either 4,(A) or 41,,1(A), orp = 3 and A = (43,3).

Proof. Because A*" is an R-partition of type II, we have (A"*")?) = (1), which means that in the

abacus display for A7 (and hence in the abacus display for A):

e for ! = 0 and for every I < -2 there are at least two beads among positions Ip+h—1, Ip+h and
Ip+h+1;and

e for [ = -1 and for every [ > 1 there is at most one bead among positions Ip+h—1, Ip+h and
Ip+h+1.

Note also that if there is a bead in position & — 1 in the abacus display for A, then since A"*/ = A for
all j < h, there are beads in positions h —2,h -3, ..., —h. But this contradicts the self-conjugacy of A,
so position /1 — 1 is vacant, and hence positions / and / + 1 are occupied. Symmetrically, position —h
is occupied and positions —h —2 and —h — 1 are vacant.

A must have at least one addable h-node, so there is an integer k such that position kp +h -1 is
occupied and position kp + I is vacant. We consider separately the cases k < -2 and k > 1.

If k < -2, then there are occupied positions h and kp + h — 1 and vacant positions 1 —1 and kp + h;
from our observations so far, the number of intervening beads is at least —2(k + 1) > —k, and so 4,(A).

Alternatively, suppose k > 1. The condition that A% = A for 0 < j < h means that positions
kp+h-2,kp+h-3,...,(k—=1)p+h+2 are all occupied; by self-conjugacy, positions —kp +h -2, —kp +
h-3,...,(=k—=1)p+h+2are all vacant. But now if p > 5 then the first space on runner 0 is earlier than
the last bead on runner p — 1 and vice versa, so that A¥*" is not p-quotient-separated; contradiction.

We are left with the case where p = 3 and k > 1. In this case positions —1 and —3k — 2 are occupied,
while positions —2 and —3k — 1 are vacant. The number of intervening beads is at least 2(k — 1), so if
k > 2 then we have />(A). So we can assume that the only bead on runner 0 with a space immediately
after it is in position 3. Now consider positions 6, 7 and 8 on the abacus; from above, there is at most
one bead among these three positions. There cannot be a bead in position 6; in addition, there cannot
be a bead in position 7 (since then there would be a bead in position —9 and a space in position -8,
again contrary to hypothesis). If there is a bead in position 8, then we have beads in positions 8 and
-5 and spaces in positions 7 and —4, with intervening beads in positions 3, 2, 1 and -1, so 42(A).

So we can assume that positions 6, 7 and 8 are all vacant. If any position after position 8 is
occupied, then we have AVEHO) £ &; but since p = 3, our assumptions on A means that AV#L has
3-weight 1, so (A"*1)® = &. So all positions after position 8 are also vacant. The only possibilities left
are that A = (43,3) or (6,5%,4, 1), but in the latter case we again have /(7). |

7.5 Fourth case

Now we come to the most difficult case. In addition to our standing assumptions, we assume
throughout this subsection that AY*" is a [M-partition, and A¥* = A for all 0 < j < h. In particular, this
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means that (A"*")#) = &, which immediately gives some information about the middle three runners
of the abacus display for A.

Lemma 7.10. Suppose k € Z. Then in the abacus display for A:
e at least two of the positionskp+h—1,kp+h and kp + h + 1 are occupied if k < 0, while
e at most one of the positions kp+h—1, kp+h and kp + h + 1 are occupied ifk > 0.

In the next few results we analyse various possibilities for the configuration of the middle three
runners of the abacus display for A. To help us, we introduce some notation in which we give portions
of the abacus diagram focusing on the middle three positions in a given row. For example, given an
integer k we may write to mean that positions kp + h—1 and kp + h + 1 are occupied in the
abacus display for A, while position kp + h is vacant.

Lemma 7.11. Suppose that for some k. Then 4 _,(A) and 4 (7).

Proof. The fact that AY*/ = A for all j < h means that positions kp +h—2,kp+h—3,...,(k—=1)p+h+1
are occupied. In particular, this means that k cannot equal 0, since then by self-conjugacy we would
have , a contradiction. So k > 1, and hence (since at most one of the positions
kp+h—1,kp+hand kp+h+1is occupied).

The self-conjugacy of A now implies that (-k—1]/@@ {]and k|t @9@]. In particular, there are beads
in positions (k—1)p+h+1 and —(k + 1)p + h and spaces in positions (k—1)p+h and —(k+1)p+h +1.
Since A is self-conjugate, exactly half of the positions from —kp +h to (k—1)p + h inclusive are occupied,
so there are %((Zk —1)p +1) beads in these positions; in particular, there are at least 2k beads between
positions —(k+ 1)p+h+1and (k—1)p+h,and so 4 _(A).

Exactly the same analysis applies to the partition AV"; the only essential difference is that the bead
in position k —p + h has moved to position —kp + h — 1, but this makes no difference to the count of
intervening beads, so 4 _(AV"), which gives 4 ,py(A). O

Lemma 7.12. Suppose there is no k for which . Then for some k, and hence 4 (7).

Proof. If there is no k for which , then for every k > 0 we have either k[t t @) or (k[t | 1],
and so for every k < 0 we have either [k“ OO} or [k\OOOJ. But now A has no addable h-nodes;
contradiction.

So for some k. So (by self-conjugacy) there are beads in positions kp + hand —(k+ 1)p+h -1,
and spaces in positions kp + h —1 and —(k + 1)p + h. By a similar argument to that used in the proof of
Lemma 7.11, the number of intervening beads is at least 2k + 1, and so 4(A). O

Lemma 7.13. If and for some k > I, then 4 (,11)n(+1)(A)-

Proof. The self-conjugacy of A implies that(—k—1|® t @] and (I - 1]t ®®]. So in the abacus display
for AVU+DR positions —(I +1)p+h +1 and —(k + 1)p + h are occupied, while positions —(I + 1)p +h and
—(k+1)p+h+1 are vacant. The number of intervening beads is at least 2(k—/—-1)+1 > k-1, and so
4 n(ATEM), e § (). O

Lemma 7.14. Suppose that for some k < | we have and and that positions (k —1)p +
h+1 and (I+1)p +h are vacant, and define i to be the partition obtained from A by repeatedly adding

all addable nodes of residue not equal to h or —h. Then 4,(u) and 4,+1(1), and hence S* has at least
three composition factors.
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Proof. Since position (k—1)p +h+1 is vacant and AV*/ = A for all j < h, positions (k—1)p +h +
2,...,kp+h—2 are also vacant. Hence in the abacus display for u, position kp +h —1 is vacant. So
the abacus display for p has beads in positions kp + h and —(k+ 1)p + h — 1, and spaces in positions
kp+h—1and —(k+1)p + h. The number of intervening beads is %((2k +1)p—1), which is at least 2k + 1.
So 4 n(p)-

Now we show that 4 _j,(1). Since position (I + 1)p + h is vacant in A, it is also vacant in u. Since
position Ip + h + 1 is occupied in A, position (I + 1)p + h — 1 is occupied in u. As we have already seen,
position kp + h —1 is vacant in y, while position kp + h is occupied. u is self-conjugate, so the abacus
display for u has beads in positions —(k+1) +h+1and —(/+2)p + h, and spaces in positions —(k+1) + h
and —(I +2)p + h + 1. The number of intervening beads is at least / —k+1, and so 4 _(u).

So we have 4 _pn(u) and 4 —pyn-n) (1), so by Lemma 4.6 and Proposition 4.7 S has at least three
composition factors. So by Lemma 4.4 S* does too. O

Lemma 7.15. Suppose that . Then there is some | > 1 such that either(1|® t {]or(l]t @ 1.

Proof. Suppose not, i.e. for every | > 1 either {Z H f OJ or [l H t ﬂ. We will show that A is p-quotient-
separated, contrary to assumption. Since A" = A, position 0 is vacant in the abacus display for A.
Since AV*/ = A for all j < h, this then means that positions 1, ..., h — 2 are also vacant. In addition, the
fact that position 1 + 1 is vacant means that positions h+2,...,p+h—2 are also vacant. Symmetrically,
positions -2p+h+2,...,-p+h—2and —-p+h+2,...,-1 are all occupied.

Now we claim that there is at least one value of I for which ([ t @]. If not, then position Ip + 1+ 1 is
vacantin A forall/ > 0, and hence (since A"*/ = A for j < h) so are positionslp+h+2,...,(I+1)p+h-2.
In other words, all positions k > 0 apart from position / are vacant, and all positions k < 0 apart from
position —p + h are occupied. Hence A is the partition (h +1, 1M); but this has p-weight 1, contrary to
assumption.

By assumption AV*" is a JM-partition, and in particular is p-quotient-separated. We claim that
runner /1 — 1 is the largest runner in A"*". Choose [ such that . Then the abacus display for
AV%" has a bead in position Ip +h—1 > p+h—1, and every runner apart from runner & — 1 has a space
before this position. So by Proposition 5.4(1) runner & —1 is largest. Symmetrically, runner & +1 is
smallest, and hence for every i # h—1,h,h +1 we have AD = (AV=M)D = &, So the abacus display for
A has the following properties.

e Foranyi # h—1,h,h+1, the last bead on runner i occurs in position —p +i, and the first space
in position i.

e On runner i — 1, the last bead occurs in position —p +h —1.
e On runner h, the last bead occurs in position & and the first space in position —p + h.
e On runner 1 + 1, the first space occurs in position i + 1.

It follows that A is p-quotient-separated; contradiction. m|

Lemma 7.16. Suppose that for every k > 0 either {k“ o ﬂ or {k“ i ﬂ. Then there is a p-restricted

artition v ¢ {A™t, m,(A™Y)} such that Homge, (S*,S") # 0. Hence S* has at least three composition
p p n p
factors.

Proof. Since position Ip +h + 1 is vacant in the abacus display for A for every [ > 0 and AV* = A for
all 0 < i < h, positions Ip+h+2,...,(I+1)p+h—2 are also vacant. In addition, position 0 is vacant,
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and so positions 1, ...,/h —2 are vacant as well. So every position k > 0 not on runner / is vacant, and
symmetrically every position k < 0 not on runner / is occupied.

Now we observe that there must be at least two values of I for which : if there are no such
values, then A = @, while if there is only one such value then A is an R-partition of type I, and either
way our assumptions are violated. Let k be minimal such that k|t @ 1], and define a partition y by
moving the bead in position kp + I to position kp + h — 1, and the bead in position —(k+1)p+h—1 to
position —(k + 1)p + h. Then u is obtained from A by removing a node and adding a node lower down
of the same residue. The number of beads in positions —(k+1)p+h+1,..., kp+h—-2iskp+h > 2k +1,
and so (arguing as in the proof of Lemma 5.2) the added node is in a later ramp than the removed node.
Furthermore, the minimality of k means that there are no addable nodes (of any residue) between the
removed node and the added node. Hence by Proposition 6.13 there is a non-zero homomorphism
S' 5 8" wherev = prest. Since soc(S") = D,, this means that D,, occurs as a composition factor of st
and it just remains to show that v ¢ {A™, m,, (1Y)}

Since u is obtained from A by moving a node to a different ramp, A and u cannot possibly have
the same restrictisation, so v # A", To show that v # m,(A™"), we claim that (A")] = A]. To see

this, we examine the Young diagram of A. Let [; > --- > I, be the values of | for which (1]t @ 1] Then
A is the partition

(hp+h+1,Lp+h+2,... Lp+h+r, /P (= 1)bamip=t - q(imhp=t),

The last non-empty ramp of A must contain a removable node (a, b); we cannot have a < r, since then
a < b and the removable node (b, ) lies in a later ramp; so (g, b) is a node of the form (I;p + h +1, 1), for
1 <i < r. Thisnode lies in ramp (l;(p — 1) +i)p + (p — 1)h — p, and this is obviously maximised for i = 1.
So the node in the last non-empty row of A lies in the last non-empty ramp, and hence A™t] = AL

A similar argument applies to i, and so we have vi = yi = Ai, the latter equality following from
the fact that there are least two values of | for which . Now observe that A} = h+1 (mod p),
and so if v = m,(A™*) then A™] +m,(A™!)] = 1 (mod p), contradicting Lemma 2.4. O

Now we combine the results of this subsection.

Proposition 7.17. Suppose AV*/ = A for all j < h, and that AY*" is a JM-partition. Then S" has at least
three composition factors.

Proof. We consider the various possibilities for the middle three runners of the abacus display for
A. If we have for some k, then by Lemma 7.11 we have 4 ,pn(A) and 7 _pyn-n)(A), so we are
done by Proposition 4.7(4); so assume there is no such k. Now by Lemma 7.12 we have for
some k, and by Lemma 7.15 we can assume k > 0. If there is no [ such that then we are done
by Lemma 7.16, so we assume there is at least one such I. If | < k, then we are done by Lemmas 7.12
and 7.13 (using Proposition 4.7(4)), so we may assume that for every k, [ with (k[t @ 1t]and 1]t t @

we have k < [. Now taking k, | maximal such that and (1]t 1 @] positions (k—1)p+h+1 and
(I+1)p +h in the abacus display for A are vacant, and so we are done by Lemma 7.14. O

7.6 The proof of Theorem 3.3

Now we combine the results proved in this section to give a proof of Theorem 3.3. As noted in
Section 3, the ‘if” part has already been proved in [F3], so we need only prove the ‘only if” part. In
other words, we must prove that if A is a self-conjugate partition not in A or 7, then S* has at least
three composition factors. If A is p-quotient-separated, then Proposition 5.12 gives the result, so we
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can assume this is not the case. We proceed by induction on |A|, using the partitions AV*. If there

is any i for which AV 2 ) and AV ¢ AU T, then by Theorem 2.5 and by induction S has at
least three composition factors, so by Proposition 4.7(1) S* does too. In addition, if i < & and Y s
irreducible then by Proposition 4.7(2) S* has at least three composition factors. So we can assume that
AV* € AU{A} for each 0 < i < h, while AV*" € AU J U{A}. So the assumptions listed in Section 7.1
apply. A must have at least one removable node, so for some i we have AVE 2 A Let0 < i< hbe
minimal with this property, and consider the possibilities for i.

If i = 0, then by Propositions 7.1 and 7.3 we have either /o(A), or p > 5 and 4,-1(A). So we are
done by Proposition 4.7(3).

If 1 < i < h, then by Propositions 7.4-7.8 we have either ;(1) or /,-i(1), and so again we are done
by Proposition 4.7(3).

If i = h, then from the discussion in Section 7.1, is either an R-partition of type II or a JM-
partition. In the first case, Proposition 7.9 gives either 4,(1) or 4 _;(A), or p = 3and A = (43,3). If
41(A) or 4_,(A), then we are done by Proposition 4.7(3), while if p = 3 and A = (43,3), then we have
4121(A) and 4212(A), so Proposition 4.7(4) gives the result (or we can just use the readily-available
decomposition numbers for Si5). Finally, we have the case where i = h and A"*" is a JM-partition.
This is dealt with in Proposition 7.17.

Theorem 3.3 now follows by induction.

/\Vih

8 Irreducible representations which remain irreducible modulo every
prime

We conclude this paper with a corollary of our main theorem, in which we classify the irreducible
representations of 2, that remain irreducible modulo every prime. The result is unsurprising.

Theorem 8.1. Suppose 1) is an ordinary irreducible character of the alternating group U,, and that 1
remains irreducible modulo every prime. Then v is one-dimensional.

The same result for the symmetric groups was proved by Kleshchev and Premet in [KP], though
an easier proof [JM3] follows from the classification of irreducible Specht modules in characteristic 2.

Proof of Theorem 8.1. Assume n > 2, with the case n = 1 being trivial, and use the notation of
Section 3.

Suppose ¢ = ¢!, for A # A’. Then v is the restriction to 2, of an irreducible character x* of S,,.
By [F3, Proposition 2.11] {* remains irreducible modulo a given prime p if and only if x* does, so the
result follows from the corresponding result for the symmetric groups.

Now suppose 1 = Y** for A = A’. By [F3, Theorem 3.1], ¢ is reducible modulo 2 unless A = (22)
orA=(r,r—1,...,1) for some r > 2. So by Theorem 3.3, i) remains irreducible modulo 2 and modulo
3if and only if A = (22) or (2,1). But in both of these cases 1) is one-dimensional. O

9 Index of notation

For the reader’s convenience we conclude with an index of the notation we use in this paper. We
provide references to the relevant subsections.
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Basic objects

®

n

n

== = 2

FS,,-mod
resy M

Partitions

A

Al

%]

A/

/\rest
rmpy(A)
rmp; (1)
rmp; (1)
my(A)

Representations of the symmetric group

the symmetric group on {1, ..., n}
the alternating group on {1, ..., n}

a field

the characteristic of F (taking p = oo if Q C F)
%(p —1) (when p is odd)

the category of FS,-modules

the restriction of a module M to a subgroup H

a composition or its Young diagram

the size (i.e. the number of nodes) of a composition A

the unique partition of 0

the conjugate to a partition A

the p-restrictisation of a partition A

the number of nodes of A in ramp [

the number of addable nodes of A in ramp [

the number of removable nodes of A in ramp [

the image of a p-restricted partition A under the Mullineux map
the set of JM-partitions

Matthew Fayers

2.1
2.1
2.1
2.1
2.1
2.1
2.1
2.1
24
25

the set of self-conjugate partitions (conjecturally) labelling Specht modules of 3

composition length 2

the Littlewood-Richardson coefficient corresponding to partitions «, 8, ¥ 53

mA the Young permutation module indexed by a composition A 21
st the Specht module indexed by a partition A 2.1
D, the simple module indexed by a p-restricted partition A 2.1
sgn the one-dimensional sign representation of F&, 24
X! the character of $*, when p = 0 3

A the restriction of y* to U, when A # A’ 3
P, A= the irreducible summands of the restriction of x* to 2, when A = A’ 3
Restriction functors
e the i-restriction operator FS,-mod — FS,_1-mod, fori € {0,...,p—1} 4.1
egr) the rth divided power of e;, for r > 0 4.1
eM max {r >0 ' el@M * 0}, for a non-zero module M 4.1
efmaX)M eEeiM)M 41
rem;(A) the number of removable i-nodes of a partition A 4.1
AVi the partition obtained from A by removing all the removable i-nodes 4.1
AViL iy ((/\Vil )Viz . )Vir 4.1
AVE the partition obtained from A by repeatedly removing all removable nodes of 4.3

residue =+i

A% the partition obtained from A by adding all the addable i-nodes 4.1
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ABFE the partition obtained from A by repeatedly adding all addable nodes of residue 7.1
+i

nor;(A) the number of normal i-nodes of a partition A 4.1

AV the partition obtained from A by removing all the normal i-nodes 4.1

Ziy, i (A) nori,((/\re“)'il"'ilfl) < remil()\v"l"'ilfl) forsomel <I<r 43

The abacus

(/\(0), ceey A(p‘l)) the p-quotient of a partition A 51

gi(A) the position of the first space on runner i in the abacus display for the p-core 5.3
of A

) the permutation of Z/pZ such that gy < *++ < gr-1) 5.3

[A[O], ey /\[p‘”] the ordered p-quotient of A 53

Ay, apy functions used in the formula for decomposable numbers for Rouquier parti- 5.3
tions

9 positions kp + h and kp + h + 1 are occupied in the abacus display for A, while 7.5

position kp +h —1 is vacant

Tableaux and homomorphisms

Tyy the entry in row x and column y of a tableau T 6.1
Or the homomorphism M* — M labelled by a A-tableau T of type u 6.1
Or the restriction of Ot to §* 6.1
> the dominance order on tableaux 6.1
A° a partition used in the construction of a magic A-tableau 6.3
At a A-tableau constructed from a A°-tableau A 6.3
Re(A) the ‘restrictisation tableau’ of shape A and type A" 6.3
Multisets

T the multiset of entries in the ith row of a tableau T 6.4
X; the multiplicity of a natural number i as an element of a multiset X 6.4
Xuy the multiset defined by (XU Y); = X; + Y; for all i 6.4
X+1 the multiset obtained by adding 1 to every element of X 6.4
{n" the multiset with n elements all equal to [ 6.4
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